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Superposition in Infiltration Modeling
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Abstract

Simplified, physical models for calculating infiltration and ven-
tilation in a single 2one usually calculate the airflows from the
two natural driving forces (i.e., wind and stack effects) separa-
tely, and then use a superposition rule to combine them. Simi-
larly, superposition rules may be used to ascertain the effects of
mechanical systems on infiltration. In this report a general
superposition rule will be dertved for combining wind, stack,
and mechanical ventilation systems together. The superposition
rule will be derived using general principles of leakage distribu-
tion and airflow and will not depend on the details of a partic-
ular infiltration model. In the process of generating this rule, a
quantity called leakage distribution angle is developed to quan-
tify the separation of areas of the building envelope which are
subject to infiltration and exfiltration. The general superposition
rule is compared to other proposed superposition rules including
those based on measured data, and the general rule is shown to
have strong explanatory power. Results are generated for typical
buildings. The concept of fan addition efficiency is developed to
determine the effectiveness of unbalanced (mechanical) ventila-
tion systems at augmenting mfiltration.
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Introduction

Infiltration is the dominant mechanism for provi-
ding ventilation and thus adequate indoor air qual-
ity to residential buildings. While most residences
have small local exhaust fans for spot ventilation of
wet rooms, few — especially in the United States —
have a mechanical ventilation system. The estima-
tion of ventilation rates in dwellings, then, becomes
the estimation of infiltration-dominated effects.

The calculation of infiltration-dominated ventila-
tion usually requires the combination of wind-in-
duced, temperature-induced, and mechanically-in-
duced airflows. Complex models solve the problem
by finding the pressure at each point on the enve-
lope and then solving for the flow — modifying the
internal pressure in order to satisfy the continuity

equation (Feustel and Raynor Hoosen, 1990). Such”

an approach is very powerful, but may require in-
puts and computational requirements that may
make it impractical. Furthermore, the structure of
the model is often too detailed for the user to under-
stand the physical relationships between parameters.

Parametric studies using detailed models (Etheridge
and Stanway, 1988), can recover some of the physical
relationships, but for many applications simpler
physical models are desirable, even if less accurate..

Simplified models have the benefit that they can
be readily applied and require far less input data.
The price for this ease is that specific details may be
lost. It is important to have a physical basis for the
assumptions used in deriving simplified models.
Although general properties of the three driving
mechanisms will be discussed, details such as fan
curves, pressure coefficients, leakage distributions,
etc. will not. When it is important to understand all
such details, simplified models are inappropriate,
but for many types of work (such as analysis of large
datasets), the level of accuracy of simplified models
is sufficient.

In most simple (single-zone) models it is a relat-
ively straightforward problem to calculate the pres-
sure-induced flow for one of the driving forces.
Each of these three mechanisms induces pressures
across the envelope to drive the flow, but the spatial
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102 Sherman: Superposition in Infiliration Modeling

distribution of the pressure is different for each of
them. Although these pressures are additive on a
point-by-point basis, the flows induced by those
pressures are not. Combining these flows together in
a similarly simple way is the topic of this report.

Nomenclature

B AIM Superposition constant [~}
C’ Shielding coefficient [-]
fo  Leakage distribution factor [-]

Quadrature constant [~]

Neutral level (when only stack effect operates) [-]
Addition efficiency [-]

Mass flow rate of air [kg/s]

Density (of air) kg/m®

Leakage distribution angle [-]

f  Airflow ratio [-]

¢ Acceleration of gravity [m/s?]

H  (Stack) Height of envelope [m]

K Leakage coefficient

n  Leakage exponent [-]

P (Air) pressure [Pa]

AP Driving pressure across the envelope (outside-
inside) [Pa]

O Airflow [m*hr]

v  (Local) wind speed [m/s]

a

B

€

m

p

0

Subscripts indicate values associated with:
+ infiltrating (outside) air

- exfiltrating (inside) air
internal conditions

any driving force

a natural driving force

wind effect

wind striking a building face
wind striking diagonally
stack effect

(unbalanced) fan
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M
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Air Leakage

Infiltration is pressure-driven airflow through the
envelope of the building, so it is important to under-
stand the leakage properties in order to understand
the infiltration. The leakage of the envelope is con-
ventionally treated as a power law (Sherman, 1991).
The measurement of leakage is usually performed
with a technique called fan pressurization (ASTM,
1987) where the fan flow induces a shift in the
internal pressure:

Oy = KAP; M

where the exponent ¥2 <n <l depending on the hy-
drodynamics of the leaks.

As can be seen from the appendix, the fan pres-
surization flow is the large fan limit of an unba-
lanced fan. K and the exponent, n, characterize the
leakage. In addition to being measured from a fan
pressurization test, they can be found from more ad-
vanced techniques (Sherman and Modera, 1986;
Sherman and Modera, 1988). Although the envelope
could have different exponents in different areas, we
will assume that the exponent does not vary.

The exponent is a particularly important charac-
teristic of the flow for both understanding the beha-
vior and modeling it. If the exponent were unity, the
modeling would be linear and relatively simple. For
most buildings, however, the exponent is in the
range 0.55<n=<0.75 with n = %4 being a typical
value (Sherman et al., 1986), and the modeling be-
comes more complex. For this typical value of expo-
nent, however, K becomes independent of tempera-
ture in normal situations (Sherman, 1991).

Combining Driving Forces

Each one of the three driving forces has a particular
pattern of pressures induced across the envelope.
From this pattern of pressures and the flow charac-
teristics of Equation 1, the airflow from that driving
force can be calculated, albeit differentdy for differ-
ent models. Since combining the different driving
forces on a point-by-point basis is more complex
than the simple models can deal with, a superposi-
tion rule that combines the individually calculated
flows in a simple but robust way is needed.

When combining flows from different driving
forces it is important to understand how the partern
of pressures interact. The external pressure pattern
may vary only with height (as in the stack effect)
only with orientation (as in the wind effect) or not
at all (as in a mechanical system); the internal pres-
sure may or may not need to change in response to
these external patterns. The correlation of these ex-
ternal patterns and internal pressure changes will
determine how the driving pressures Superpose.

If the pressure patterns did not interact, superpo-
sition would simply be to add the flow from the
natural sources to either the supply or the exhaust
flow, algebraically. This pressure-independent situa-
tion occurs only for the case of balanced supply and
exhaust fans (e.g., an air-to-air heat exchanger).

Q . Qbalanced + f(Qs, Qw’ Qf) (2)
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If there are both supply and exhaust fans operating
simultaneously, the balanced part of the flow can be
expressed as follows:

Qbalam:ed = IMIN (qupply: Qexhausl) (3)

For any unbalanced combination of supply and ex-
haust fans,

Qf = lQexhaust_ qupplyl (4)

there will be a shift in the internal pressure and
hence the pressure pattern (as is explained in the ap-
pendix).

If the pressure patterns were exactly correlated
(e.g., two exhaust fans or a doubling of the wind
speed), all driving pressures would increase in pro-
portion. In this case the driving pressures are addi-
tive, but because the exponent is less than unity, the
flows are sub-additive. Any time the pressure pat-
terns are independent there will be locations in
which positive and negative pressures mitigate one
another, thus reducing the combined flow from the
algebraic sum. Accordingly, a sub-additive superpo-
sition rule is required to account for these physical
effects.

General Quadrature

For naturally-induced infiltration (i.e., stack and
wind effects) different areas of the envelope will see
positive pressures and negative pressures. Since the
exponent is never greater than unity, we can be as-
sured that any combination of natural and (unba-
lanced) fan flows will be subadditive. Thus, an ex-
pression (analogous to the law of cosines) can be
used to combine two flows:

Q7 =Qf + Q4-0aQiQ; ®)

where |o] < 2. We call this rule general quadrature.

This rule encompasses all the physical situations,
but the quadrature constant, @ is not a universal
constant; it depends on many of the details of the
individual flows — specifically on the patterns. For
specific physical realizations it is possible to develop
an exact superposition formula. This level of detail,
however, is not in keeping with the simplified mod-
els used to calculate the individual term. Although
Equation 5 does not necessarily represent any par-
ticular physical realization, it has the advantage of
simplicity, robustness, and symmetry.

It is instructive to examine some special cases.

The limits of this expression are to be found when
combining flows that do not change the pressure
pattern:

e combining two (constant flow) exhaust fans yields
a=-2.

e combining a supply and exhaust fans yields
o =2
e combining a balanced supply/exhaust system with

a natural driving force yields
o= -2

Combinations that affect the pressure pattern will
yield intermediate results. Although for simplistic
cases (e.g., two leaks in various configurations) the
quadrature constant can be solved analytically, sim-
plified methods (see appendix) will be required for
realistic cases. Before deriving specific values for the
quadrature constant, a review of previous work is in
order.

Review of Superpostion Methods

One of the first simplified physical models of infil-
tration, the LBL model, (Sherman and Grimsrud,
1980; Sherman, 1980), used the following superposi-
tion rule:

Q= Qf + Qf (6)

This superposition rule is called “simple quadrature”
or “LBL superposition”.

Using measured data, Wilson and Pittman (1983)
have shown that this type of model captures much
of the physical behavior. Using measurement and si-
mulation for full-scale test structure, Mobile Infil-
tration Test Unit (MITU), Modera et al. (1983) have
shown that there can be an overprediction error on
the order of 25% when the wind and stack effects are
equal.

The LBL infiltration model assumes orifice flow
and thus fixes the leakage exponent at on¢ half. Vari-
ous other efforts have attempted to generalize the
model by using the measured exponent (Liddament
and Allen, 1983). In some of these Variable Flow Ex-
ponent (VFE) models an “exponified” version of
simple quadrature is used to generalize the superpo-
sition rule (Reardon, 1989):

Ql/n - Qf/n + Qyn (7)

We call this superposition rule “VFE superposition”.
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Using a detailed simulation, Modera and Peterson
(1985) have investigated both LBL and VFE super-
position for the combination of wind effects and
stack effects with and without the operation of
mechanical exhaust. The specific example cited uses
the configuration of MITU. They found that, in
general, simple quadrature works better than the ex-
ponified version and both may overpredict the total
when there is no fan operation. Further, the devia-
tion in simple quadrature is found to be a strong
function of leakage distribution.

In order to mitigate the overprediction of the
VFE superposition rule, the NRC model (Reardon,
1989; Shaw, 1981) uses an ad-hoc correction factor:

Q = [0.874Y (I + Q" ®

where:

fr = M <1 9)
larger

When f, becomes small enough (= 0.1) the term in
brackets is replaced by unity. This correction, there-
fore, always reduces the value relative to VFE super-
position and has the greatest effect (= 20%) when
the two flows are equal (i.e., f, = I). We call this rule
“NRC superposition ”.

Walker and Wilson (1990) modify VFE superposi-
tion in an algebraically simpler method:

Qi = QU + Qi + B QUnQI 10.1)

From their data they have found that

1
B=-_ 10.2
3 (10.2)

We call this rule “AIM superposition”.

Figure 1 summarizes all of these superposition
methods by comparing them to simple quadrature
(i.e, a = 0) as a function of the airflow ratio, f
Simple quadrature is not necessarily the correct rule
to use but provides a reference point to compare
trends. For example, it can be noted that the AIM
superposition rule does not deviate very much from
simple quadrature, but the VFE rule always predicts
a larger flow. The physical limits of o = +2 as well
as o = =1 are plotted for reference.

For each of the superposition rules described
above, Equation 5 can be used to derive a value of
the quadrature constant. Because these rules are all

Table 1 Equivalent values of quadrature constant (a).

(Combined stack and wind atn = 24)

s VFE LBL AIM NRC  MITU
1 -0.52 0 0.02 0.39 0.61
2] -0.49 0 0.08 0.31 0.43

symmetric with respect to wind and stack, the quad-
rature constant will depend only on the ratio of the
smaller flow to the larger one. Table 1 displays these
data for two values of the airflow ratio.

In the appendix we derive some simplified ex-
pressions for the quadrature constant. The section
below summarizes these results and allows us to es-
timate numerical values as well as the strongest
functional dependencies.

Infiltration-dominated Ventilation

The process of infiltration derives from pressure in-
teractions across the building envelope. The distri-
bution of these pressures will depend on the speci- <
fics of the driving forces. Three quantities character-
ize the infiltraton from a single driving force: the
driving pressure, the total envelope leakage, and the
leakage distribution relative to the driving pressure. =«
In order to describe the effects of the leakage distri-
bution, we have introduced the leakage distribution =
angle. The leakage distribution angle quantifies the
partitioning between the areas of the envelope tha
infiltrate and exfiltrate. The importance of the lez
age distribution angle is that it is a single quantity
that (non-dimensionally) quantifies the pattern of
the driving pressure in a way where trigonome
identities are useful.

fied physical model for infiltration, leakage distrib!
tion, and addition efficiencies are all contained i
the appendix and will not be repeated in the bod

Table 2 Properties of driving forces.

Driving force Distribution angle Typical p
Stack (winter) cos’, = B '
Stack (summer) sin’0, = B

Wind (head-on) tanf. = .44
Wind (diagonal) tanf. =1
Fan (supply) cos20; = 1
Fan (exhaust) cos2by = -1
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The pressures are shown for information only and
represent the typical pressure drop across a leakage
site. Their exact calculation depends on the details
of the infiltration model used and does not materi-
ally affect the superposition. Care was taken to carry
the non-linearities (associated with the exponent)
through the formulation. Although it appears in ex-
pressions for flows and leakage distribution angles,
the exponent has very little effect on the value of the
addition efficiencies and hence the superposition.

When two forces are acting together, a perturba-
tion analysis can be used to estimate the interaction
and derive an addition efficiency for the effect of the
smaller force:

Q=0 +¢.0 n
where
€, <landQ, < Q, (12)

The last parts of the appendix deal with the flow ad-
dition of two driving forces. The result of this deri-
vation is an expression for the addition efficiency.
As shown in Equation A29, the addition efficiency
can be expressed in terms of the leakage distribution
angles of the two driving forces:

_ | c0s26, + cos26,

€y
2

13)

These factors can be used for fan flows larger than
the naturally-induced flow by applying a minimum
value of the efficiency to convert ¢, to &

‘Table 3 lists the addition efficiencies for different
combinations of wind, stack, and (unbalanced) fan
- flow.
~ Unfortunately, these addition efficiencies are least
. DPrecise when the two flows are of the same size (i.e.,
i" fu= 1), because this is the regime in which the flow

" is most sensitive to the details of the leakage. Within

L~ the context of simple models, however, such uncer-
. ainty must be accepted. Since typical applications
% of simple models involve large datasets, the overall
‘s Emdit:tion using this superposition rule will be ro-
Dust,

‘ I-:,Quudralure Constant

% ' the form of Equation 13 the expressions do not
% "cctly relate to quadrature, but we can put them
010 such a form by squaring the expression:

Table 3 Addition efficiencies.

Wind .Effect + fan: €, = 0.5
Wind_ Effect + Exhaust fan: €, = 0.16

Wind, Effect + Supply fan: ¢, = 0.84
Stack effect(winter) + Exhaust fan: e, = 1-B
Stack effect(winter) + Supply fan: &, = §§
Stack effect(summer) + Exhaust fan: ¢, =
Stack effect(summer) + Supply fan: e, = I-§
Stack + Wind .Effects: ¢, = [-.5|
Stack(winter) + Wind.Effects: ¢, = [B-.16|
Stack(summer) + Wind. Effects: €, = |.84-f]

n = % was used for the head-on wind effect, Wind..

Q' =Qf + 26,00, + €204 14)

or, equivalently,

Q= Qf + Qf + (2e. + (2 -)F) Q,0; ds)

Comparing this to Equation 5 and solving for o we
obtain the following:

o = f (1-83) - 2e, (16)

for a combination of stack and wind.

These expressions also apply to natural flows plus
a small fan. If the fan becomes larger than the natu-
ral flow, however, f, must be replaced by frand e, by
g in order to account for fan domination (see Equa-
tions A34-A36 in the appendix).

We can use Equation 16 to derive numerical va-
lues of a for a few combinations of driving forces in
Table 4. Table 4a combines the wind and the winter
stack effect. Because Equation 13 is symmetric with
respect to the two leakage distribution angles, Table
4a (like Table 1) does not differ depending on which
natural driving force is greater, where B is the (di-
mensionless) neutral level.

In these tables we have assumed that n = %,
(which is important only for the head-on wind ef-
fect), and that winter conditions prevail. If the out-
side temperature is higher than the inside, the § =
% and B =% columns should be interchanged.
Table 4b contains the combination of the winter
stack effect with fans. Note that for large fan flows
the quadrature constant becomes equal to the in-
verse of the the fan efficiency factor (i.e., o — 1f).
Table 4c combines the wind with fans. The combi-
nation of all three driving forces can be done using
pairwise combinations, for a restricted set of as-
sumptions.
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Table 4a Typical values of a.

Combined wind and (winter) stack effects

fa B=% Pp=% PB=WK
Wind. + Stack 1 -0.53 0.20 0.81
%] -0.85 -0.24 0.32
Wind, + Stack 1 0.44 1.00 0.44
7] -0.33 0.50 -0.03
Table 4b Typical values of a.
Combined (winter) stack and fan effects
SUPPLY + STACK
b7 B="% B =" B=W
2 -0.63 0.5 0.5
1 -1.06 -0.25 0.44
7} -1.28 -0.63 -0.03
fi p=r p="4 B=%
EXHAUST + STACK
Table 4¢ Typical values of a.
Combined wind and fan effects
WIND . WIND ..
1 Exhaust fans Supply fans
2 0.5 -1.09 0.5
1 0.65 -1.38 -0.25
7] 0.16 -1.53 -0.63
Discussion

It is instructive to compare the values of the quadra-
ture constant calculated here, with the equivalent
values of o from the literature, which predominant-
ly focus on combining wind and stack effects. Thus
we can compare the entries in Table 4a with the re-
ported values from Table 1. There are two entries in
Table 1 that are based on detailed measurements, the
AIM dataset (Walker and Wilson, 1990), or detailed
simulations, the MITU dataset (Modera et al., 1983
and Modera and Peterson, 1985), of specific build-
ings. Our derivation may have some explanatory
power for these entries.

The test houses in the AIM dataset are closely set
in a row; thus, the wind effect could contribute only
when the wind impacted direcdy (i, only the
wind. entries apply). Further, these houses had lit-
tle low leakage, but did have some high leakage;
thus we would expect the neutral level to be in the
range ¥ < B < %. Thus the first two entries on
the first line of Table 4a would be expected to (and

do) bracket the AIM entry in Table L. For this configura-
tion the quadrature constant is consistent with zero.

The configuration for the MITU dataset was
somewhat different. MITU was unshielded and
completely exposed to the wind, whose speed and
direction varied (i.e., both the wind- and wind.. en-
tries apply). Further, MITU had no high leakage,
but had significant floor leakage into a crawlspace;
thus we would expect the neutral level to be in the
range % < P < ¥2. Thus the right two columns of
Table 4a should best bracket the results for this data-
set in Table 1. Both the calculations and data are
consistent with a value of o for the MITU dataset of
approximately one half.

Figure 2 displays our predictions (vs. simple
quadrature) along with the other superposition me-
thods and the MITU data points in the same man-
ner as Figure 1. Although the curves bend in differ-
ent directions, it can be seen that there is general
agreement between the MITU dataset and a low
neutral level prediction, and that the AIM model
(and simple quadrature) is consistent with a higher
neutral level. It is important in examining Figures 1
and 2 (and 3) to remember that the modeling as-
sumptions break down in the vicinity of f=1land
the truth becomes highly dependent on the details
of the structure. While the model may be expected
to work in a general way in this regime, large varia-
bility should be expected. o

Comparing Tables 1 and 4a again, as well as Fig-
ure 2, it is clear that VFE superposition is consistent.
with our model only if the neutral level is quite high"
and the wind is head on. As these conditions are not
typical, it is not surprising that the literature nds
that such a superposition model overpredicts. Simi-
larly, NRC superposition is consistent with
wind that strikes primarily on the diagonal or
neutral level. The literature, however, does not
tain enough details to carry this comparison i

It is clear that an optimum value for the.
ture constant depends on the distribution of
and wind angle. Values in the range -1 < a
not unreasonable. Often we do not have eno
cific information about a structure 0 €S
quadrature constant and it would be useful t
to have a default value. If we assume that tth
house has a slightly high neutral level, X\
interested in non-summer conditions and-
of the wind effect comes from wind imping
ectly on a surface, then simple quadrature
0) is a good default. (For summer condmg L
%5 might be a better assumption.)
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Addition of Fans

The discussion has focused so far on the combina-
tion of wind and stack effects. Indeed, this has been
the area of most interest over the last decade. As
mechanical ventilation becomes a more important
component in residential buildings, the need to ac-
curately include the effects of fans increases.

Figure 3 displays the results of our fan addition
modeling referenced against simple quadrature. Be-
cause fan addition efficiencies allow for fan flows
larger than the natural infiltration, the airflow ratio
extends to higher values. Each curve has a cusp at
which point the fan completely dominates the venti-
lation and the curve changes shape. It is clear from
the shape of the curves that quadrature is not a par-
ticularly good method of representing the effect of
fans. Tables 4b and 4c contain the calculated values
of the quadrature constant for the case when a (sup-
ply or exhaust) fan is added to either wind or stack
flow. Since, however, quadrature does not capture
the physical dependencies well, it is better to use the
fan efficiencies directly.

An examination of the fan addition efficiencies in
Table 3 leads one to the conclusion that in general
(small, unbalanced) fans contribute approximately
50% of their actual flow rate towards increasing the
total ventilation. Such efficiencies must be con-
sidered when making either energy or indoor air
quality calculations. Furthermore, if we can assume
this 50% rule in general, then we can combine all
three driving forces easily.

REVIEW OF SUPERPOSITION METHODS

Legend -
VFE {upper curve) -
| 'NRC jlower curve)

0) Quadrature [-]
=]
L
|
I

tio

T - y T
L] 041 02 03 04 05 06 07 0.8 09 1

f, Ratio of Smaller to Larger Flow [-]

XBL 91112492

9. 1. A plot of the superposition rules from the literature
iﬂrumsi simple quadrature as a function of airflow ratio. Curves
1'or values of the quadrature constant of -2,-1,1,2 are also plot-

1%d. (0 =0 would be a horizontal line at unity.)

Winter STACK + Head-on WIND

Legend
VFE (upper curve)
13 NAC ({lower curve) - 1.3
AM

MITU Dala

Ratio Relative to (@ = 0) Quadrature [-]

07 0.7
[} 01 02 03 0.4 05 06 07 0.8 089 1

f Ratio of Smaller to Larger Flow [-]

XBL 9111-2493

Fig. 2. A plot of the superposition rules against simple quadra-
ture, including curves generated for three different envelope
conditions. Two measured dota points from the Mobile Infiltra-
tion Test Unit are also plotted. (Exchange .3 and .7 curves for
summer conditions.)

FAN ADDITION

- 09

Ratio Relative to (« = 0) Quadrature [-]

A= LRE =
=23 = Supoy Fan

o7 Y 07
0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3

f Fan Flow / Natural Flow [-}

XBL 9111-2491

Fig. 3. A plot of fan addition vs. simple quadrature for different
wind, stack and fan situations. For the stack effect it is assumed
to be winter. (Change 2/3 to 1/3 in label for summer conditions
or to inferchange exhaust and supply.)

A comparison of simple quadrature and the fan
efficiency shows that they never deviate by more
than 10% of the total infiltration. Therefore, when
combining natural (i.e., any combination of wind
and stack) and fan-induced infiltration, simple
quadrature is a good approximation, for the special
case of the 50% rule.

The 50% rule is good overall, but there are devia-
tions depending on the distributions and which
natural force dominates. Some of the important de-
viations can be summarized as follows:
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® When the wind dominates, supply fans have a larger
addition efficiency than exhaust fans. The differen-
tial becomes larger as more of the wind strikes
directly on a face. This effect may be especially
important during shoulder seasons in which a
small ventilation fan is being utilized for indoor
air quality purposes.

o For high neutral level houses, when the winter stack
effect dominates, supply fans have a larger addition ef-
ficiency than exhaust fans. This effect implies that
for a house with many ceiling penetrations such
as kitchen and bathroom exhausts, there may be
less impact on total ventilation from running
these fans during the winter than was thought;
thus they do not work well as whole-house venu-
lators. It is interesting to note, however, that as
spot extract ventilators (e.g., bathrooms and
stoves), they are effective and particularly energy-
efficient.

® For high neutral level houses, when the summer stack
effect dominates, supply fans have a smaller addition
efficiency than exhaust fans. This effect may be im-
portant for the slab-on-grade house typical of the
sun-belt of the United States and is the converse
of the previous one.

® For large fan flows the total airflow through the enve-
lope becomes equal to the fan flow. As the fan domi-
nates the infiltration, the fan addition efficiency
increases asymptotically to unity.

Conclusions

The concept of leakage distribution angle as deve-
loped in this report is important to the understand-
ing of how the forces that drive infiltration interact.
Although there are many details about the leakage
distribution that can impact the resulting airflows,
the majority of effects can be described by this
single parameter. The leakage distribution angle
quantifies the partitioning between the areas of the en-
velope that infiltrate and exfiltrate. Since the key factor
in superposition is the separation of canceling and aug-
menting pressures, this partiioning allows a more fun-
damental description of the superposition process.

An examination of how pressure and leakage dis-
tributions interact across the envelope of a building
has allowed us to develop some general guidelines
for the superposition of stack, wind and fan effects
without detailed modeling assumptions. We can
summarize the work of the report in a single super-
position equation which takes into account all three
of these forces:

Q = @ + va_ aQ:Qw + Qbalanced + EfQ[ (17)

The quadrature constant, o, depends on the leakage
and wind angle distributions as well as the sign of
the temperature difference. For any reasonable con-
figuration

“1<ax<l 18)

When little is known about the details of the build-
ing, a default value of zero can be used; if some in-
formation is known, however, the estimate can be
improved using the methods developed herein.

The fan addition efficiency, &, indicates the con-
tribution an unbalanced mechanical ventilation sys-
tem has on the total ventilation:

0O<gs<l (19)

When little is known about the details of the sys-
tem, the 50% rule (i.e., a value of one half subject to
an overall minimum of the fan flow) can be used as
default. As this effect may depend strongly on the
season and whether it is a supply or exhaust fan, care
should be taken when estimating the impact of a par-
ticular mechanical system on the ventilation rate.

When both default values are used the superposi-
tion rule becomes the following*:

Qbalam:ed Qexhau:t
Q=5+ =5+ VQi+Q; @0
alternatively, the following may also be used":
Q = Quatanced + V Q7 + 0% + O} (20.2)

Without information on the neutral level, the wind
direction and the relative dominance of wind and
stack effects, this expression is the best general rule
of superposition for infiltration-dominated ventila-
tion.

Although these expressions do not explicitly con-
tain the exponent, the exponent was considered in
their derivation. The value of the exponent has little
to do with the form or result of the superposition

"When Modera and Peterson simulated the MITU configuration,
they found the same result. As can be seen from Table 4, this was
caused by a cancellation of errors for low neutral level in the win-
ter with an exhaust fan. Their result does, however, indicate that
this expression may be useful in some circumstances when the
default assumptions are not met.
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equation, save through its effect on the leakage dis-
tribution (angle). Under special circumstances the
effect of the exponent on the superposition can be
quite significant, but as the numerical impact of this
effect is in general small, the exponent is not of cri-
tical importance to the issue of superposition.
Superposition notwithstanding, the exponent has an
appreciable impact on the individual flows. Future
work will investigate the extension of the leakage-
distribution-angle concept for the calculation of the
individual flows and the change in the leakage dis-
tribution angle as two forces operate.

Appendix

Generalized Calculation
of Infiltration

For narural driving pressures such as wind and stack
some of the building envelope will be under nega-
tive pressure and some of the building envelope will
be under positive pressure. We can conceptually
simplify the formulation by combining together all
of the positive pressures into a single value (and si-
milarly for the negative ones) without having to
know the details. This assumption is justifiable as
long as the variation in leakage does not correlate
with the pressures driving it. Violations of this as-
sumption include leaks which themselves modify
the pressures or leaks which change behavior be-
cause of the induced pressure. Incidental correla-
tions can affect the result for a particular site at a
particular time, but are unlikely to invalidate this
assumption in the typical case.

This assumption is conceptually equivalent to
having two holes (one for infiltration and one for
exfiltration) whose combined leakage is equal to the
actual leakage, and whose external pressures are the
positive and negative ones accordingly. The simpli-
fied formulations can be written as follows:

Q. = K.(AP.) (AD

where the subscripts refer either to infiltration (posi-
tive pressures) or exfiltration (negative pressures), and

K=K, + K_ (A2.])
AP, =P, -P, (A2.2)
AP = P,-P. (A2.3)

To preserve the mass balance the mass flow of exfil-

trating air must be the same as that for infiltrating
air

m=p,0, = p-Q. (A3)

so that the internal pressure must be

(. K )% P, + (p K )P

A (Ad)
(p+ K ) + (p-K_)'x
The infiltration can be rewritten as
. _ _ p.Kip K n
T BRI + Ky A i
where
AP=P,-P. (A6)

Leakage Distribution Angle

The equations in the previous section are suggestive
of trigonometric identities and can be simplified by
the introduction of the leakage distribution angle,
which is defined as follows:

tanf = ( & )I/Zn

K (A7)
The leakage distribution angle is defined only for
the first quadrant.

We can now rewrite the equations from the pre-
vious section using the leakage distribution angle to
eliminate K. in the pressure relationships. The
internal pressure is the weighted sum of the driving
pressures:

P; = sin’0P, + cos’0P. (A8)

(which is equal to AP, if we set the reference of pres-
sure to zero) and the pressure drops across the enve-
lope are

AP, = cos’0AP (A9.1)

AP_ = sin?0AP (A9.2)
We can use Equation A7 to eliminate K. from
Equation A5 in favor of the total leakage and the
leakage distribution angle:



VR S -

T

110 Sherman: Superposition in Infiliration Modeling

S ¥ 20\n
= K b (A P sin’0 c.os 6)
p+ cos?B + p_sin*0

(A10)

Since it is conventonal to express infiltration in
volumetric terms (and since Sherman (1991) demon-
strates that the volumetric leakage is insensitive to
the density in the leaks), we seek to separate the
mass flow into an effective density and a volumetric
flow so that

m = po Q (Al

If we assume that this volumetric flow would occur
if there were no expansion or contraction of the air
when crossing the envelope, then

1nn 2n
Q=K Sin 0 cos™0 AP (A12)

sin®*8 + cos®'0

and

p+p_ (sin®® + cos"Q)
p+cos™® + p_sin’*0

Po = (AI3)

For the remainder of this appendix and in the body
of the paper we have used this volumetric flow for-
mulation. It is important, however, to remember to
use the proper air density (Equation Al3) to calcu-
late the mass flow. The errors in not doing so can be
important if the density (i.e., temperature) differ-
ence is significant between inside and outside.

We began this derivation by treating the process
as equivalent to a two leak envelope. We can put
Equation Al2 in a form that preserves this sense as
follows:

K AP\
= — — Al4
0 ) fo ( > ) (Al4)
where
 +ngsey2n n
= 2'*"5in’"Ocos?"0 (AIS)

sin”0 + cos?0

fo 1s a function that incorporates all of the leakage
distribution effects for a single driving force and
goes from a maximum of unity (when the leakage is
completely balanced) towards a minimum of zero

(when the leakage is completely unbalanced). When
the leakage is balanced and the factor is unity, this
equation is just that for two leaks (of leakage K/?2)
being driven by a total pressure drop of AP (ie.,
AP/2 across each one).

Individual Driving Forces

These expressions are applicable to any set of driv-
ing forces that operate on the pressure fields. This
section solves these equations, in a simplified man-
ner, for typical cases of the driving forces operating
alone. The intent of this section is not to solve each
case in detail, but rather to determine their leakage
distribution angles for use in superposition.

Stack Effect

If the densities of two bodies of air are different,
there will be a gravity-induced pressure gradient be-
tween them. In buildings this density difference is
caused by temperature differences and is known as
the stack effect. We can approximate the pressure
drop and leakage distribution angle for the stack ef-
fect as follows:

AP, = |Ap|gH (Al6)

where H is the stack height of the building. The ex-
act formulation of this pressure difference depends
on leakage distribution and is beyond the scope of
this report; the stack height, however, is on the or-;_ﬂ_'.i-‘—-
der of the height of the building. AN
One simple approximation uses the (dlmenswn- i
less) neutral level of building: 5

If the inside temperature is greater than outside:
cos’0; = f

If the inside temperature is less than outside:
sin’f, =~

The neutral level, B, is that height (divided | R
height of the building) at which the inside and ou
side pressures are equal when only the stack cﬁ'
in operation.

EXAMPLE: As an example, assume t-l_la_(. :
the leakage is at or near the floor and ceiling
that there is twice as much high leakage as low le 7
age. If the floor-ceiling height is H and the mszde-
warmer than the outside, 5
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*0) i Alg.])
cosh, = B = T (Al8.
1 1, B
0, = K{; a +3 )n} ApgH (Al8.2)

where for typical values of exponent (i.e., n = 243)
the term in curly brackets is approximately 0.27.

Wind Effect

The wind effect acts by causing different pressure
shifts on the faces of the structure. We can ap-
proximate the pressure drop and leakage distribu-
tion angle for the wind effect as follows:

AP, = C’p+1? (A19)

where C” is the shielding coefficient of the structure.
This coefficient is less than unity and becomes
smaller as the local shielding increases.

Both the shielding coefficient and the leakage dis-
tribution angle will be a function of wind direction,
building aspect ratio, and leakage distribution, and
will not be developed herein.

The inside pressure coefficient normally is about
-0.2 for evenly distributed leakage (Allen, 1983), but
may be anywhere between -1 and 1.

Depending on the exposure of the building, there
can be a different number of faces (and hence leaks)
seeing positive pressure. For an isolated structure
the two prototypical orientations are for the wind to
strike one wall (while the other three see suction) or
for the wind to strike diagonally, pressurizing half of
the walls. Most conditions will be bracketed by
these two situations, but other geometries exist and
the leakage distribution angle may have to be recal-
culated for them.

Head-On Wind

In the typical case in which the wind strikes one of
the faces of the building head-on, we assume there is
no airflow through the floor or ceiling, but all four
walls have the same leakage.

tang= = (L) (A20)

which for the typical value of the exponent (i.e,n =
2/3)

cos28. = 0.68 (A2])

Diagonal Wind

If the wind comes from a diagonal rather than
head-on, two sides of the building will have positive
pressures and two will have negative, Although the
total infiltration will not change much, the leakage
distribution angle will; the tangent will become
equal to unity or, equivalently,

cos20. =0 (A22)

EXAMPLE: As an example we take the head-on
case and further assume that the wind pressure coef-
ficient for the windward side is 0.7 and for all other
sides it is —0.5. We can then solve for wind-induced
airflow:

Q.=

§<o.4sp + oy (a23.)

ll/n -
. {(1 +3% }(_45(“(;)””)“02)"

4 (A23.2)

where for this example C’, = 0.54 and the factor in
curly brackets is equal to 0.22.

Fans

If the fan is the only driving force, the flow will fol-
low Equation 1. Using the development of this ap-
pendix, fans are a limiting case which can be de-
scribed as a large driving force operating over a
small area (i.e., the fan) and the rest of the envelope
having no external pressure applied. The net effect
is that the fan either completely pressurizes or com-
pletely depressurizes the (vast majority of the) enve-
lope. Thus, as we can see from Equation A7, the
leakage distribution angle takes only one of two va-
lues depending on the fan direction.

1 for supply fans

(A24)
-1 for exhaust fans

€0s26, — {

It is important to note that the pressure drop across
the fan (AP) is very different from and larger than
the change in internal pressure (AP;). We have as-
sumed that the fans are constant flow devices, which
will be true when the pressure drop across the fan is
much larger than the internal pressure change.
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Combining Driving Forces

As stated in the text, we are only interested in add-
ing driving forces that are independent of each
other; that is, we assume that the pattern of pressur-
ization and depressurization areas are uncorrelated.
To the extent that they are not independent, they
must be treated simultaneously.

Consider the case in which we start with one of
the natural driving forces and then a second (inde-
pendent) smaller driving force is added. We will
seek an expression of the form

Q=0 +¢e.0Q; (A25)

where the addition efficiency is a constant to be deter-
mined by considering the effect of the O, as a per-
turbation.

In order for the total ventilation to change as a re-
sult of the combination, there must be some change
in the pattern of leakage and pressures. When the
two driving forces are of the same order, the change
in leakage distribution will be significant and is be-
yond the scope of simplified modeling to predict in
general. In this section we assume that the leakage
distribution does not change significantly.

Addition of a Small Fan

Fans affect the total ventilation by changing the
internal pressure. We can examine combining a fan
with a natural driving force by analyzing the re-
sponse of the envelope to a change in internal pres-
sure.

A change in the internal pressure will either in-
crease the infiltration and decrease the exfiltration
or the converse, depending on the sign of the pres-
sure change:

Q. = K.(AP. £ dP)" (A26.])

which, since the pressure is small, can be expanded to

dP;
Q.~Q(lxn ZE) (A26.2)

The difference between the infiltration and exfiltra-
tion through the envelope is the fan flow. Taking the
specific case of an exhaust fan (i.e., 8P; > 0),

n6P,-

-0 =0,=0Q0, ———— A27
Q.-Q =0 AP sin®Ocos’0 (A27)

and the total infiltration will be equal to Q.-
Q = Q, + sin?8,Q,  (for exhaust fan) (A28.])

or, an equivalent derivation for a supply fan would
yield:

Q = Q, + co0s?0,0;  (for supply fan) (A28.2)

We can combine these two expressions into a single
one by making use of the leakage distribution angle
for fans. Doing so yields the following expression
for the addition efficiency:

| cos20, + cos26;
g, =| —m——

: (A29)

Combining Two Natural Driving Forces

The stack and wind effects operate by inducing a
pressure on the outside surface of the envelope; the
internal pressure responds to balance the flow.
When two natural driving forces are operating sim-
ultaneously, there will be areas in which their posi-
tive pressures coincide, in which their negative pres-
sures coincide, and in which their positive and ne-
gative pressures overlap, some of which may cause
changes in flow direction.

This situation can be conceptualized by consider-
ing that part of the larger driving force was being af-
fected by an exhaust fan while the remainder was
being affected by a supply fan. In this way we can
use the results of the previous section to combine
two natural driving forces.

For clarity consider the specific example of the
same wind effect being added to a larger (winter)
stack effect. All of the windward faces have either
increased infiltration or decreased exfiltration and,
therefore, act as though they were being exposed to
an exhaust fan equivalent to the wind-induced flow.
Similarly, all of the leeward faces act as though they
were being exposed to a supply fan. =

The combined total infiltration will come from
the lower parts of the envelope and consist of aug-
mented infiltration on the windward sides and de-
creased infiltration on the leeward sides. This total,
of course, will be the same as the exfiltration from
the upper parts (decreased on the windward side and
increased on the leeward side). The allocation of
augmented versus decreased infiltration and exfiltra-
tion, however, may be different. If we assume that
there is more exfiltrating area (for both stack and
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wind separately, then we can use Equation A28 to
tind the total exfiltration:

0 = @+ cov00y) (i), + (Q-sin®Qy) ( T
(A30.D)
0 =0+ oot + [F ) @02

where in our example the subscripts 1,2 specifically
mean stack, wind effects.

The quantities K./K represent the fractions of
the leakage under infiltration and exfiltration (for
the second driving force). The quantity in brackets
can nominally be found using Equation A7:

_ 21 _ ainn
[K_ K+] _ C0s™0; —sin™6, (A3L1)
K

cos*"0, — sin*"0,

Since we are treating the smaller driving force as a
perturbation, there will be a change in the flow that
is approximately linear due to the change in the
pressure along the lines of Equations A26-A28.
Therefore, this expression should be evaluated for n
= 110 yield:

| K—i(i+]z =900, (A312)
Thus
0=0+ QZ(CDSZE}1 + cosZB;) (A32)

2

Care must be exercised in handling the signs of the
intermediate terms. We chose our example to make
all of the cosines positive and used the fan addition
rules assuming Q, is positive. It turns out in general
that the addition efficiency can be expressed as fol-
lows:

e, =| c0s20; + cos20, I (A33)
2

Note that this expression reduces to the fan flow ex-

pression when a fan distribution angle is inserted.

Large Fan Flows

Because the addition efficiency for adding two natu-
ral driving forces is symmetric, it does not depend
on whether the stack or wind effect is the larger.
The same symmetry does not hold true for the addi-
tions of fans to natural driving forces.

If the fan flow is not small, the distribution of
pressures across the envelope will change in a com-
plex way as a result of the fan. For the example of an
exhaust fan, the fan will eventually increase the leak-
age distribution angle until all of the flow is infiltra-
tion; at this point the total infiltration is equal to
the fan flow and there is no exfiltration through the
envelope. Once this point is reached, the total air
change is just equal to the fan flow.

The behavior when the natural and fan flows are
comparable depends strongly on leakage distribu-
tion and exponent. As a simplification we assume
that the small fan flow expression is applicable until
the fan dominates:

Q = MAX(Qp Qn + £.Q)) (A34)

Equivalently we could define a fan addition effi-
ciency, & to include this effect:

& = MAX (e, 1- 1) (A35)
f

where the fan factor is defined similarly to f,:

f= %f (A36)

In this discussion we have assumed that fans are
constant flow devices, which they need not be. The
change in internal pressure caused by the infiltra-
tion, 8P, may cause a shift in the operating point of
the fan. If it does, the techniques used in the appen-
dix could be applied iteratively to find a more exact
solution. For most fans a shift of a few Pascals in
internal pressure is unlikely to cause a significant
change. A larger effect, which is not considered
herein, is the fact that the wind may have a much
larger impact on the outlet.

Equivalent-sized Flows

When one attempts to combine two driving forces
of equivalent size, the assumptions used in the sec-
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tions above are quite likely not valid. Specifically,
the leakage pattern (and hence distribution angle)
may change significantly and thus the linearized re-
sult found in this appendix will begin to change.
For example as an exhaust fan increases its effect,
more of the envelope will become pressurized (and
the internal pressure will decrease less than our linear
prediction) until the entire envelope is pressurized.

These effects would cause the addition equation
(Equation A25) to have higher order terms (i.e.,
curve) as Q, approaches Q,. There are not, unfortu-
nately, easy ways of combining the two forces with-
out knowing many more details than are appropri-
ate for simplified modeling.

Most simplified models are used either for avera-
ging time-series data or for averages of large samples
of different dwellings. In the former case it is highly
unlikely that a large segment of the data would hap-
pen to be where two driving forces were comparable.
In the latter case the variation in the details will
tend to mitigate any individual biases. Thus in
many cases it is not necessary to be able to predict
accurately the case in which two flows are equiva-
lent. For those cases in which it is, however, detailed
network models should be utilized.
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