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Abstract 

A "de1ailed"' model of a heat <::miner in hot waier circulation has 
been developed considering, 1wo plmses (liquid and metal). the 
non linear heat 11-Jnst'er and the enrhulpy trJnsport by the t1uid. A 
reduced order stare mode l ( cird.:r two or three) has been then 
fol1lled. linearising the initial "detaikd" model and using :i model 
reduction technique develuped in our labcira10ry wh i<.:h is 
especially based on modal an:dysis. Th.: simulated results from 
both the models for a step input of the inlet 1emper:uure have 
been presented und discuss.:d. The <::xtension of the work in 
order to-idenrit'y the pnrumecers ot' the reduced order state model 
has been highlighc<:d and further possibil ities have been 
discussed. Finallv, this stud,· should be able to de fi ne an 
optimum methodology for the ' .:xperiment:ll oharaccerisacion of 
fluid circulation emilring devices 

I · Jntroductjon 

The ana.lysis of the dynamic th.:rmal beh:wiour in buildings is 
usually complex as rhe buildings are continuously subjected m 
variable sollicitations and as che thermal behaviour of each 
component is mucunlly coupled. In such a case. the dynamic 
thermal behaviour of heat emitt ing devices become extremely 
difficult. Furthermore. in modern installations heat emi11ing 
devices have to work in unstendv s1:ue due co 1he use of efficient 
thel1llal control syst~ms. 10 maintain internal thermal conditions 
within che comfort zone and co minimise energy expenditure. 

In such cases. dvnamic modell in!! of the therm:tl behav iour of 
heat erniuing devices become imponanr and q11i1e often one is 
compelled to propose simplitkd ;1nalysis uue co the nece.ssay of : 

- rapid simulations 
·optimisation in the design phase 
· conrrol or regulation 

Model reduction tet.:hnique is one of these methods widely used. 

In litternture one finds that a lar!!<! r1umber of studies had been 
done in order to analyse the sre:idy since perfom1ances of hem 
emitting devices commonly used in domestic applications_ These 
have led to the development o i smndard t<::st condit-ions. 
AFNOR[ I] for measuring the output of eminers and- co the 
definition of intrinsic parameters characterizing the steady state 
output under srnnuard t.:onditions. 1 K. n). - -

A few :iutors s11i;h as Nll3EL et al. . STEPHA:"/ (1,3 J have tried 
10 develop reduced dynamic thermal models for heat emi1ters. 
These models i;onsidered the emiHer to be divided into a few 
number of nodes ( 3 or 4). Each node be tn!! re::arded to contain 'li 
wdl-mixeu liquid. / solid phase. E.~1ernal o"iindary cond i:i9ns· 
being defi ned by the·•., ell known l.1w oi i:mis. :on iii ste-ady ·'State . 

56 

P = KdT". Others do not consider an overall emission but cake 
into account radiatjve and convective quantities. These models 
have proven to be quite efficient not far from steady state but, 
experiments have showed that these modellings are not capable 
of taking into ;iccount precisely che dynamic behaviour (they can 
give rise to errors which can reach 1he order of I 0 to 50 % ). 

However. the au tors of chis paper consider lhnt the knowledge of 
the tranfer function of the dev ice could be pructical!y obtained 
only by a dynamic state idemific:uion procedure but not by a 
static one. If a procedure of thli: kind " black·box" to be 
investigated the form of the model should be considered known 
before hand. The methodo logy developed in our center 
preserves che mllxirnum knowledge of the physical model in 
defining :i reduced form.The ma i11 object of chis paper is then co 
develop such a form which should be simple. efficient and 
sufficientlv reduced. for ~1 heat emittin\! device in hot water 
circulation: -

[n the first part of this paper. we will develop a detailed model 
based on finite volume discretisation. This model will be able to 
take into account : 

- cwo phases (solid and liquid), 
· non linear heat trJnsfer. 
- bulk transport 

Then . after having linearised the initial model. we will present 
in the second part the method of reduction of che ord.:r of the 
initial model. Th is method which is b:1sed on work published :u 
CENERG(the center of energy of the Ecole Des Mines de Paris) 
especially by BACOT and , ElRAC (4.Sl i;ontains the following 
concepts: 

- modal Olnalysis 
- model reduction rechoiques 

In our case. the inherent probleP,' of 1he modeUin2 · is the 
. pre,se_ni;e -.of the bulk trlinspOrt In the <:nerg._y, eqµatiO\). whiclf 

introduces non svmeiricnl heat exch:1n t?es. However, - EL 
. KfiOU~Y and . ~E.Y_E!J [6.71 have· rcfenily shown that .the 

modal analvsis could be extended to such cases. -
• • • I • ~ • ' • • .-

tlie slmulaced results from the detailed and reduced models will 
then be compared and discussed. 

After analysing the method. we will con<.:i(1de b~; dl~cussing che 
rese:ir<.:-h work p·laned f~r : t~e near futtm:, : -

· - : . 



Pn:~en!ll!ion of the model 

~. l Development of the equation 

nic.: cminc:r is cons1d.:red to be comprised of a series of par.i.llel 
,,,nJuits. <.)Ile of whu.:h is analysed for the developmenc of 
~.1 u;;tion" 1..:l.:m..:m:LI ..:onduit). The main assumptions made at 
:~:, ,1a1<.: an: ch.: r"ol!owing: 

: . :'"' Jiscincc cemper.i.tures are considered for water and metal. 

, 1 , txllh ,olid and li4uid phases are homogeneous and isoirop 

:1 1 1 1h.: tlow in che el..:mencal conduit is one-dimensionel, piston 
:~pc. and conscant. 

::: , th.: axial conduction of wacer is neglected compared co the 
:-::i>.. cr.1nsport and chat of the mecal is not so. 

" , ph ysic:il properties are independent of the temperature 

~1:~ ,' l I ---~ 

t±TI 
Fig. l : finite volume discretisation of the emitter 

Th.: energy balances at each node points of the elemental volumes 
:c.::1d to a system of non linear first order differential equations in 
:cmperJture. 

Fnr che ilh node poinc 

A.S 
- (Tpi - Tp; + 1)-

6x 

'·' ich boundary :md initial conditions as follows : 

TrW.c >OJ= Trc 

&) -) + a(T p - Ta) = 0 ( x at x = () 

at x=L 

(2.1.1) 
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In the first approach this system of e1.1uation is solved by 
NEPTUNIX preserving its inherant non-linearity. 

2.2 State variable solution of the linearised model 

The system of equations (2. l. l) has been linearised with respect 
to temperJture as follows : 

where ~T represents the average value of 6T within the dynamic 
temperature range considered. This linearisation can be affected 
without much difficulty as the value n , in most cases, is very 
dose to I (it normally does not exceed the value 1.3). 

It can be seen that the system (2.1.1) can be written in matrix 
form: 

C d~~t) = AT(c) + BU(t) (2.2.1) 

where : 

C The matrix of capacitance. diagonal contains the capacities 
of all node points. It is positive definite. (NxN) 

A the matrix of conductances, diagonally dominant, 
contains the conductive terms between node points. (NxN) 

n 
r aij s 0 

j=l 
11 i,j 

B The command maaix, comains the sollicitations at 
node points. (NxP) 

T(t) The temperature vector, contains the sollicitarions at node 
points for the emitter, it is customany to write the 

equation of observation as follows : 

Y(t) = JT(t) (2.2.2) 

J The observation matrix. selects the variable to be 
observed. (QxN) 

Y(t) The observation vector. contains the variable to be 
observed. (Q x 1) 

In our case Y(t) is a scalar. and the variable observed is the 
temperaure of the metal in the middle. Now the system (2.2.1) 
and (2.2.2) could be written in the state variable form as : 

{TCt> = c-tA T(tl + c-1 B uct> 
Y(t) = J T(t) 

(2.2.3) 

As it is, the resolution of the system (2.2.3) is complex, but 
expressing the system with respecr to the basis of eigen vectors 
of C-lA (we note that the eigenvalues are distinct, real and 
negative). 

Using the linear transformation T(c) = PX([), where P (dee [Pl*-
0) is the maaix of cransfonnation comaining the eigen vectors of 
C·lA, the system r2.2.3) is written in busis of eigen vectors of 
C-lA (modal basisJ-



--· _h_. __ ..,., __ 

{
X(t) = F X(t) + G U(t) 
Y(c) = H X(t) 

where: 

F = p·l C· 1 AP= A.; Oij 

G = p-1 C·l B 

H = 1 P 

is diagonal 

X(t) is the state vector, contains the modes. (N x 1) 

(2.2.4) 

With respect to this basis, the solution is simple as Fis diagonal. 
and the generJI solution is : 

{

X(t) = eFt X(O) + eF(i-·n GU 

t=O 
Y(tl = H X(t) 

( t) d t 
(2.2.5) 

It should be noted that the modes are independant as the matrix F 
is diagonal, and the order is "N" which is the number of nodes. 

2.3 Reduction of the state variable model expressed in 
the modal basis. 

We have adopted the methodology of reduction developed in our 
laboratory in the fie ld of building heat transfer. The solution 
described in (2.2.5) is considered .to be analogous to N first 
order linear fillers subjected m different sollicit:1tions and the 
observed variable is a linear combination of the responses of all 
the filters. 

Thus each filter is represented by the equation : 

(2.2.6) 

Note y(t) is a scalar 

Observing the system (2.2.6) it is seen that each filter is entirely . 

characterized by a chamcteristic time: t; = · l/A.l ; and a gain g;j 
for each sollicitation. by intelligently selecting h; 's to be unity. 

In this case the impulse response of the ith tiler with respect t0 jlh 
sollicitation. could be written as : 

x; (t) = g;j e . l/t; (2.2.7) 

Then the energy (sense machematic1 contained in each mode with 
respect to the jlh sollicitation. E;j is giver) hv : 

00 

• , 1 , 
j Xi (t)- dt = 'i' tj g;r 
0 -

(2.2 .8) 

and normalised later (E;j l 
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According to the nature of our system, the characteristic times 

(t;) are quite close tO each other. Thus. the filters having almost 

the same t; values are first agregated conserving the mode with 

the hightest energy E;j , and then elliminating the low energy 
modes with respect to a threshold value (~) pre-defined. As a 
result the initial state model could be written in a fonn of a 
reduced state model of the order r <<N. 

{
){-(!) = F. R(t) +a· U . 

?(t) = H• R(t) ·· 
(2.2.9) 

Where F". G". H• are matrices of reduced order. 

3 - Results and Discussjon. 

We are presenting the simulated results for borh the models 
(detailed and reduced) for step type variation of the inlet fluid 
temperature from 20°C to 80°C. for two types of emitters 
actually existing in domestic applications. 

• a heavy emitter wich tubular columns made out of cast 
iron. (K=7.09: n = l.27) 

• a light emitter with cwo comigated pannels made out of 
steel.(K=S.65 : n = 1.29) 

In these simulations we have considered the ambient temperature 
to be constant. 

For each case. rwo flow races ( 50 l/h and 150 l/h l actually found 
in real life applications have been envisaged. 

The figures I and 2. corresponding to the case of the heavy 
emitter represent the evolution of the adimensional metal 
temperature (at the mid point) as a function of time.The figures 
!(a) and l(b) are related to a flow rate of 50 l/h, figures 2(a) and 
2(b) are related to a t1ow rJte of 150 l/h. 

The figures 3 and 4, corresponding to che case of the light 
emitter represent the evolution of the adimensional metal 
temperature (at the mid point ) as a function of time.The figures 
3(a) and 3(b) are related to a flow rate of 50 l/h, figures 4(a) and 
4(b) are related to a flow rJte of 150 l/h. 

nota : the adimensional temperature is defined as the ratio of the 
temperarure over the amplitude of the seep. 

The first remarque that we make is th:tt the effect of the 
linearisation is very little even though the operating temperature 
range (20°C to 80°C) has been considered. 

The following remarque is that the reduction of the order of the 
initial detailed model appears to be very efficient. [n fact it is 
observed that the difference between the results of che two 
models does not exceed few percents. Even though we have 
presented the results for a rise of inlet cempemture, the decreasing 
case of inlet temperature is quite similar. 

The imporlant feature m be noted is thnt modal analysis leads ma 
very $i mple form (order 2 o r 3). Wi th respect to a reduced model 
obUlined by noda l di ·cretismion l wd l mixed liqu id I so lid model ) 
with the same o rder. precis ion obta ined in our case is very much 
be Her. By contrast. the modes '< 1 ;md x~ can no t be physically 
linked with the acturil temper;1tures 11f the emmer. On ly the 
o bserved variables have a phys1ral sen"~-



. , th· ·,11 nuc:nL'C:: o f the tlow race. in the procedure 
l •ri.·.:rrnm. c .d .d 1· . I 

• 1 •.• - th~ rlow r;l!e is not c.:ons1 ere .;xp 1cne y as a 
... , .: Ppcu. ' . b · l 
"'. ·inti,>n like iokt :ind :1mbtant cempemtures ut. as ~n mtema 
"''

111
' ·. ·r "liid i c.:uulll c.: hanue. An aspect very 1mportani 

:·.1r.1mctc . · - . h d d 
... ,:.:rn' the: ir11luenc.:e o t the flow rate on t e re uce 

·' .. , r · s·t11,11·~s on this aspect are in the process of being ;·.!::unt.:.(..' '."i - ..... • • • 

• ~:-:"a~d , 1~1 L 

.i • ( ·unrl11"'ion. 

\ .!etaikd" 1m,del of an emitter in ho~ water circul~tion has .been 
._ .i 'I' ·J .;,,nsiJerin!!: two phasc:s ll1qu1d and soltd), non lmear 
::;~.~ ·t~.u~t'c:r at the external boundary of the emitter and the bulk 
:::'n'P''rt inside the emitter. . . . . 
1 -_,,1,llknn!! the: linearisation ro be valid wtthin the workmg 
:,·:::;•er:iture r:inges. a reduced srace model (order two or three) 
~ .. , ~.:n ft,rmed. 

i'~c ,,,rnparison of the two models for a wide range of 
.. <!:•itati1,ns has shown that: 

:~.: linearisatit)n does not cause much error in the initial 
.:;;:.11kd .. model and hence the initial model is more or less 

.. :~ . ~ : !t.::"l'd 

::1 ,·ump:Lrison 10 simpk models obcained by nodal discretisacion 
,1111nh Ji, idinu the emim:r into two or three nodes) based on the 

• ,•n..:.err N. well mixed liquid I solid phase, the reduced model 
:•n:~c:nted in this p:1per preserves a great deal of the knowledge 
;:1.:!uded in the initial "detailed" model 

llEA VY•EMITTING•DEVICE .. FLOW"'RA TE::SO 

ad.in.temp x 10·3 

detailed 
XCXJ.00 +------+...:--"'· =~-···-··-·-:.::.:··-.··:.::.:···+-! ·red·····u·-c-ed··-··· 

. ./' 
700.00 -1----./.·....,.._.. ~+-----H 
600.00 +---1'----+-------H 
500.00 -·1--- 1-/--1------H 

.lO<J.00 -+---l,1----+-----H 
300.00 4--/-1-----1------H 

~00.00-+--,+----+-------H 

100.00 -1-A .... 1~----1------+-l 0.00 -+-~----~------+-! 

· l 00.00 ::±:::· .. :========±========:D 
0.00 50.00 100.00 

figure 1 (a) 

scc/30 
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- it was notc:d that 1he reduced mode::! could simulate almost with 
the same precision as the initial "detailed" model, which is the 
most impon::mt and remarquable t'ea1ure of this model. However, 
with resp<:ct 10 the nodal models. it suffers from the deficiency 
1h:11 1he modes can nm be physicall y imerpreted. 

If we had shown that such a form for the reduced model was 
appropriate in tho case of systems with fluid transport, it is not 
realistic. in real problems. to presume to obtain the parameters 
c:iracterizing real devices by modal analysis . 

In practice. it appears more realistic and efficient in accessing 
these parameters by an identification procedure in dynamic state. 

Thus, we are in 1he process of carrying out activities in this 
study. These activities could be broadly divided into three 
phases: 

- In the first phase we are investig:11ing theoritically the 
possibility of obtaining a reduced model by a technique of 
identification. 

- In the second phase. we are crying to :111alyse the intluence of 
the flow rate on the par:tmetc:rs of the reduced model. The first 
results seem to be quite encouraging. The ide:tl solution would be 
to obtain the main parameters as a function of the: t1ow r.ice. 

- If this phases are successful. we plan to e.'(tend the procedure of 
identification based on c:xperimencs on real devices. The ultimate 
objective of this work is co define precisely an optimum 
experimental methodology capable of carnccerizing any kind of 
emitter in dynamic stotc. 

HEA VY"'EMITrING •DEVICE••FLOW"'RA TE=50 

ad.in.temp x 10-3 

900.00 detailed 

800.00 

700.00 

600.00 

500.00 

400.00 

300.00 

200.00 

100.00 

0.00 

I I 

/' 
I I/ 
I I 
' I 
i / 
?-i I 

I 

20.00 

.. ~- I 

.. /" 

I 
I 
I 
I 

I 
sec/30 

40.00 60.00 

figure 1 (b) 



HEAVY*EMITTING•DEVICE••FLQW•RATE:lSO 

add.in.temp x 10-3 

I dccailed 

800.00 I I 
I 
I 

reauceic··· 

600.00 

I I I 

I I 0.00 
sec/30 

400.00 

200.00 

0.00 50.00 100.00 

tigure 2(al 

LIGHT'"EMITTING*DEVICE .. FLOW'"RATE:SO 

ad.in.temp x lo-3 

800.00 

700.00 

600.00 

500.00 

400.00 

300.00 

200.00 

100.00 

0.00 

i 
I 

l 

I 
I 
I 
I 

I 
i 

I 
l .i 

0.00 

I 
I 
I 

I 
l 
I 
I 
I 
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I 
I 
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figure 3(a) 

detailed 
-rcaucea ..... 

sec/30 
100.00 

LIGHT•EMITTING*DEVICE••FLOW•RA TE:lSO 

add.in.temp x 10-3 

detailed 
800.00 11._ +-+r_··_···_···_··_···_··_···_··_··· ... r_··_···_··_···_···_··_···_··_··_···-+-1 reduce(f .... 

f I 
600.00 ';,._;..,i---- --------t-1 

0.00 ':...+------------
sec/30 

0.00 50.00 100.00 

figure -!(al 
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HEA vv•EMITTING•DEVICE••FLOW•RA TE:lSO 
ad.in.[emp 

l.00 
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tigure 2(b) 
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'.'/omenclat!!re. 

:-..i : cotal number of nodes ( i.t:. N/2 in solid and N/2 in liquid) 
Tii : fluid temperature at the node point i 
Tp; : metal 1emper.nure at the node poim i 
Trc : inlet fluid 1empemmre 
Tc, : outlet fluid temperature 
T ~ : :imbiem temperature 
Cpf : specific heat of the fluid 
Cpp : specific heat of the metal 
Ll.x : length of an element 

Olf 
:vlf 
~Ip 
h; 
K. n 
p 
L 

: mass flow rate of the fluid 
: mass of the fluid con mined in an element 
: mass of the metal contained in an element 
: hem l?'J.nsfer coefficient between metal and fluid 
: factors chamcterisin!! the emitter 
: perimeter of the section 
: length of the emitter 

subscripts. 

f : fluid 
p : metal 
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