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1. How the Reynolds number .influences incompressible flow 

The following three examples show Reynolds number effects of different 
character. Classical flow situations are illustrated by graphs in which 
some flow parameters are· shown as functions of the "Reynolds number." 

According to these examples it is proposed to classify Reynolds number 
effects by the length scale used in the definition of Re (Reynolds 
number) 

1.1. Drag of cylinders and spheres 
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Fig. Drag coefficient (Cw) of circular cylinder as function of 
Reynolds number ~based on diameter D). 

In the examples of figures 1 and 2 the entire flow patterns along with 
the relevant aerodynamic coefficients depend on the magnitude of a 
global Reynolds number. The reference length is some fixed typical 
dimension of the overall geometry. This length is a constant for a given 
geometry (and not an independent variable). 

The dependence of the friction coefficient on Reynolds number in pipe 
flow is of the same type. 
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Fig. 2 .-
Drag coefficient (Cw) of a sphere as function of Reynolds 
number (based on diameter D) . 

1.2. Streamwise boundary layer development and growth 

\ . 1..:~ 

The growth of a boundary layer frQm the leading edge of a flat plate or 
from the stagnation point on an airfoil through a laminar region to . 
transition and eventually to turbulent ~eparation may be plotted aa a 
function of the surface length x (Fig. 3). 

v . 
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Fig. 3 
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Boundary layer thickness, delta(x), and type of flow (laminar, 
transitional -, turbulent) on a flat plate with sharp leading 
edge. Transition occurs at 300,000 < Re < 3,000,000. x 
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Non-dimensional quantities, such as the local skin friction coefficient, 
are normally plotted as a function of Re(x), the Reynolds number based 
on the surface length x. This is illustrated in Fig. 4. 
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Fig. 4 · Local skin-friction coefficient on a smooth flat plate . 

. ,,, 
. Here the Reynolds number represents the independent variable x, measured . 

along the surface. If the definition of x has a physical meaning, i.e., 
if the origin of the boundary layer is at x~o, then low. values of thts 
Reynolds ~umber refer t6 early ~tages of the boundary layer, where it is 
still laminar. · 

The Reynolds number Re(delta), formed with the displacement- or 
momentum-thickness of the boundary layer, is correlated with Re(x) for a 
given stream-wise pressure distribution. It is a non-dimensional measure 
of the "thickness" of the boundary layer. Re(delta) has a different 
value for each station along the surface. 
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1.3. Profile across a turbulent boundary layer, normal to the wall 

In dimensionless boundary layer profiles the distance, y, from the wall 
is often expressed as a Reynolds number with the length y and the refer
ence velocity, u(T), the so-called friction velocity. This Reynolds 
number is usually called y+, as in Fig. 5, where the profile is ~hown 
both in a linear and in a logarithmic y-scale. 
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Fig. 5 Se~i-logarithmic and linear plots of mean velocity distribution 
across a turbulent boundary layer with zero pressure gradient. 
The 1 inear plot is. included to show a true picture of the 
thickness of various portions. 

Here the Reynolds number, y+; represents the independent variable y, 
measured normal to the surface. Low values of this parameter refer to 
the inner layers of the profile, in particular to the viscous sublayer. 

It is important to distinguish between low values of y+, as in the 
viscous sublayer close to the wall within a turbulent boundary layer and 
low values of Re(delta), which are associated with thin laminar layers, 
or situations with generally low velocity levels or small geometric 

·. dimensions or both. 
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1.4. Conclusions: Classification by type of length scale 

The above examples suggest three types of Reynolds numbers according to 
the reference lengths used in their definitions: 

o The reference length is L, a typical general dimension of the flow 
geometry. This leads to a global Reynolds number, specific for a 
particular test or simulation run. 

o The reference length is x, the streamwise distance along a surface, 
or delta, the boundary layer thickness. The resulting Reynolds 
number relates to the local character ·or type of a particular 
boundary layer. Therefore it can be called a boundary layer 
Reynolds number. 

o The reference length is y, the normal distance from the surface. 
This parameter is an independent variable across the boundary layer 
profile. If the employed reference velocity is u(T) this Reynolds 
number is called y+ and has universal character. It delimits the 
different portions w.ith.in the profile (Fig~ 5) and quantifi~s what 
means "very close" to the wall. For clarity, this Reynolds number 
is simply called ·y-plus .. (y+). 

Typical values for these·three types of Reynolds numbers depend on the 
reference velocities and actual lengths, of course. For a kinematic 
viscosity of air of 1.5E-5 m2/s, some numerical examples are given for 
each class: · 

The global Reynolds nllrnber: 
for an entire room, say for uref= 0.25 m/s and L = 10 m Re = 167 000 

for an inlet diffuser, with uref~ r:o ·m/s and D = 0.1 m Re= 7 000 

The boundary layer Reynolds nwnber: 
The transition of a flat-plate boundary layer from laminar to turbulent 
occurs at a Reynolds .number of not more than Re(x) = 3 000 000 
the corresponding momentum-thickness Reynolds 
number is approximately Re(theta) = 1000 

The y-plus in the viscous sublayer is of the order of y+ = 10 
The edge of the turbulent boundary layer 
can be at values as high as y+ = 10 000 

A comparison of "room air flow" values of the global Reynolds number 
with Re(x) values for transition already hints, that the boundary layers 
on smooth walls are not necessarily turbulent but might be laminar or 
transitional if other flow disturbing influences are excluded. 
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2. Definition of the Reynolds number 

In this section it will be demonstrated how the Reynolds number is 
obtained by makihg the momentum equation non-dimensional. 

In the partial differential equations for momentum transport the 
Boussinesq approximation is applied so that the influence of variable 
density appears only in the buoyancy term. In all other terms p is 
replaced by a constant reference density Pr· 

In the sense that the fluid velocities are much lower than the speed of 
sound, - i.e., when the Mach ·number is close to zero, - the equations 
are considered incompressible . 

. . 

2. 1 • The Momentum equation · 

The equations that govern two-dimensional; incompressible flow are made 
non-dimensional' by .some reference quantities. When a transport equation 
has terms that express different types of . transport, such as convection 
and diffusion, it can be expected that for each such type of transport, 
other than convection, a new dimensionless parameter or variable will 
emerge. Ir1 the case of the momentum equation, these parameters express 
the relative magnitudes of the different forces acting on the infinites
imal control yolume as contributions to the ove~all balance .. 

The steady-state momentum equation in z-d i rect ion· is: 

ow 
p~ + . oY 

. ow 
p~ = M 

oz 

2 0 .W 

pg + p'\1(--2- + ... ) 
oy 

... 

( 1) 

According to Boussinesq, the density, p, on the left-hand side and in 
the viscous .term is replaced by the constant reference density · p . r 

·Before normalizing the equation, the hydro~tatic pressure, phis intro

duced as 

= (2) 

where p
0 

is the absolute (atmospheric) pressure at z = O. 

Now, a term prg is subtracted and added to. the right-hand side of (1), 

leaving its value unchanged. Note the differentiation of ph with respect 

to z. 

LowRey.840 7 Sept. 1990 



ow . ow 
pv-+pw- = 

r oy r oz oz 

o2w 
(p - p ) g + p "(-2 + ... ) 

r r oy 
(3) 

This equation contains variables of ~hree basic units of dimensions, 
i.e., units for LENGTH, TIME, and MASS. Therefore it should be possible 
to make it non-dimensional by introducing three reference quantities. 
Together, they define scales for length, time, and mass: 

Reference quantities: Length 
Velocity 
Density 

2 Equation (3) is now divided by prU and multiplied by L. 

The new ihdependent variables are: y' = y/L, · z' = z/L. 

The new dependent.variables are: 

Velocity w' = w/U ; pressure P = 

The familiar pressure coefficient is defined as (4) 

The momentum equation (3) becomes non-dimensional in the new variables. 
The new viscosity term has a dimensionless parameter which is the recip
rocal of the 

Reynolds number, Re = (5) 

The new buoyancy term is: 

(p - pr)gL 
~ 

gL 
= 

u2 Pr u2 Pr 
(6) 

The coefficient of thermal expansion, ~' is defined by 

~ = with (7) 

This may be inserted in eq. (6). With a reference temperature differ
ence, Hr, the buoyancy term is then 
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The parameter that expresses the importance of buoyancy is the 

gl 
Archimedes Number, Ar = p ~T (8) r u2 

The inverse of the last group in (8), u2/(gl), is equal to the Froude 
number, Fr. The Froude number expresses the importance of gravity rela
tive to dynamic pressure. If the P ~T of (7) is back-substituted in (8) 
the following expression results: 

( = Richardson number, Ri ) 

For the case of a stratified flow with.a density difference ~p'across a 
fluid layer of thickness L with a typical velocity U, this group is 
cal.led the Richardson number. [TURN73]. If density and velocity fluctua
tions are highly correlated, buoyancy can have a large effect [BRAD76]. 
For instance, if the density increases upward (heavy fluid on top of 
light fluid) the flow is "unstable" and the density-velocity correlation 
can convert potential energy into turbulent kinetic energy, and vice
versa. A convenient par~meter for quantifying this effect is the 
Richardson number. There is another form of the Richardson number, 
defined in terms of gradients, which is even more appropriate for the 
investigation of flow stability. The above expression for Ri is equiv
alent to the Archimedes number and, in fact, amounts to an Archimedes 
number a~plied to the speci~l case of ~ensity-stratified flow. 

In conclusion th~n, the three variables that describe the import~nce of 
pressure-, buoyancy-, and laminar friction-forces are C · , Ar , and Re, ' p . 
respectively. They express the different effects by ratios relative to 

the dynamic pressure, i p u2, of a flow with the reference velocity u. 
Note that the influen~e of laminar viscosity is proportional to 1/Re, 
i.e., low vaJues of Re indicate high viscosity. 

2.2. Natural convection 

What is the Reynolds number for a flow that is driven by natural or free 
convection only ? 

In this case no reference velocity is available to form a Reynolds 
number. But one would still like to quantify the effect. of viscous 
forces somehow. 

The dimensionless numbers derived from the momentum equation are propor
tional (N) to ratios of forces: 
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Re N 

dynamic pressure 

viscous stress 
Ar ,.., 

buoyancy· 

dynamic pressure (9) 

So the product of these numbers should have some meaning for free con
vect ion because the dynamic pressur~ drops out: 

buoyancy 
Re . Ar N viscous stress = 

~llTgL2 

"\) u (10) 

But this· combination cannot be the relevant parameter since the refer
ence velocity, U, still appears in it. Natural convection is certainly 
affected by heat convection and heat conduction. The ratio of these two 
energy transport mechanisms is · . . 

heat convection 

heat conduction 

p c
0 

U AT 

kllT/L 
( 11) 

Where cp. and~ ~re the _specific heat at constant pressure and the ther

mal cond~ctivity~ respectively. 

In natural convection heat is fed to the plume or to a vertical thermal 
boundary layer by conduction and carried away in a verti~al direction by 
convection. Turbulent and lam.inflr conduction together thus balance the 
vertical convection of· heat (see numerator of (11)). Expression (11) can 
be considered to be the ratio of total conduction (i.e., molecular plus 
turbulent) to mol~cular conduction~alone. 

In a similar way, the buoyancy in (10) balances total frictional forces 
(laminar plus turbulent stress), and . (10) expresses a ratio of effective 
or total friction to solely laminar friction. 

So in natural convection on a vertical wall each of the expressions (10) 
and (11) are a measure of turbulence, expression (10) with respect to 
friction, and (11) with respect to thermal conduction. 

The Rayleigh number, which is the characteri-stic parameter for free 
convection, is now formed by multiplication of (10) and (11). In this 
combinatfon the velocity is cancelled. As a conse~uence of the nature of 
the two factors, (10) and (11), the square root of the product has 
almost the meaning of a Reynolds number. 

Rayleigh number, Ra = 

The Rayleigh number can be factored into two other non-dimensional 
parameters 

Ra = Gr • Pr 

(12) 

(13) 
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where 

Grashof number, Gr 

Prandtl number Pr 

One other re·l at ion may now also. be verified: 

Gr 

= 

= 

~llTgL3 

"1)2 

p c ~ 
p 

k 

Ar Re 2 

( 14) 

(15) 

(16) 

It is concluded that no global Reynolds number exists for free convec
tion. However, low Rayleigh numbers are also an indication for laminar 
flow} The critical value for transition to turbulence on vertical walls 

is around Ra = 108. 

Boundary layer Reynolds numbers become meaningful in free convection 
when the maximum v~locity.in the profile is used as velocity scale. 

A detailed discussion on this topic is contained in [BEJA84] where the 
method of scale analysis is applied to natural convection. A theory for 
natural convection along heated vertical surfaces· by George and Capp · 
[G~OR79] provides interesting ideas on wall functions for thermal bound
ary Jayers. 

3. Evidence of Reynolds number effects in air flows 

All air velocities io a room with for~ed ventilation and isothermal 
walls would scale with the inlet jet velocity if the· flow were independ
ent of Reynolds number. But P. V. Nielsen has shown by experiments on 
forced ventilation [NIE(BB] that the maximum air velocity in the oc
cupied zone is proportional to the air exchange rate, n, only at high 
values of· n (Fig. 6). 

This indicates a Reynolds number dependence at lower flow rates. Nielsen 
attributes the deviation from a linear relationship to effects in three 
regions where the local flow depends on Reynolds number: 

a) The air terminal device, 
b) the wall jet along the ceiling, and 
c) recirculating zones. 

These effects seem to be governed by the global Reynolds number , but 
also by the boundary layer Reynolds number (region b). 
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Fig. 6 Maximum velocity in the occupied zone as a function of the air 
exchange rate. The tests were performed for five different air 
terminal devices CA to D) 

Jones and Launder have commented on the importance of low Reynolds 
number e'ffects· in 1973. Quoting from their paper [LAUN73]: "One of the 
most important and least understood aspects of turbulence is that which 
occurs ~hen the local Reynolds number of the turbulence is low ... :: The 
presence of the wall ensures that over a finite region of the flow, 
however thin, the turbulence Reynolds number is low enough for molecular . 
viscosity to influence directly the processes of production, destruc
tion, and transport of turbulence". 

This statement refers to ·1 ow values of y+ and of the turbulence Reyno 1 ds 
number. The latter contains the square root o.f the turbulent kinetic 
energy, k, as a velocity. scale. Various expression for such Reynolds 
numbers exist in the literature. 

Cebeci and Smith [CEBE74] report that Coles [COLE62] has measured a 
dependence of mean velocity profiles in an incompressible boundary layer 
outside the sublayer at zero pressure gradient on moment~m-thickness 
Reynolds number, _Rae. If this parameter is below 

I 

Ree 111$ 6000 
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the non-dimensional velocity distribution of Coles is affect~d by 
Reynolds number. The data of Bradshaw [BRAD82] shows influences mainly 
in the region of the "law of the wake," i.e. , the outer part of Col es 
wall function, that scales with the. boundary layer thickness. When 
simulation codes employ the logarithmic wall function only, care should 
be taken that the off-wall mesh point is not too far out (not in the 
outer region of Fig. 5). 

Bradshaw et al. have made extensive conditionally sampled hot-wire 
measurements of low Reynolds number flows [BRAD82]. They conclude that 
the turbulence length scale is proportional to the boundary layer thick
ness, i.e., independent of Reynolds number, for Re9 above approximately 

5000; Above that 1imit the law of the wake also becomes cons~ant. 
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Many methods. of numerical flow field 
simulation with turbulence models 
rely on the applieation of the wall 
functions that relate surface bound
ary conditions to points in the fluid 
away from the boundaries and thereby 
avoid the problem of modelin~ the 
direct influence of viscosity. In a 
review article '[RODI85] on near-wall 
and low Reynolds number flows Rodi et 
al. caution that this procedure is 
restricted to 'situations in which the 
Reynolds number is sufficiently high 
for the viscous effects to be unim
portant or where the first. grid point 
from the wall is located at a high 
enough y+ value. · In room air flow 

Jpredictions these conditions can 
usually not be fulfilled~ 

It should be noted that there is also 
an outer limit for the location of 
the first mesh point if the logarith
mic law of the wall is to be used: 
Chen [CHEN88] recommends to place the 
first node between y+ = 40 and 130. 
At larger distances the influence of 
the law of the wake is felt ("outer 
region" in Fig. 5), which is normally 
not programmed into the "wall func
tions" because the local boundary 
·layer thickness, ~. is not known to 
flow field simulation codes. Experi
mental evidence of the range of the 
logarithmic law may be found, e.g., 
in [BRAD82]. 

Fig. 7 Measured and calculated turbulent kinetic energy profiles in 
the near-wall region [RODI85] 
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In [RODI85] it is further admitted that ''.Experimental information per
taining to near-wall and low Reynolds number turbulence is rather limit
ed and the data suffer from uncertainties arising from probe inter
ference effects and the determination of the wall shear stress that 
provides the characteristic velocity and length scales". 

Figure 7 is reproduced from [RODI85]. It shows a comparison of eight 
different low Reynolds number modifications of the k-£ model with ex
perimental data. Although the computation with the standard model is not 
shown, the difficulty of numerically predicting the near-wall layer is 
well documented. The graph presents turbulent kinetic energy profiles in 
a flat plate boundary layer. 

Conclusions of this section are: 

o More experimental evidence of the effect must be collected, in 
particular for room air flow. 

o A numerical study on representative room air flows or existing 
information from the literature should answer the following ques
tions: What is a typical momentum thickness Reynolds number, and 
what are the physical· distances from walls for the range where the 
first mesh point should be located (40 < y+ < 130). If the computa- · 
tional grid starts in this range viscous effects become negligible. 

If the computational grid penetrates the transitional or viscous 
layer on a solid surface (F~g. 5) the turbulence model itself 
should be corrected .for low Reynolds number. 

o Situations which require special attention with regard to Reynolds 
number effects include: Boundary layers near transition, heat 
transfer, buoyancy, and three-dimensional effects. Less important 
for room air flow are: Accelerated flows with re-laminarization, 
mass transfer, curved or spinning surfaces, and rotating~frame-of
reference forces. (Problems with separation or high turbulence-to
mean-flow ratios are not discussed here) 

4. Modifications to the k~t turbulence model for low Reynolds number 
effects 

This section is not yet complete. More discussions with experts of the 
field and a thorough and continuing literature search are necessary. 

A very comprehensive survey on existing turbulence models for near-wall 
flows was published by Patel, Rodi, and Scheurer in 1985 [RODI85]. It 
reviews and evaluates eight different methods of correction and compares 
their performance with the standard k-t model. All these models multiply 
the constants of the classical high Reynolds number model with factors 
which are functions of RT and/or RY or y+. 

LowRey.840 14 Sept. 1990 



Where 

Rr is a turbulence Reynolds number containing the square of the 

turbulent kinetic energy, k, and the dissipation rate, t, and 

RY = ki y/~ , is the non-dimensional distance from the wall. 

The· functions approach unity in regions of high Reynolds number flow. 
Some models also use additional terms in the k- and £-transport equa
tions. 

In a Lecture Series of the University of Karlsruhe in ~988, G. Scheurer 
[SCHE881 mentions only one of the eight models examined by him, Rodi, 
and Patel three years earlier: ·The Lam-Bremhorst model [LAM81]. His 
reasons for this selection ar~ not known to me. 

Chen [CHEN88] has proposed a modification to the law of the wall to 
prov·ide a better transition from the fully turbulent region .to the 
viscous sublayer'. He fits .an alg~braic function · of y+ across the buffer 
lay~r (Fig. 5). This ~esults in better agreement with most of the mea
sured data at low Reynolds number. 

5 •. conclusion~ 

The main conclusion has two parts: 

(1) low Reynalds number and near~wall corrections are necessary in 
regimes of appreciable influenfe of molecular viscosity. 

. ~ 

(2). Preliminary studies indicate that the relevant viscosity parameters 
(Reynolds numbers) are low enough in room air flow situations to 
fulfill the above premise. · 

A summary of additional considerations follows: 

o Near-wall problems will quite often arise in combination with 
natural convection boundary layers because there the velocities 
induced by buoyancy are small. Therefore, it is recommended to 
apply low-Reynolds-number corrections to the simulation of free or 
mixed convection. 

o Low Reynolds number "devices" already provided by the producers of 
a software package should be carefully tested and understood and 
should only be used where applicable. 

o The User's Guide (an Annex product) should include easy-to-read 
sect ions on how to dea 1 with the p·rob 1 em of low Reyno 1 ds riumbe rs. 

o Low Reynolds number methods shoOld be validated against existing 
measured data or new measurements. 
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o If modifications of the ·standard k-t model are programmed, the 
computed results should be compared with identical computations 
without the correction. At least for one typical case. 

o The following criteria might guide the selection of models: 
( 1) Si mp 1 i city, 
(2) Consistency with the standard turbulence model, i.e., the 

new model "contains" the classical model, 
(3) Experimental confirmation at least with regard to turbulent 

jet spreading rates, flat plate bounda~y layers, and 
heated-cavity flows, 

(4) Simple boundary .condition for the dissipation rate t. 

o Other limitations of two-equation turbulence models that possibly 
need evaluation: 

(1) The assumption of isotropic turbulence in boundary layers 
(an anisotropic k-t model is propo~ed in [YOSH87]), 

(2) Wall functions in three dim~nsions, 
(3) Aerodynamic modelling of the fine detail of inlet devices 

with geometric dimensions orders of magnitudes below the 
scales of the ventilated room, and velocities much higher. 
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