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$%67$5&7�
7KLV�SDSHU� UHSRUWV� UHVHDUFK� FDUULHG�RXW�ZLWK� WKH�DLP�
RI� HYDOXDWLQJ� WKH� SHUIRUPDQFH� RI� /DUJH� (GG\�
6LPXODWLRQ� �/(6�� DQG� XQVWHDG\� 5H\QROGV�DYHUDJHG�
1DYLHU�6WRNHV� �85$16�� PRGHO� IRU� SUHGLFWLQJ�
PXOWLSOH� VWHDG\� VWDWHV� LQ� D� QDWXUDOO\� YHQWLODWHG�
HQFORVXUH�� &KHQYLG\DNDUQ� DQG� :RRGV� �������
GHYHORSHG� DQDO\WLFDO� PRGHOV� DQG� FRQGXFWHG� KHDW� LQ�
ZDWHU� H[SHULPHQWV� WR� VLPXODWH� DLU� IORZ� SDWWHUQV�
WKURXJK� D� ODUJH� VSDFH� ZLWK� ODUJH� KHDW� JDLQV�� 7KH\�
VKRZHG� WKDW�ZKHQ� WKH� VSDFH�FRQWDLQV� WZR�KLJK�OHYHO�
VWDFNV� RI� GLIIHUHQW� KHLJKWV� DQG� D� ORZ�OHYHO� RSHQLQJ��
DQG� LV�KHDWHG�E\�D�XQLIRUP�VRXUFH�DW� WKH�EDVH�� WKUHH�
GLIIHUHQW�IORZ�UHJLPHV�DUH�SRVVLEOH�ZLWKLQ�D�VLQJOH�VHW�
RI� ERXQGDU\� FRQGLWLRQV�� 7KH� JHRPHWU\� RI� WKH� VSDFH�
DQG� IORZ� KLVWRU\� GHWHUPLQHV� ZKLFK� IORZ� UHJLPH�
DFWXDOO\� RFFXUV�� 7KH� IRFXV� RI� WKLV� ZRUN� LV� WR�
LQYHVWLJDWH� KRZ� 85$16� DQG� /(6� SHUIRUP� LQ�
SUHGLFWLQJ�WKH�WKUHH�VWHDG\�VWDWHV���

,1752'8&7,21�
1DWXUDO�YHQWLODWLRQ�LV�DQ�HQHUJ\�HIILFLHQW�VWUDWHJ\�IRU�
SURYLGLQJ� IUHVK� DLU� DQG� WKHUPDO� FRPIRUW� WR� WKH�
RFFXSDQWV� RI� D� EXLOGLQJ�� � %XR\DQF\�GULYHQ� QDWXUDO�
YHQWLODWLRQ�KDUQHVVHV� WKH�EXR\DQF\� IRUFHV�DVVRFLDWHG�
ZLWK�WHPSHUDWXUH�GLIIHUHQFHV�EHWZHHQ�WKH�LQWHULRU�DQG�
H[WHULRU� HQYLURQPHQWV� WR� GULYH� DLU� IORZ� WKURXJK� D�
EXLOGLQJ�� 7KH� RFFXSDQWV� DQG� HTXLSPHQW� LQVLGH� WKH�
EXLOGLQJ�FDQ�EH�H[SORLWHG�WR�SURGXFH�WKLV�WHPSHUDWXUH�
GLIIHUHQFH� DQG� KHQFH� D� YHQWLODWLRQ� IORZ� WKURXJK� WKH�
EXLOGLQJ�� +RZHYHU�� LQ� SUDFWLFH�� WKLV� IORZ� SDWWHUQ� LV�
REVHUYHG� WR� FKDQJH� ZLWK� FKDQJHV� LQ� IORZ� KLVWRU\�
UHJDUGOHVV�RI�EXLOGLQJ�JHRPHWU\��
<XDQ� DQG� *OLFNVPDQ� ������� VXJJHVW� WKDW� PXOWLSOH�
VWHDG\�VWDWHV�H[LVW�LQ�QDWXUDO�YHQWLODWLRQ�V\VWHPV��)RU�
VPDOO�GLVWXUEDQFHV�WKH�VWHDG\�VWDWHV�FDQ�EH�VWDEOH�EXW�
WKH�V\VWHPV�FDQ�IOLS�IURP�RQH�VWHDG\�VWDWH�WR�DQRWKHU�
LI� VXIILFLHQWO\� VWURQJ� SHUWXUEDWLRQ� LV� DSSOLHG�� 7KH�
DQDO\VLV� ZDV� FDUULHG� RXW� ZLWK� WZR� W\SHV� RI�
SHUWXUEDWLRQV� L�H�� IOXFWXDWLRQV� LQ� KHDW� VRXUFH� DQG�
YDULDWLRQV� LQ� ZLQG�� 7KH� PLQLPXP� SHUWXUEDWLRQ� WLPH�
DQG� PLQLPXP� SHUWXUEDWLRQ� PDJQLWXGH� SDUDPHWHUV�
ZHUH� GHILQHG� ZKLFK� KHOS� LQ� GHWHUPLQLQJ� WKH�
UREXVWQHVV�RI�D�VWHDG\�VWDWH��7KHVH�ZHUH�VXFFHVVIXOO\�
XVHG� WR� YDOLGDWH� WKH� UHVXOWV� RI� RWKHU� UHVHDUFK�� <XDQ�
DQG�*OLFNVPDQ��������VXJJHVWHG�D�VLQJOH�]RQH�ZKHUH�
FRPELQHG� ZLQG� DQG� EXR\DQF\� FDQ� H[KLELW� WKUHH�

VWHDG\�VWDWHV��7ZR�RI�WKHVH�DUH�PDWKHPDWLFDOO\�VWDEOH�
ZKLOH� WKH� WKLUG� RQH� LV� XQVWDEOH� HYHQ� WR� LQILQLWHVLPDO�
GLVWXUEDQFH��7KH\�XVHG�D�³G\QDPLFDO�V\VWHP´�PHWKRG�
LQ�WKHLU�VWXG\�ZKLFK�WKH\�SURSRVH�FDQ�KHOS�GHVLJQHUV�
DYRLG� SUREOHPV� DVVRFLDWHG� ZLWK� WKH� YHQWLODWLRQ�
VWUDWHJLHV� VZLWFKLQJ� IURP� D� GHVLUDEOH� WR� DQ�
XQGHVLUDEOH� VWDWH� E\� FKRRVLQJ� D� UHOHYDQW� SDUDPHWHU�
FDUHIXOO\��
/L� HW� DO�� ������� UHSRUW� PXOWLSOH� VROXWLRQV� IRU� IORZ�
UDWHV�LQ�D�QDWXUDOO\�YHQWLODWHG�HQFORVXUH�XQGHU�FHUWDLQ�
FRQGLWLRQV�� 7KLV� LV� LQGXFHG� GXH� WR� QRQ�OLQHDU�
LQWHUDFWLRQV� EHWZHHQ� ZLQG� DQG� EXR\DQF\� IRUFHV�� ,Q�
WKHLU� SDSHU� WKH\� VKRZ� WKDW� IRU� HYHQ� VLPSOH� V\VWHPV��
QDWXUDO�YHQWLODWLRQ�IORZV�FDQ�EH�TXLWH�FRPSOH[��7KH\�
LQYHVWLJDWHG� WKUHH� FDVHV� H[SHULPHQWDOO\� XVLQJ� VDOW�
EDWK� PRGHOV�� ZKHUH� WKH\� REVHUYH� PXOWLSOH� VROXWLRQV�
IRU�D�FHUWDLQ�UDQJH�RI�SDUDPHWHUV��
0XOWLSOH�VROXWLRQV�IRU�WKH�DLU�IORZ�UDWHV�LQ�D�QDWXUDOO\�
YHQWLODWHG� EXLOGLQJ� ZHUH� UHSRUWHG� E\� $QGHUVHQ�
�������� ,Q� KLV� SDSHU� LW� ZDV� DQDO\VHG� WR� ZKDW� H[WHQW�
VXFK� D� SKHQRPHQRQ� VKRXOG� EH� FRQVLGHUHG� XQGHU�
SUDFWLFDO� FRQGLWLRQV�� +H� H[SODLQHG� WKDW� LI� WKH�
GLIIHUHQFH� EHWZHHQ� WKH� H[WHULRU� DQG� LQWHULRU�
HQYLURQPHQWV� LV� NQRZQ� IRU� D� EXLOGLQJ� D� SULRUL��
XQDPELJXRXV� VROXWLRQV� FRXOG� EH� DFKLHYHG�� 7ZR�
SDUDPHWHUV� ZHUH� LQYHVWLJDWHG�� 7KHVH� ZHUH� WKH� KHDW�
ORVV�DLU�H[FKDQJH�SDUDPHWHU���𝛽���ZKLFK�PHDVXUHV�WKH�
HIIHFW�RI�FRQGXFWLYH�KHDW�ORVV�RQ�WKH�YHQWLODWLRQ�IORZ�
UDWH��DQG�ZLQG�DLU�FKDQJH�SDUDPHWHU�� �𝛾� ��ZKLFK� LV�D�
³VFDOHG´� YHQWLODWLRQ� IORZ� UDWH� LQGXFHG� E\� ZLQG�
IRUFHV�� )RU� FHUWDLQ� YDOXHV� RI� 𝛽� DQG� 𝛾� KH� GHVFULEHG�
WKRVH�XQDELJXRXV�FRQGLWLRQV�ZKLFK�DUH�YDOLG��
&KHQ� ������� UHYLHZHG� WKH� PHWKRGV� XVHG� WR� SUHGLFW�
WKH� YHQWLODWLRQ� SHUIRUPDQFH� RI� EXLOGLQJV�� ,Q� KLV�
UHYLHZ�KH�IRXQG�WKDW�DQDO\WLFDO�DQG�HPSLULFDO�PRGHOV�
KDG�PDGH�PLQLPDO� FRQWULEXWLRQV� WR� UHFHQW� OLWHUDWXUH��
6PDOO�VFDOH� DQG� IXOO�VFDOH� PRGHO� H[SHULPHQWV� ZHUH�
PDLQO\� XVHG� WR� JHQHUDWH� GDWD� LQ� RUGHU� WR� YDOLGDWH�
QXPHULFDO�PRGHOV��9HQWLODWLRQ�SHUIRUPDQFH�RI�HQWLUH�
EXLOGLQJV� ZHUH� EHLQJ� SUHGLFWHG� E\� LPSURYLQJ�PXOWL�
]RQH�PRGHOV�� &RDUVH� JULG�&)'�ZDV� UHSODFLQJ� ]RQDO�
PRGHOV� ZLWK� OLPLWHG� DSSOLFDELOLW\�� &KHQ� IRXQG� WKDW�
����RI�WKH�OLWHUDWXUH�IRXQG�ZDV�FRQWULEXWHG�E\�&)'�
PRGHOV�� 7KH�PDLQ� DSSOLFDWLRQV� RI� &)'�ZHUH� LQGRRU�
DLU� TXDOLW\�� QDWXUDO� YHQWLODWLRQ�� DQG� VWUDWLILHG�
YHQWLODWLRQ� DV� WKHVH� ZHUH� GLIILFXOW� WR� SUHGLFW� ZLWK�
RWKHU�PRGHOV��
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7KLV�SDSHU�UHSRUWV�RQ�D�VWXG\�WKDW�LQYHVWLJDWHG�WKH�XVH�
RI� SRSXODU� FRPSXWDWLRQDO� PHWKRGV�� VXSSOHPHQWHG�
ZLWK� H[SHULPHQWDO� WHFKQLTXHV�� LQ�SUHGLFWLQJ�PXOWLSOH�
VWHDG\� VWDWHV� LQ� EXR\DQF\�GULYHQ� QDWXUDO� YHQWLODWLRQ��
$V�D�ILUVW� VWHS�� WKH�SDSHU�IRFXVHV�RQ�PXOWLSOH� VWHDG\�
VWDWHV� ZKLFK� DUH� GULYHQ� E\� EXR\DQF\� DORQH�� DV�
UHSRUWHG� E\� &KHQYLG\DNDUQ� DQG� :RRGV� �������� DV�
RSSRVHG�WR�RQHV�GULYHQ�E\�D�FRPELQDWLRQ�RI�ZLQG�DQ�
EXR\DQF\�DV�UHSRUWHG�LQ�WKH�RWKHU�VWXGLHV��7KH�UHVXOWV�
REWDLQHG�IURP�&KHQYLG\DNDUQ�DQG�:RRGV¶V�SDSHU�DUH�
XVHG�KHUH�WR�YDOLGDWH�WKH�FRPSXWDWLRQDO�UHVXOWV�RI�WKLV�
VWXG\��

$1$/<7,&$/�$1'�(;3(5,0(17$/�
:25.�
&KHQYLG\DNDUQ� DQG� :RRGV� ������� LQYHVWLJDWHG�
QDWXUDO�YHQWLODWLRQ� LQ�DQ�RSHQ�SODQ�RIILFH��7KH�VSDFH�
LV�YHQWLODWHG�WKURXJK�WZR�VWDFNV��RQH�VKRUWHU�WKDQ�WKH�
RWKHU��DW�WKH�FHLOLQJ�DQG�D�ORZHU�RSHQLQJ�ORFDWHG�QHDU�
WKH� EDVH� UHSUHVHQWLQJ� D� GRRUZD\�� 7KH\� DVVXPHG� D�
XQLIRUP� GLVWULEXWLRQ� RI� KHDW� DFURVV� WKH� IORRU� WR�
UHSUHVHQW� RFFXSDQF\�� ,W� ZDV� UHSRUWHG� WKDW� IRU� WKH�
DERYH� PHQWLRQHG� VFHQDULR�� XS� WR� WKUHH� VWHDG\� VWDWH�
YHQWLODWLRQ�UHJLPHV�DUH�SRVVLEOH��)LJXUH�����
�

�

�
)LJXUH����6FKHPDWLFV�RI�WKUHH�VWHDG\�VWDWH�YHQWLODWLRQ�
UHJLPHV�LQ�DQ�RSHQ�SODQ�RIILFH�EXLOGLQJ��D��5HJLPH�$��
�E��5HJLPH�%�DQG��F��5HJLPH�&��DIWHU�&KHQYLG\DNDUQ�

	�:RRGV���������

,Q� WKH� ILUVW� UHJLPH��ZDUP�DLU�H[LWV� WKURXJK� WKH� WDOOHU�
VWDFN� ZKLOH� DPELHQW� DLU� LV� GUDZQ� LQ� WKURXJK� WKH�
VKRUWHU�VWDFN�DQG�ERWWRP�RSHQLQJ��)LJXUH��D���,Q�WKH�
VHFRQG� UHJLPH�� ZDUP� DLU� H[LWV� WKURXJK� ERWK� WKH�
VWDFNV� ZKLOVW� GUDZLQJ� DLU� LQ� WKURXJK� WKH� ERWWRP�
RSHQLQJ��)LJXUH��E���,Q�WKH�WKLUG�UHJLPH��DPELHQW�DLU�
LV� VHHQ� WR� EH� GUDZQ� LQ� WKURXJK� WKH� WDOOHU� VWDFN� DQG�
ERWWRP�RSHQLQJ�ZKLOVW� WKH�ZDUP� DLU� H[LWV� WKH� RIILFH�
WKURXJK� WKH� VKRUWHU� VWDFN� �)LJXUH� �F��� 7KH\� VXJJHVW�
WKDW� WKH� IDFWRUV� DIIHFWLQJ� WKH� ILQDO� VWHDG\� VWDWHV�
DWWDLQHG� DUH� WKH� JHRPHWU\� RI� WKH� HQFORVXUH� DQG� WKH�
IORZ�KLVWRU\���
�
,Q� WKHLU� SDSHU� WKH\� SUHVHQW� D� IRUPXODWLRQ� IRU� WKH�
WHPSHUDWXUH�LQVLGH�WKH�URRP�DW�VWHDG\�VWDWH��7LQ�VV��R&��
DV�IROORZV�

𝑇 , = 𝑇 + 𝐻
𝜌𝐶 𝐴∗ 𝑔𝛼𝐻

/
� ��� �

ZKHUH�  𝑇 ��R&��LV�WKH�H[WHULRU�WHPSHUDWXUH�  𝐻 ��:��LV�
WKH� KHDW� JDLQV� IURP� RFFXSDQWV� DQG� HTXLSPHQW�� 𝐶 �
�-�NJ�.�� LV� WKH�KHDW�FDSDFLW\�RI�DLU��𝜌� �NJ�P��� LV� WKH�
GHQVLW\� RI� DLU� DQG� 𝐴∗� LV� WKH� HIIHFWLYH� DUHD� RI� WKH�
RSHQLQJV�� 𝐴∗� ZDV� IRUPXODWHG� E\� +XQW� DQG� /LQGHQ��
������� WR� UHSUHVHQW�RSHQLQJV�RI�DUHD�DW� DQG�DE�DW� WKH�
WRS�DQG�ERWWRP�RI�WKH�VSDFH�UHVSHFWLYHO\��

𝐴∗ =    𝐶 𝑎 𝑎
1
2

𝐶
𝐶 𝑎 + 𝑎   

�
��� �

�
$OVR�� &KHQYLG\DNDUQ� DQG� :RRGV� ������� GHILQH� D�
GLPHQVLRQOHVV�URRP�WHPSHUDWXUH��𝜃��

𝜃 = 𝑇 − 𝑇
𝑇 , − 𝑇 � ��� �

DQG�GLPHQVLRQOHVV�WLPH�  𝜏��

𝜏 = 𝑡
𝑡 � ��� �

ZKHUH�𝑡 ��V��LV�D�GLPHQVLRQDO�WLPHVFDOH�WR�FRQYHUJH�WR�
HTXLOLEULXP�JLYHQ�E\�

𝑡 = 𝑉
𝐴∗(𝑔𝛼𝐻)1/2(𝑇 , − 𝑇 )1/2� ��� �

ZKHUH��𝑉� LV� WKH� YROXPH� RI� WKH� URRP� �P���� 𝑔� LV� WKH�
JUDYLWDWLRQDO� FRQVWDQW� �P�V��� DQG� 𝛼� LV� WKH� YROXPH�
H[SDQVLRQ�FRQVWDQW����.���
7KH\� SUHVHQW� D� UHODWLRQVKLS� EHWZHHQ� WKH�
GLPHQVLRQOHVV� URRP� WHPSHUDWXUH� DQG� WKH�
GLPHQVLRQOHVV� WLPH� WR� FRQYHUJH� WR� HTXLOLEULXP�
�)LJXUH� ���� 7KH� � )LJXUH� �VKRZV� WKDW� IRU� 𝜏 > 3.5��
𝜃 > 0.99� DQG� VR� WKH� URRP� KDV� HVVHQWLDOO\� UHDFKHG�
VWHDG\�VWDWH��
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Computational geometry and mesh 
7KH�JHRPHWU\�JHQHUDWHG�IRU�WKH�&)'�VLPXODWLRQ�ZDV�
LGHQWLFDO� WR� WKH� VPDOO� VFDOH� PRGHO� UHSRUWHG� E\�
&KHQYLG\DNDUQ� DQG�:RRGV� ��������'XH� WR� WKH� KLJK�
FRPSXWDWLRQDO� SRZHU� UHTXLUHPHQWV� IRU� /(6�� PHVK�
ZDV� JHQHUDWHG� XVLQJ� JRRG� SUDFWLFH� JXLGHOLQHV�� 7R�
LGHQWLI\� LI� WKH�PHVK�JHQHUDWHG� IRU� WKH�FRPSXWDWLRQDO�
JHRPHWU\� ZDV� VXIILFLHQWO\� ILQH� WKH� /�ǻ� UDWLR� ZDV�
XVHG��+HUH� /� LV� WKH� LQWHJUDO� OHQJWK� VFDOH� ZKLOH� ǻ� LV�
WKH� ILOWHU� ZLGWK� IRU� ILOWHULQJ� WKH� VPDOO� VFDOHV�� 7KH�
PHVK� ZDV� DVVXPHG� WR� EH� ILQH� HQRXJK� LQ� UHJLRQV�
ZKHUH� WKH� /�ǻ� YDOXH� ZDV� DERYH� ���� ,Q� WKH� FDVH� RI�
85$16� WKH�PHVK�ZDV� FRQVLGHUHG� DSSURSULDWH�ZKHQ�
PHVK�LQGHSHQGHQF\�ZDV�DFKLHYHG��
�

�
)LJXUH����5HODWLRQVKLS�EHWZHHQ�WKH�GLPHQVLRQOHVV�
URRP�WHPSHUDWXUH�𝜃�DQG�WKH�GLPHQVLRQOHVV�WLPH�WR�
FRQYHUJH�WR�HTXLOLEULXP  𝜏��DIWHU�&KHQYLG\DNDUQ�	�

:RRGV���������
�

�
)LJXUH����&RPSXWDWLRQDO�GRPDLQ�

�

Boundary conditions 
:DWHU� DW� ��R&�ZDV� XVHG� DV� WKH�ZRUNLQJ� IOXLG� LQ� WKH�
VLPXODWLRQ�� 7KH� IORRU� ZDV� JLYHQ� WKH� ERXQGDU\�
FRQGLWLRQ�RI�D�GLVWULEXWHG�KHDW�VRXUFH�ZLWK�D�WRWDO�KHDW�
LQSXW� RI� ��:� ZKLFK� ZDV� LQ� DFFRUGDQFH� ZLWK� WKH�
RULJLQDO� ZRUN�� 7KH� VWDFN� RSHQLQJV� DV� ZHOO� DV� WKH�
ERWWRP� RSHQLQJ� ZHUH� DVVLJQHG� WKH� ERXQGDU\�
FRQGLWLRQ�µRSHQLQJ¶��7KLV�µRSHQLQJ¶�ERXQGDU\�DOORZV�
IOXLG� WR� IORZ� LQ� ERWK� GLUHFWLRQV� DQG� FDOFXODWHV� WKH�
SUHVVXUH�GURS�XVLQJ�WKH�HTXDWLRQ��
�

∆𝑝 = −1
2𝑓𝜌𝑈 � ��� �

ZKHUH� 𝑓� LV� WKH� ORVV� FRHIILFLHQW� DQG� 𝑈 � LV� WKH�
FRPSRQHQW� RI� YHORFLW\� QRUPDO� WR� WKH� RSHQLQJ��
,QLWLDOO\� WKH� IOXLG� ZDV� DVVLJQHG� DQ� DPELHQW�
WHPSHUDWXUH� ZLWK� WKH� WKUHH� FRPSRQHQWV� RI� YHORFLW\�
HTXDO� WR� ]HUR�� 7KH� ZDOOV� ZHUH� DVVXPHG� WR� EH�
DGLDEDWLF� DQG� DVVLJQHG� WKH� µQR�VOLS¶� ERXQGDU\�
FRQGLWLRQ��

The URANS and LES approach 
&);��$16<6��������ZDV�XVHG�WR�UXQ�ERWK�85$16�
DQG�/(6�FDVHV��7KLV�VRIWZDUH�XVHV� WKH�ILQLWH�YROXPH�
PHWKRG� WR� GLVFUHWL]H� WKH� LQFRPSUHVVLEOH� FRQWLQXLW\��
PRPHQWXP�DQG�HQHUJ\�HTXDWLRQV��7KH�WUDQVLHQW�WHUPV�
DUH� GLVFUHWL]HG� XVLQJ� D� VHFRQG� RUGHU� (XOHU� VFKHPH��
7KH� VXE�JULG� VFDOH� PRGHO� FKRVHQ� IRU� PRGHOOLQJ� WKH�
VPDOO� VFDOH� HGGLHV� IRU� /(6� ZDV� WKH� 6PDJRULQVN\�
PRGHO� �/LOO\�� ������ DV� LW� KDV� EHHQ� UHSRUWHG� WR� EH�
VXFFHVVIXO� LQ�SUHGLFWLQJ�EXR\DQW� IORZV� �%DVWLDDQV� HW�
DO����������7KH�51*�N�İ�PRGHO��<DNKRW�HW�DO���������
ZDV� XVHG� WR� UHSUHVHQW� WXUEXOHQFH� LQ� WKH� 85$16�
VLPXODWLRQ��7KH� FRQYHUJHQFH� FULWHULRQ� IRU� HDFK� WLPH�
VWHS�ZDV� WKDW� WKH� URRW�PHDQ� VTXDUH� �506�� UHVLGXDOV�
RI� WKH� PRPHQWXP�� HQWKDOS\� DQG� PDVV� FRQVHUYDWLRQ�
HTXDWLRQV�VKRXOG�EH�OHVV�WKDQ��î������7KH�LQQHU�ORRSV�
ZLWKLQ�HDFK� WLPH�VWHS�ZHUH�NHSW�ZLWKLQ� WKH� UDQJH�RI�
������
7KH�&RXUDQW�QXPEHU��&)/��LV�D�VWDELOLW\�LQGLFDWRU�RI�
WKH�FRQYHFWLYH� WHUPV�ZKLFK� LV�XVHG� LQ� WKLV� VWXG\� IRU�
WLPH� VWHS� VHOHFWLRQ�� 7KH� &)/� QXPEHU� UHIOHFWV� WKH�
SRUWLRQ�RI�D�FHOO�WKDW�IOXLG�ZLOO�IORZ�LQ�RQH�WLPH�VWHS���

𝐶𝐹𝐿 = 𝑣   ×  ∆𝑡
∆ � ��� �

ZKHUH��𝑣� LV� WKH� OLQHDU� YHORFLW\�� �∆𝑡� LV� WKH� WLPH� VWHS�
VL]H�DQG�∆�LV�WKH�ILOWHU�ZLGWK��PHVK�VL]H���
)RU�/(6��WKH�&)/�QXPEHU�ZDV�LQ�WKH�UDQJH�RI�����WR�
����� .HHSLQJ� WKH� &)/� QXPEHU� ZLWKLQ� WKLV� UDQJH�
HQVXUHV� WKDW� WKH� WXUEXOHQFH� LV� QRW� GDPSHQHG�� ,Q� WKH�
FDVH� RI� 85$16� WKH� &)/� QXPEHU� ZDV� PDLQWDLQHG�
ZLWKLQ� D� UDQJH� RI� ���� WR� ����� %RWK� RI� WKHVH� UDQJHV�
ZHUH� VHOHFWHG� RQ� UHFRPPHQGDWLRQV� E\� $16<6�
�$16<6����������

VKRUW�VWDFN�

RSHQLQJ�
FRQILJXUDWLRQV�

WDOO�VWDFN�

KHDWHG�
IORRU�

PRQLWRU�
SRLQWV�
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0(7+2'2/2*<�
7KH�PDLQ�SXUSRVH�RI� WKH�FXUUHQW� VWXG\�ZDV� WR� VWXG\�
WKH� FDSDELOLW\� RI� &)'� IRU� SUHGLFWLQJ� WKH� PXOWLSOH�
VWHDG\� VWDWHV� REVHUYHG� RULJLQDOO\� E\� &KHQYLG\DNDUQ�
DQG�:RRGV� �������� +RZHYHU� IRU� WKH� SUHVHQFH� RI� D�
FHUWDLQ� UHJLPH� WKH� ERXQGDU\� FRQGLWLRQV� XVHG� ZHUH�
FULWLFDO��)URP�WKH�RULJLQDO�VWXG\��LW�ZDV�REVHUYHG�WKDW�
IRU�D��PP�GLDPHWHU�ERWWRP�RSHQLQJ��DOO�WKUHH�VWHDG\�
VWDWHV� H[LVWHG�� 7KXV� XVLQJ� WKH� VDPH� DUHD� IRU� WKH�
ERWWRP� RSHQLQJ� ERWK� 85$16� DQG� WKH� /(6�
WHFKQLTXHV�ZHUH�XVHG���

Regime B 
&KHQYLG\DNDUQ� DQG� :RRGV� GHVFULEH� WKDW� WKH� IORZ�
QDWXUDOO\�HYROYHV�LQWR�LQWR�UHJLPH�%��)LJXUH��E���7KH�
RULJLQDO�SDSHU�UHSRUWHG�WKDW�³GHSHQGLQJ�RQ�WKH�KLVWRU\�
RI� WKH� IORZ�� WKH� KHLJKWV�RI� WKH� URRP�DQG� VWDFNV�� WKH�
DUHD�RI�WKH�ERWWRP�KROH�DQG�WKH�FURVV�VHFWLRQDO�DUHDV�
RI� WKH� VWDFNV�� WKH� V\VWHP� LV�FDSDEOH�RI�SURGXFLQJ�XS�
WR� WKUHH� VWHDG\� VWDWH� GLVSODFHPHQW� YHQWLODWLRQ�
UHJLPHV´�� ,W� ZDV� GHFLGHG� WR� NHHS� DOO� WKHVH� IDFWRUV�
FRQVWDQW� H[FHSW� IRU� KLVWRU\� RI� WKH� IORZ�� ,Q� UHDO�
EXLOGLQJV�� KLVWRU\� RI� WKH� IORZ� RIWHQ� FKDQJHV� GXH� WR�
FKDQJHV�LQ�RFFXSDQF\���

Regime A and C 
)RU�UHJLPH�$�DQG�&��DPELHQW�DLU�ZDV�LQWURGXFHG�LQWR�
WKH�EXLOGLQJ�YLD� WKH� VKRUW� DQG� WDOO� VWDFN� UHVSHFWLYHO\�
�UHSUHVHQWLQJ�FROG�GUDXJKWV�WKDW�FDQ�RFFXU�LQ�UHDOLW\���
7KLV�ZDV�GRQH�E\�FKDJLQJ� WKH�ERXQGDU\�FRQGLWRQ�DW�
WKH�RSHQLQJ� IURP� µRSHQLQJ¶� WR� µLQOHW¶�ZLWK� D� QRUPDO�
YHORFLW\� FRPSRQHQW� RI� �����P�V� IRU� UHJLPH� $� DQG�
����P�V� IRU� UHJLPH� &�� 7KHVH� YDOXHV� ZHUH� EDVHG� RQ�
WKH�RXWIORZ�YHORFLWLHV�IURP�WKH�VDPH�RSHQLQJV�GXULQJ�
UHJLPH�%��8VLQJ�WKHVH�IORZ�FRQGLWLRQV�DV�WKH�VWDUWLQJ�
SRLQW�KLVWRU\� RI� WKH� IORZ� DQG� NHHSLQJ� DOO� RWKHU�
ERXQGDU\� FRQGLWLRQV� WKH� VDPH�� WKH� VLPXODWLRQV�ZHUH�
VWDUWHG�� $IWHU� D� WLPH� SHULRG� RI� ��V� WKH� µLQOHW¶�
ERXQGDU\� FRQGLWLRQ� ZDV� FKDQJHG� EDFN� WR� DQ�
µRSHQLQJ¶� ERXQGDU\�� WKXV� UHWDLQLQJ� WKH� IORZ�KLVWRU\��
,W�ZDV� REVHUYHG� WKDW� IORZ� LQ� HDFK� FDVH� FRQWLQXHG� WR�
HQWUDLQ� DPELHQW� DLU� IURP� HLWKHU� VWDFN� DQG� ZRXOG�
FRQWLQXH�WR�GR�VR�XQWLO�UHDFKLQJ�D�VWDWLVWLFDOO\�VWHDG\�
VWDWH��7KLV�KHOSHG�GHYHORS�ERWK�UHJLPHV�$�DQG�&��

5(68/76�
Steady state solution 
6WHDG\�VWDWH�ZDV�FRQVLGHUHG� WR�EH� UHDFKHG�ZKHQ� WKH�
IORZ�LQ� WKH�FRPSXWDWLRQDO�GRPDLQ�KDG�HYROYHG� IURP�
WKH�LQLWLDO�VWDJQDQW�FRQGLWLRQV�WR�D�VWHDG\�IORZ�SDWWHUQ�
DQG�WKDW�WKH�WUDQVSRUW�RI�PDVV��PRPHQWXP�DQG�HQHUJ\�
ZLWKLQ�WKH�IORZ�KDG�UHDFKHG�VWDWLVWLFDOO\�VWHDG\�UDWHV��
,Q�RUGHU�WR�GHWHUPLQH�LI�VWHDG\�VWDWH�KDG�EHHQ�UHDFKHG�
ZLWKLQ�WKH�GRPDLQ��PRQLWRU�SRLQWV�ZHUH�SODFHG�LQ�WKH�
FHQWUH�RI�WKH�GRPDLQ��)LJXUH�����7KH�ORZHVW�PRQLWRU�
ZDV��FP�IURP�WKH�IORRU�ZLWK���PRUH�PRQLWRUV�DERYH�
LW� DW� LQWHUYDOV� RI� �FP�� 7KHVH� PRQLWRU� SRLQWV� ZRXOG�
XSGDWH� LQIRUPDWLRQ� RQ� WKH� WHPSHUDWXUH� DQG� YHORFLW\�
FRQGLWLRQV�LQ�WKH�GRPDLQ��)RXU�RWKHU�PRQLWRU�SRLQWV��
SODFHG�DW� HLWKHU�HQG�RI�ERWK� WKH� VWDFNV�ZHUH�XVHG� WR�

SURYLGH� LQIRUPDWLRQ� DERXW� WKH� IORZ� GLUHFWLRQ� LQ� WKH�
GRPDLQ��6WHDG\� VWDWH�ZDV� FRQVLGHUHG� WR�EH� DFKLHYHG�
ZKHQ�WKH�IROORZLQJ�FULWHULD�KDG�EHHQ�PHW��

 YHQWLODWLRQ�IORZ�UDWH�ZDV�XQFKDQJLQJ��
 YHORFLW\��WHPSHUDWXUH�DQG�SUHVVXUH�YDOXHV�DW�

DOO�PXOWLSOH�PRQLWRU�SRLQWV�ZHUH�VWDEOH�
)LJXUH� �� VKRZV� WKH� HYROXWLRQ� RI� WKH� DYHUDJH� URRP�
WHPSHUDWXUH� RYHU� WLPH� IRU� ERWK� 85$16� DQG� /(6�
DJDLQVW� WKHRUHWLFDO� SUHGLFWLRQV�� ,W� FDQ� EH� VHHQ� IURP�
WKH� ILJXUH� WKDW� ERWK� 85$16� DQG� /(6� SUHGLFW� WKH�
URRP� WHPSHUDWXUH� YHU\� DFFXUDWHO\� ������� HUURU� IRU�
/(6��������HUURU�IRU�85$16���%RWK�VKRZ�WKH�URRP�
WR�UHDFK�VWHDG\�VWDWH�LQ�DERXW�����KRXUV��
�

�
)LJXUH����&RPSDULVRQ�RI�WKH�WLPH�WR�DGMXVW�WR�VWHDG\�
VWDWH�DV�SUHGLFWHG�E\�85$16��/(6�DQG�WKH�WKHRU\�

�

,W�LV�ZRUWK�LQYHVWLJDWLQJ�KRZ�WKH�UHODWLRQVKLS�EHWZHHQ�
WKH� GLPHQVLRQOHVV� URRP� WHPSHUDWXUH  𝜃�� DQG� WKH�
GLPHQVLRQOHVV� WLPH� WR� FRQYHUJH� WR� HTXLOLEULXP�  𝜏� ��
KROGV� IRU� ERWK� 85$16� DQG� /(6�� $FFRUGLQJ� WR� WKH�
ZRUN� RI� &KHQYLG\DNDUQ� DQG� :RRGV� ������� ZKHQ�
𝜏 > 3.5� WKHQ�șa��� ,W� FDQ�EH� VHHQ� IURP� )LJXUH� �� WKDW�
/(6� SHUIRUPV� PRUH� DFFXUDWHO\� LQ� WKLV� UHJDUG� WKDQ�
85$16�ZKLFK� RYHU�SUHGLFWV�𝜃� DQG� KDV� QRW� UHDFKHG�
VWHDG\�VWDWH�DW�𝜏~3.5���
�

�
)LJXUH����5HODWLRQVKLS�EHWZHHQ�WKH�GLPHQVLRQOHVV�
URRP�WHPSHUDWXUH��ș��DQG�WKH�GLPHQVLRQOHVV�WLPH�WR�
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Multiple steady states 
6QDSVKRWV�IRU�ERWK�85$16�DQG�/(6�VLPXODWLRQV�FDQ�
EH�VHHQ�LQ�)LJXUH���DQG�)LJXUH���UHVSHFWLYHO\��7KHVH�
LOOXVWUDWH� WHPSHUDWXUH� SORWV� RYHU� D� SODQH� SDVVLQJ�
PLGZD\�WKURXJK�WKH�GRPDLQ��&ROG�DPELHQW�DLU�FDQ�EH�
VHHQ� WR�EH�GUDZQ� LQWR� WKH�GRPDLQ�GRZQ� WKURXJK� WKH�
VWDFNV�WR�SURGXFH�UHJLPHV�$�DQG�&��,W�LV�LQWHUHVWLQJ�WR�
FRPSDUH� WKH� OHYHO� RI� GHWDLO� HDFK� &)'� WHFKQLTXH�
SURYLGHV��)URP�WKH�85$16�WHPSHUDWXUH�SURILOHV� WKH�
VKDSH� DQG� VWUXFWXUH� RI� WKH� GRZQZDUG� SOXPHV� IURP�
WKH� VWDFNV� FDQQRW� EH� GHWHUPLQHG�� /(6�� RQ� WKH� RWKHU�
KDQG�� LV� DEOH� WR� HOXFLGDWH� WKLV� EHKDYLRXU� H�J�� LQ�
UHJLPH� $� WKH� SOXPH� WDNHV� RQ� D� PRUH� PHDQGHULQJ�
EHKDYLRXU� ZKHUHXSRQ� UHDFKLQJ� WKH� IORRU� LW� EUHDNV�
GRZQ� ZKLOVW� LQ� UHJLQH� &� WKH� SOXPHV� DUH� PRUH�
WXUEXOHQW�DQG�EUHDN�GRZQ�EHIRUH� WKH\�UHDFK� WKH�PLG�

KHLJKW�RI�WKH�GRPDLQ��$GGLWLRQDOO\�LW�FDQ�EH�VHHQ�WKDW�
IRU� UHJLPH� %�� /(6� SUHGLFWV� WKH� SUHVHQFH� RI� FROG�
GUDXJKWV�DW� WKH� ULJKW�KDQG�HQG� IR� WKH� IORRU��85$16�
KRZHYHU�� IDLOV� WR� FDSWXUH� VXFK� EHKDYLRXU�� 7KLV� LV�
H[SHFWHG�GXH�WR�WKH�DYHUDJLQJ�WHFKQLTXHV�LQKHUHQW�LQ�
WKH�85$16�PHWKRG��
$GGLWLRQDOO\�� WKH� URRP� VKRXOG� EH� ZHOO� PL[HG� DQG�
WKHUPDOO\� XQLIRUP�� 7KH� 85$16� WHPSHUDWXUH� SORWV�
KRZHYHU� VXJJHVW� D� WHPSHUDWXUH� LQWHUIDFH� �YHUWLFDO�
WHPSHUDWXUH�JUDGLHQW��LQ�DOO�WKUHH�UHJLPHV��VHH�ILJXUH�
���DW�D�KHLJKW�RI�DSSUR[LPDWHO\���FP�IURP�WKH�IORRU��
/(6�UHVXOWV��KRZHYHU��VXJJHVW� WKDW� WKLV�GLIIHUHQFH� LQ�
WHPSHUDWXUH� LV� GXH� WR� ODUJH� UHFLUFXODWLQJ� HGGLHV�
FDXVHG�E\�ZDUP�FRQYHFWLRQ� FXUUHQWV� DGMDFHQW� WR� WKH�
OHIW�ZDOO��

�
)LJXUH����7HPSHUDWXUH�SORW�RQ�D�SODQH�PLGZD\�WKURXJK�WKH�GRPDLQ�XVLQJ�85$16�LOOXVWUDWLQJ��D��5HJLPH�$���E��

5HJLPH�%�DQG��F��5HJLPH�&��GRWWHG�EODFN�OLQHV�UHSUHVHQWLQJ�DQ�LQWHUIDFH��
�

�
)LJXUH����7HPSHUDWXUH�SORW�RQ�D�SODQH�PLGZD\�WKURXJK�WKH�GRPDLQ�XVLQJ�/(6�LOOXVWUDWLQJ��D��5HJLPH�$���E��

5HJLPH�%�DQG��F��5HJLPH�&�
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Comparison with analytical model 
)LJXUH� �� DQG� )LJXUH� �� VKRZ� WKH� WKHRUHWLFDO�
SUHGLFWLRQV� RI� WKH� LQVLGH� URRP� WHPSHUDWXUH�� 7LQ�
�GRWWHG� OLQHV�� IRU� WKH� WKUHH� UHJLPHV�ZLWK� FKDQJHV� LQ�
WKH� ERWWRP� RSHQLQJ� UDWLR�� $��$��� &)'� UHVXOWV� DUH�
SORWWHG� DFFRUGLQJO\� DV� ZHOO� �PDUNHU� SRLQWV��� 7KH�
ILJXUHV�SORW�GLPHQVLRQDO�WHPSHUDWXUH��7LQ�VV��

𝑇∗ , = 𝑇 , − 𝑇
(𝑇 − 𝑇 ) � ��� �

ZKHUH�𝑇 �LV�WKH�WHPSHUDWXUH�RI�WKH�KHDW�VRXUFH���
�

�
)LJXUH����&RPSDULVRQ�EHWZHHQ�WKHRU\�DQG�85$16�
SUHGLFWLRQV�RI�GLPHQVLRQOHVV�URRP�WHPSHUDWXUH��7LQ�
ZLWK�FKDQJHV�LQ�DUHD�RI�ERWWRP�RSHQLQJ��$���$��

�GRWWHG�OLQHV�VKRZ�WKHRU\��
�

�
)LJXUH����&RPSDULVRQ�EHWZHHQ�WKHRU\�DQG�/(6�

SUHGLFWLRQV�RI�GLPHQVLRQOHVV�URRP�WHPSHUDWXUH��7LQ�
ZLWK�FKDQJHV�LQ�DUHD�RI�ERWWRP�RSHQLQJ��$���$��

�GRWWHG�OLQHV�VKRZ�WKHRU\��
�

�

*RRG� DJUHHPHQW� LV� REVHUYHG� EHWZHHQ� WKHRU\� DQG�
&)'� IRU� UHJLPH� %� DW� ODUJHU� GRRUZD\� DUHDV� XVLQJ�
85$16��+RZHYHU�� DV� WKH�GRRUZD\�DUHD� UHGXFHV� L�H��
$

�� �$
�� �� ���� WKH� GLPHQVLRQDO� URRP� WHPSHUDWXUH� LV�

XQGHU�SUHGLFWHG� IRU� UHJLPH�%�DQG�RYHU�SUHGLFWHG� IRU�
UHJLPH�$�DQG�&��2Q�WKH�RWKHU�KDQG�/(6�DSSHDU�WR�EH�
PRUH� DFFXUDWH��1RWH�� KRZHYHU�� WKDW� IHZHU� /(6� UXQV�
ZHUH� FRQGXFWHG� WKDQ� 85$16� DV� /(6� GXH� WR� WKH�
FRPSXWDWLRQDO�UHTXLUHPHQWV�RI�/(6���

&21&/86,216�
0XOLWSOH� VWHDG\� VWDWHV� LQ� EXR\DQF\�GULYHQ� QDWXUDO�
YHQWLODWLRQ� KDYH� EHHQ� LQYHVWLJDWHG� XVLQJ� /(6� DQG�
85$16�� 7KH� WKHRUHWLFDO� PRGHO� VKRZV� WKDW� WKH�
DYHUDJH�URRP�WHPSHUDWXUH�RI�WKH�HQFORVXUH�VKRXOG�EH�
����R&�� � /(6� SUHGLFWHG� DQ� DYHUDJH� WHPSHUDWXUH� RI�
�����R&���������GLVFUHSDQF\��DQG�85$16�SUHGLFWHG�
�����R&��������GLVFUHSDQF\���
7KH� UHODWLRQVKLS� EHWZHHQ� WKH� GLPHQVLRQOHVV� URRP�
WHPSHUDWXUH  𝜃�� DQG� WKH� GLPHQVLRQOHVV� WLPH� WR�
FRQYHUJH� WR� HTXLOLEULXP�  𝜏� �� ZDV� DOVR� SUHGLFWHG��
$FFRUGLQJ� WR� WKHRU\�� ZKHQ� � 𝜏 > 3.5� WKHQ� șa��� 7KLV�
ZDV� SUHGLFWHG� ZHOO� E\� ERWK� PRGHOOLQJ� WHFKQLTXHV�
DOWKRXJK� /(6� SURYHG� WR� EH� PRUH� DFFXUDWH� WKDQ�
85$16���
8VLQJ� WKH� �PP� ERWWRP� RSHQLQJ�� WKUHH� VWHDG\� VWDWH�
UHJLPHV� ZHUH� SUHGLFWHG� E\� ERWK� /(6� DQG� 85$16��
7KH�85$16�PHWKRG�KRZHYHU�ZDV�XQDEOH�WR�FDSWXUH�
WKH� GHWDLO� RI� WKH� IORZ� VWUXFWXUHV� SUHGLFWHG� E\� /(6��
7KLV� LV� H[SHFWHG� GXH� WR� WKH� DYHUDJLQJ� WHFKQLTXHV�
LQKHUHQW� LQ� WKH� 85$16� PHWKRG�� 85$16� DOVR�
SUHGLFWHG�D�ZHDN�YHUWLFDO�WHPSHUDWXUH�JUDGLHQW�LQ�WKH�
GRPDLQ�ZKLFK�ZDV�QRW�REVHUYHG� LQ� WKH�H[SHULPHQWDO�
ZRUN� ZKLFK� VXJJHVWV� D� ZHOO�PL[HG� HQFORVXUH�� 7KLV�
SKHQRPHQRQ�ZDV� FRUUHFWO\� SUHGLFWHG� E\�/(6�ZKLFK�
LOOXVWUDWHG� WKH� IORZ� WR� FRPSULVH� UHFLUFXODWLQJ�
FRQYHFWLRQ�FXUUHQWV�LQ�WKH�UHJLRQ�ZKHUH�85$16�KDG�
SUHGLFWHG�D�YHUWLFDO�WHPSHUDWXUH�JUDGLHQW��
7KH� GLIIHUHQFHV� EHWZHHQ� /(6� DQG� 85$16�
SHUIRUPDQFH� LQ� SUHGLFWLQJ� WKH� GLIIHUHQW� UHJLPHV� IRU�
DOO� YDOXHV� RI� WKH� ERWWRP� RSHQLQJ� DUHD� UDWLR� DQG� WKH�
UHVSHFWLYH� URRP� WHPSHUDWXUHV� ZHUH� LQYHVWLJDWHG�� ,W�
ZDV� REVHUYHG� WKDW�85$16� GLG� QRW� SHUIRUP�ZHOO� LQ�
SUHGLFWLQJ� WKH� URRP� WHPSHUDWXUHV� IRU� RSHQLQJ� VL]H�
UDWLRV�ZLWK�GLDPHWHUV� OHVV� WKDQ��PP��85$16�RYHU�
SUHGLFWHG� WKH� WHPSHUDWXUHV�� HVSHFLDOO\� IRU� UHJLPH�$��
/(6� RQ� WKH� RWKHU� KDQG� SHUIRUPHG� ZHOO� IRU� DOO� DUHD�
UDWLRV�� %\� LWV� QDWXUH�� /(6� UHTXLUHV� IDU� PRUH�
FRPSXWLQJ� SRZHU� WKDQ� 85$16�� ,Q� WKLV� ZRUN�� WKH�
/(6� FDVHV� UHTXLUHG� DSSUR[LPDWHO\� �����PRUH� WLPH�
WKDQ�85$16��XVLQJ�WKH�VDPH�KDUGZDUH�SODWIRUP���
,Q� FRQFOXVLRQ� LW� FDQ� EH� VWDWHG� WKDW� /(6� ZDV� PRUH�
VXFFHVVIXO� WKDQ� 85$16� LQ� UHYHDOLQJ� WKH� IOXLG�
G\QDPLFV�RI�EXR\DQF\�GULYHQ�QDWXUDO�YHQWLODWLRQ�DQG�
SUHGLFWLQJ�YDOXHV�RI�IORZ�UHSRUWHG�E\�&KHQYLG\DNDUQ�
DQG�:RRGV������������
�
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5()(5(1&(6�
$QGHUVHQ��.��7�����������$LUIORZ�UDWHV�E\�FRPELQHG�
QDWXUDO� YHQWLODWLRQ� ZLWK� RSSRVLQJ� ZLQG²
XQDPELJXRXV� VROXWLRQV� IRU� SUDFWLFDO� XVH��� %XLOGLQJ�
DQG�(QYLURQPHQW�42��������������
� �
$16<6� �������� &);� 9����
KWWS���ZZZ�DQV\V�FRP�3URGXFWV� �DFFHVVHG�
�������������
� �
%DVWLDDQV��5�� -��0���5LQGW��&��&��0���1LHXZVWDGW��)��
7��0��DQG�YDQ�6WHHQKRYHQ��$��$�����������'LUHFW�DQG�
ODUJH�HGG\� VLPXODWLRQ� RI� WKH� WUDQVLWLRQ� RI� WZR�� DQG�
WKUHH�GLPHQVLRQDO� SODQH� SOXPHV� LQ� D� FRQILQHG�
HQFORVXUH��� ,QWHUQDWLRQDO� -RXUQDO� RI�+HDW� DQG�0DVV�
7UDQVIHU�43�����������������
� �
&KHQ��4�����������9HQWLODWLRQ�SHUIRUPDQFH�SUHGLFWLRQ�
IRU� EXLOGLQJV�� $� PHWKRG� RYHUYLHZ� DQG� UHFHQW�
DSSOLFDWLRQV���%XLOGLQJ�DQG�(QYLURQPHQW�44���������
�����
� �
&KHQYLG\DNDUQ��7��DQG�:RRGV��$�� ���������0XOWLSOH�
VWHDG\� VWDWHV� LQ� VWDFN� YHQWLODWLRQ��� %XLOGLQJ� DQG�
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𝑎 � DUHD�RI�WKH�ORZHU�RSHQLQJ��P���
𝑎𝑡� DUHD�RI�WKH�XSSHU�RSHQLQJ��P���
𝐴∗�� HIIHFWLYH�DUHD�RI�WKH�RSHQLQJV��P���
𝐶 �� KHDW�FDSDFLW\�RI�DLU��-�NJ�R&��
&)/� FRXUDQW�QXPEHU�����
&'� FRHIILFLHQW�RI�GLVFKDUJH�����
&H� FRHIILFLHQW�RI�H[SDQVLRQ�����
ǻ� ILOWHU�ZLGWK��P��
∆𝑡�� WLPH�VWHS�VL]H��V��
𝑓  � ORVV�FRHIILFLHQW�����
𝑔� DFFHOHUDWLRQ�GXH�WR�JUDYLW\��P�V����
𝐻  ���� WRWDO�KHLJKW�RI�FRPSXWDWLRQDO�GRPDLQ��P��
𝐻 �� KHDW�JDLQV�IURP�RFFXSDQWV�	�HTXLSPHQW��:��
/� �LQWHJUDO�WXUEXOHQW�OHQJWK�VFDOH��P��
∆𝑃   ����SUHVVXUH�ORVV�DFURVV�WKH�RSHQLQJ��3D��
�𝑇 � WKH�H[WHULRU�DPELHQW�WHPSHUDWXUH��R&��
𝑇 , � LQGRRU�WHPSHUDWXUH�DW�VWHDG\�VWDWH��R&��
7LQ�VV� GLPHQVLRQDOHVV�WHPSHUDWXUH�����
𝑡 � GLPHQVLRQDO� WLPHVFDOH� WR� FRQYHUJH� WR�

HTXLOLEULXP��V��
𝑈 ��� QRUPDO�YHORFLW\��P�V��
𝑉�� YROXPH�RI�WKH�URRP��P���
𝑣� �OLQHDU�YHORFLW\�P�V���
𝛼�� YROXPH�H[SDQVLRQ�FRQVWDQW����.��
𝛽� KHDW�ORVV�DLU�H[FKDQJH�SDUDPHWHU��P��V��
𝛾�� ZLQG�DLU�FKDQJH�SDUDPHWHU��P��V��
𝜃�� GLPHQVLRQOHVV�URRP�WHPSHUDWXUH�����
𝜌�� GHQVLW\�RI�DLU��NJ�P����
𝜏� GLPHQVLRQDO�WLPH�����
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