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Preface

This study has been performed as a complement to the graduate studies of Yonghui Jin at
the National Institute of Occupational Health and the Royal Institute of Technology. It was
initiated by the need to analyze free convective flows along vertical walls within the test
chamber employed for experimental work with particle transport in turbulent buoyant
plumes. We are grateful to professor Tor-Goran Malmstrom at the Royal Institute of
Technology for pointing out this need.

Free convective flows along vertical walls are, moreover, significant for indoor air
movement and contaminant transport and therefore of general interests in occupational
hygiene. We believe this to merit the publication of the study.

Solna, October 1992

Anders Jansson



Abstract

Reported results from measurements of free convection along vertical walls with uniform
temperatures have been summarized. The results on the laminar boundary layers are
consistent and show good agreement with theory. However, most of the reported
measurements on the turbulent boundary layers show deficiencies and they are consistent
only in certain normalized forms. These results were analyzed and formulas for predicting
the maximum velocity and volume flow rate in the turbulent boundary layer are proposed.
Expressions for predicting maximum velocity and volume flow rate in the transition region
were obtained from interpolation of the equations for laminar and turbulent boundary
layers.

The proposed expressions are well suited for predicting the maximum velocity and the
volume flow rate in a free convection boundary layer for air at room temperature
(important to indoor thermal comfort assessment and energy conservation in buildings).
The proposed expressions will also give a better estimation of the maximum velocity and
volume flow rate in the turbulent boundary layers than the previous ones being used for
ventilation design purposes.

Key words: boundary layer, flow, free convection, laminar, transition, turbulent, vertical
wall.

Sammanfattning

Kallras vid fonster och vigg kan orsaka drag inomhus. Det kan ocksd péverka
luftstrdmningen i lokalen och dérmed transporten av fororeningar.

Miitresultat for fri konvektion vid en vertikal vigg med jimn temperatur har sammanfattas.
For lamindr strémning, stimmer mitresultat bra med teori. A andra sidan stimmer
matresultat bra bara i viss normaliserade form for turbulent strdmning. Analyser av
tillgdngliga métresultat har gett enkla utryck for berdakning av maximal lufthastighet och
luftfléde i det turbulenta grinsskiktet. I 6vergdngsomradet, har interpolation mellan utryck
for laminér och turbulent strémning gett empiriska ekvationer for berdkning av fléde och
maximal hastighet.

Resultatet frdn den hir studien leder till ett enkelt sitt att berikna maximal hastighet och
luftfléde som stricker sig frdn det lamindra till det turbulenta omridet. De nya utrycken
for det turbulenta omrédet stimmer ocksd bittre med matresultat &n de tidigare utryck
vilka anvinds i ventilationstekniska sammanhang.

Nyckel ord: fri konvektion, gransskikt, kallras, lamindr, turbulent, vigg, dvergéng.
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1 Introduction

In industrial workplaces and offices, there always exist temperature differences between
the inner surfaces of the enclosures and the indoor air. This is due to the heat exchange
between the building and its environment through the enclosures. The temperature
difference between the wall and the indoor air will cause free convective flow along the
wall due to the density difference in the air. The stream of the free convection along a
wall will go either upwards or downwards depending on whether the wall surface
temperature is higher or lower than the indoor air temperature.

The free convection along the vertical walls may have a great influence on the room air
flow pattern. The change of flow pattern will affect air contamination transport as well as
thermal comfort in the occupied zones. It will also have an effect on the heat exchange
between the indoor air and the environment. Thus, the characteristics of free convective
flows are important to air contamination distribution, thermal comfort and energy
conservation in buildings.

In this paper, only the velocity profiles and volume flow rates in the free convection
boundary layers on vertical walls will be considered.

2 Free convection along a vertical wall

As pracitical situations are usually quite complicated and unpredictable, assumptions are
made to simplify the problem of free convection along walls. We consider a vertical flat
plate with a uniform surface temperature, T,, immersed in a medium also with a uniform
temperature, T,. The density variations are small in the whole flow region and the
Boussinesq approximation can be applied, i.e. the density in the governing equations for
the flow motion can be considered constant, except in buoyancy terms.

In forced convection, the Reynolds number is usually used to describe the flow situation.
It is generally accepted that the Rayleigh number can be used to describe the flow
situation in free convection boundary layers on vertical walls. The Rayleigh number is the
product of the Grashof number, Gr, and the Prandtl number, Pr

Ra = Gr-Pr @
The definitions of Gr and Pr are
3
Gr = P8ATx @)
Ve

Pr=_2 &)
a



where

8 = thermal expansion coefficient,

AT = temperature difference between the vertical plate and its surroundings,

x = plate height,

v = kinematic viscosity,

o = thermal diffusivity, defined as x/pc, (c, = specific heat, x = thermal conductivity, p =
density).

From experiments, it has been shown that the convective flow will no more be laminar
when Ra exceeds 10’ [2]. For air at 20 °C (Pr = 0.71), the convective flow will thus no
more be laminar when Gr is greater than 1.4x10°. Redegren and Wiberg [10] observed
laminar convection for air at a Rayleigh number of 2x10° (Gr = 2.8x10°) in the boundary
layer, at least from the wall surface out to the distance of the velocity maximum.
Cheesewright’s measurements with air [1] showed that the transition from laminar to
turbulent begins at Gr = 2x10° and ends at Gr = 1x10™. More accurate measurements
were done by Cheesewright and Ierokiopitis [2] with LDA (Laser Doppler Anemometry)
in air. In their measurements, an early onset of transition was observed at about Gr =
0.8%10°. The fully developed turbulent region was found to begin at Gr = 1.6x10". The
critical Rayleigh number at which the free convection turns into turbulent will depend on
disturbances from the ambient air. Redegren et al [10] obtained laminar flow at a
relatively higher Rayleigh number due to their careful elimination of the disturbances from
the ambient room air (for instance, their measurements did not start until 4 minutes after
the person left the test room). The development of the free convective flow along a
vertical wall is shown in Figure 1.
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Figure 1. Development of free convective flow along a vertical wall



3 Laminar free convection boundary layer

A vertical wall immersed in a fluid of constant properties (except from density variations,
which are important for buoyancy forces) will be taken into consideration. The flow is
laminar and in steady state. The wall surface and the ambient fluid are at constant
temperatures. The proper governing equations for describing the flow are shown in
Appendix A. Early theoretical and experimental work was done by Schmidt and Beckman
[12] on the laminar free convection boundary layer on a vertical wall with uniform
temperature. Numerical solutions to the governing equations in similarity forms were
developed by Ostrach with a refined method [9]. Nowadays the governing differential
equations for laminar flow can be easily solved numerically on a personal computer. The
governing equations in similarity forms and their solutions are listed in Appendix A.
Measured values of the velocity profiles fit quite well with the numerical solutions, see
Figure 2.
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Figure 2. Measured velocity profile for the laminar boundary layer on a hot vertical
flat wall in free convection, taken from [12].

The problem can also be approached by using the integral method (see Goldstein [5]),
which gives approximate solutions to the problem. A certain velocity profile must be
assumed in the boundary layer. Integration of the governing equations for the convective
flow motion will then give a solution to the problem. This method makes it easier to study
the influence of different parameters on the free convection. The method gives a solution
within acceptable errors, if the velocity profile is properly chosen.

The velocity profile for the laminar boundary layer can be taken in the following form [5]



u = u -2y | @

where u, is a characteristic velocity which varies with wall height x.

Equation (4) and an additional equation for the assumed temperature profile can be put
into the governing equations for the laminar free convection boundary layer to give an
approximate solution to the problem [5]. The obtained characteristic velocity, «,, and the
boundary layer thickness, 8, are found to be

20,7, 7
u = 5. 17v(Pr+.._) 7Gr7x" ®)

"2, 20 :
d = 3.93Pr 7(Pr+ )TGr ©)
Combining equations (4), (5) and (6), we get the velocity profile in normalized form

S A(—)(—-)"ll A(-)( )"1’ M

where
A=0. 36Pr’(Pr+ 20 )]

Comparison of the exact solution and the approximate solution to the velocity profile in a
laminar free convection boundary layer at Pr = 0.71 is shown in Figure 3. The exact
solution is taken from Appendix A. The figure illustrates the approximate nature of the
integral method. However, the integral methods can provide algebraic solutions to the
boundary layer equations, which facilitates analyses of the influence of different
parameters when the exact solutions to the governing equations can only be obtained
numerically.

Differentiating equation (4) gives the maximum velocity u_, = 0.1481u, at y = 8/3 and
U, can be written as

20 1 1
Uy = 0.766v(Pr+—) IGrix ®
For air at 20 °C (Pr = 0.71, v = 15.1x10® m?%s), u_,, becomes

U, =0.109AT"x'2 (mjs) 10)

where
Al= |T.-T.|,°€ (T,, = wall temperature, °C, and T, = ambient air temperature, °C).
x = wall height, m.
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Figure 3. Velocity profile in a laminar free convection boundary layer at Pr = 0.71.

Integrating u in equation (7) from y = 0 to y = §, we get the volume flow rate per meter
wall width, V, in the laminar boundary layer ( for air at 20 °C)

1 3
V = 2.94x10°AT*x* (m?/s)/m an

The numerical solution gives the maximum velocity, 4_,,, and the volume flow rate, V, at
T, = 20 °C as (see Appendix A)

1 X ‘1

u__ = 0.5546vGrZx™ = 0.101ATx % (m/s) 12)
3 AT T (13)
V = 1.702vGr* = 2.83x10°AT*x*  (m’/s)/m

Redegren and Wiberg [10] carried out measurements of cold downward convection at
windows. The flow was observed to be laminar at least out to the distance of the velocity
maximum. Comparisons of the measured maximum velocities in the boundary layers and
the calculated ones from equation (12) are shown in figure 4. It can be seen that the
measured velocities fit quite well with the calculated values from equation (12).
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Figure 4. Measured maximum velocity in the boundary layer (from [10])

Comparisons of the measured volume flow rates in the boundary layer and the calculated
ones from equation (13) are shown in Figure 5.
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Figure 5. Measured volume flow rates in the laminar boundary layer (from [10D)



The calculated values of the volume flow rates are considerably lower than the measured
ones. This may be due to the inaccuracy in the velocity measurements, especially in the
outer region of the boundary layer where the velocities were below 0.05 m/s. Notice also
that the Rayleigh number reached up to 2x10° in their measurements. Thus the flow could
have been in the transition region in the outer region of the boundary layer. In the
transition region, more ambient air will be entrained into the boundary layer and thus the
flow rate becomes larger.

4 Turbulent free convection boundary layer
The turbulent free convection boundary layer was first analyzed by Eckert and Jackson by
using the integral method [3]. They used the 1/7th power-law velocity distribution in the

forced boundary layer for the inner region and added an extra term to describe the outer
region. Their assumed velocity profile is

- u,(%ﬁ(l 2y a4

where u, is a characteristic velocity in the boundary layer, varying with x.

The maximum velocity in the turbulent boundary layer, _,,, can be found by
differentiating equation (14), which gives

o
u_ = 0.537 aiy = — 1

The volume flow rate per unit width in the turbulent boundary layer, V, can be obtained
by integrating u fromy =0toy = d

] 1
V= Iudy =ud Fﬁa -E)'dE= 0.146u 6)

where E = y/d.

The boundary layer thickness, 0, and the characteristic velocity, «,, were derived by Eckert
and Jackson by introducing the shearing stress relation for forced convection on the wall
and their results are [3]

1 8 2

“Tp,” : 17
d = 0.565xGr TPr T[1+0.494Pr>|®

1 2 1
u_ = 1.185XGr?[1+0.494Pr%] 2 (18)
X



From equations (16), (17) and (18), we get the volume flow rate per unit width in the
turbulent boundary layer

_8 2 _4 4 (19)
V = 0.098v(Pr) T[1+0.494(Pr)®] ®Gr™

For air at 20 °C ( Pr = 0.71 and v = 15.1x10°° m?s), equations (15) and (19) become

T 1

u__ = 0.099AT7x? (m/s) @9

V = 2.88x10°AT%x?  (m?/s)/m @1

where
x = wall height, m,
AT = temperature difference between the wall and the room air, °C.

Notice that equation (20) gives almost the same value for the maximum velocity as
equation (12) for the laminar boundary layer. However, the errors caused by using the
integral method can only be determined from comparison with experimental results, since
there is no exact solution for the turbulent free convective flow.

As the boundary layer thickness is rather difficult to determine, a displacement thickness,
d’, is often used for characterizing the boundary layer thickness. This thickness is defined
as

The velocity profile in normalized form can be obtained by combining equations (14), (15)
and (22)

1
2 =186 2 Y- _y (23)
u 3.676" 3.670°

max

A number of measurements of the turbulent free convection boundary layer were done by
several authors in the late 60’s, see e.g. Cheesewright [1], Lock and Trotter [7], Vliet and
Liu [13]. The velocity profiles normalized in u/u_,, are consistent with each other and
Eckert and Jackson’s profile showed rather good agreement with the measured results (see
[13]). However, there are large discrepancies between Eckert and Jackson’s velocity
profile and the experimentally obtained velocity profile normalized as w/(gATx/T,)'?, see
Figure 6. :

More work should be done to determine the actual velocity profile. Mason and Seban [8]
employed a simple turbulence model to solve the governing equations for the turbulent
free convection boundary layer. The calculated velocity profile was in general accordance
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Figure 6. Velocity profile in the turbulent boundary layer (from Cheesewright [1]).

with the forms of data obtained by Cheesewright and the maximum velocity is about 25%
higher than that in Cheesewright’s data. Hoogendoorn and Euser [6] showed that although
the data from different experiments seemed to be consistent, they did not satisfy an
integral energy balance, i.e. the heat transferred to the boundary layer calculated from the
velocity and temperature profiles at some height did not agree with the heat transfer from
the wall. They suggested the source of errors lay in the mean velocity data. This was
confirmed when Cheesewright and Ierokiopitis [2] carried out more accurate measurement
on the velocity profile in the turbulent boundary layer with LDA (Laser Doppler
Anemometry). The obtained velocity profiles by these authors are shown in Figure 7.

The figure shows a relatively good agreement between the results from different authors.
Mason and Seban’s data shows higher maximum velocity than the others and the velocity
data from Hoogendoorn and Euser shows some deviation in the low velocity region. This
may be due to the disturbances from the ambient and different methods of the velocity

. measurement.

The maximum velocity in Cheesewright and Ierokiopitis’s data is at (y/x)Gr*! = 0.053

U, = 0.349Gr"x 24

Eckert and Jackson’s profile can be forced to fit the maximum velocity in Cheesewright
and lerokiopitis’s data and the forced profile fits very well the measured data (see Fig. 7).
The velocity profile obtained by forcing u,,, to fit the measured data is
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Figure 7. Velocity profile in the turbulent boundary layer (data from [2], [6] and [8])

1
“Y  =0650(—2 —)a-—2 ) (25)
vGri2 1.656xGr 1.656xGr %!

The volume flow rate per unit wall width in the boundary layer, V, can be obtained by
integrating u fromy =0 toy = 9,

V = 0.157vGr% (26)

For air at 20 °C, equations (24) and (26) can be further simplified to

11
u_ . = 0.064AT?x% (m/s) o 8
V = 4.38x10°AT*x'2  (m%s)/m (28)

Notice that the application of equations (24)-(28) should be restricted to turbulent free
convection in air at reasonably large Grashof numbers, since measured results were not
carried out for a wide range of Grashof numbers.
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5 The transition region

As the convective flow rises along an isothermal vertical wall, the Gr number is increasing
with the wall height x. The laminar flow will eventually become turbulent at some height.
The turbulence begins gradually over a transition region. So far, very few measurements
concerning the velocity profile in the boundary layer during transition have been done.
The onset of the transition is also strongly influenced by the external disturbances.
However, an approximation for engineering use in the transition region may be obtained
by interpolating between the laminar and turbulent regions. For convenience, we assume
that the transition starts at Gr = 1x10° and ends at Gr = 1x10" for air. The maximum
velocity and volume flow rate in the transitional boundary layer may be obtained by
interpolating between these two starting and ending Gr numbers from equations (12), (13),
(24) and (26), see Figures 7 and 8.

The obtained maximum velocity and volume flow rate per unit wall width in the boundary
layer during transition from interpolation are

u__ = 35.7vGr%®x! 29

V = 1.11x10"vGro™s (390)

For air at 20 °C, equations (29) and (30) can be further simplified to
u_ = 0.149AT*®x~01%  (mm/s) @D

V = 1.16x10°AT* %2 (m?/s)/m (32)

The obtained constants in equations (29) - (32) are dependant on the choice of the starting
and ending Gr numbers of the transition region. What the equations (29) - (32) give are
just an approximation of the maximum velocity and volume flow rate in our defined
"transition region". They may have lost their physical meaning.
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6 Free convection élong vertical walls in buildings

In winter time, there is cold downward convection along inner surfaces of the windows
and the outer walls and in summer time the convective flow will go upwards. The
intensity of the free convection will depend on the temperature difference between the
wall surface and indoor air, and the height of the wall. When the outdoor temperature is
-20°C and the indoor air temperature is 20°C, the temperature differences are the
following according to Rydberg [11].

Table 1. The temperature differences between the enclosure surface and the room air
and the corresponding Grashof number at different heights.

Enclosure type T.-T,,°C | Gr (x=1m) | Gr (x=2m) | Gr (x=3m)
2-glass window (k=2.5) | 13.0 1.9x10° 1.5x10% 5.1x10"
3-glass window (k=1.7) | 8.7 1.2x10° 1.0x10' 3.4x10"
wall (k=1.0) 5.2 7.6x10° 6.1x10° 2.0x10"
wall (k=0.3) 1.6 2.3x10° 1.8x10° 2.3x10°

Note: k is the coefficient of heat exchange, W/m?<°C.

From the table, we can see that the free convection will no more be laminar when the
window height is greater than 1 m and when the wall height is greater than 2 m. However,
as the values given in Table 1 is for extreme cold winter days, most free convection will
be in the transition region.

A summary of the equations for predicting the maximum velocity and volume flow rates
in the free convection boundary layer at T, = 20 °C is listed in table 2.

Table 2. Summary of equations for predicting u_,, and V (per meter wall width)

at T, = 20°C.
Flow situation Uy, M/S V, (m’/s)/m
Gr< 10° 0.101 AT*x*S 283x10° AT*R™
10°< Gr <10"° 0.149 AT #0103 116107 A2
Gr > 10" 0.064 AT*x** 4.38x10°% AT**x'?

Calculated maximum velocities and volume flow rates for different heights and
temperature differences are shown in Figures 10 and 11.
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7. Conclusions

There are proper solutions to the governing equations for laminar free convection
boundary layers on an isothermal vertical wall. The solutions are in good agreement with
reported results from measurements.

For the turbulent free convection boundary layer, a typical approximate solution based on
the integral method was given by Eckert and Jackson. However, their solution showed
large discrepancies compared with measured results. Recent more accurate measurements
on the turbulent boundary layer have been used for obtaining better formulas for
predicting maximum velocity and volume flow rate. Further measurements are still needed
for the turbulent free convection boundary layer.

Due to the instabilities in the boundary layer during transition, no deterministic solutions
exist or may be expected. However, approximate expressions for engineering purposes
may be found by interpolating between the laminar and turbulent boundary layers. The
obtained expressions can be used for estimating the air flow in the transition boundary
layer.

The free convection along a window or wall in a room is often in the transition region or
the turbulent region. The maximum velocity and volume flow rate in the free convection
boundary layer can be predicted once the wall height and the temperature difference are
known.
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The governing equations for the free convection boundary layer on a vertical plate are [3]

au av
ax ay

=0

u _ou _ 82u P.—P

UtV

ox dy  “ay* " p.

T oT Ve 0°T

U TV =

x dy Proy?
and the boundary conditions are

uyso = vy=0 =0, Uy = 0, T}"“' =T, Tr=0 = TW

The governing equations of the boundary layer conditions can be transformed into

similarity forms by setting

n = —(——)7
Yxy) = 4v(—)"ﬁn)

T-T, _

T - ™

where 1 is the stream function and u can written as a function of v as
u=" . ZvGr x7'f'(M)
dy
Equations (A-1a,b,c) can then be reduced to

FISPI-2PH0 = 0

0/+3Prf8’ = 0

The boundary conditions become
f;F,o =0’f'\'|d)= 0, 6,.'=0= 1,f'““=0, e“m= 0

(A-1a)

(A-1b)

(A-1c)

(A-1d)

(A-2a)

(A-2b)

(A-20)

(A-3)

(A-4a)

(A-4b)

(A-4c)
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The velocity and temperature profiles can thus be obtained if f' and 6 can be solved from
equations (A-4a), (A-4b) and (A-4c).

An ODE (ordinary differential equation) solver (PC-Matlab from the MathWorks, Inc.) on
a personal computer was used to solve the ordinary differential equations numerically. The
boundary conditions f',.. = 0 and 6,_, = 0 can not be used directly in solving the
equations. Values must be found both for f ", , and €', , so that the solution satisfies

[ '4== = 0 and 8,_, = 0. Solutions to the different equations satisfying these boundary
conditions are shown in Figure A-1.

The initial values for f” and 6" were found f ", , = 0.67745 and €', , = -0.50208. The
maximum value for f' is 0.2773 at | = 0.9705. The maximum velocity, u_,,, is

1

u__ = 0.5546vGrZx™! (A=3)

Integrating f’ from m = 0 to 1 = o gives a value of 0.6018, thus we have the volume flow
rate per unit boundary layer width, V

V= j'udy = 2/2 vGr':r ‘[f(n)dr. = 1.7021vGr’} (A-6)

1 2 3 4 5 6 7 8
n

Figure A-1. Solutions to equations (A-4a), (A-4b) and (A-4¢) for Pr = 0.71.
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