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SUMMARY

A method has been devéloped to calculate 2-dimensional rotating air flows
in rooms by conformal mapping. The agreement with the velocities measured i}
in a tést room and a scale model is in general good except at places where !
the influence of the air jet is strong. The velocities depend upon the air
inlet velocity, the place of the air supply opening and the roughness of
the walls.

1. Introduction

Air flow in closed spaces is-a 'subject of special interest in research
of the indoor enviromment. But it is believed that knowledge of flows in
closed spaces is also of interest in other fields of research.

Air flows can be investigated by:

- experimental research:in test rooms,
- experimental research in scale models,
- theoretical models

1f reliable theoretical models are available air flows in spaces can be
predicted with far less effort than by experiments. Therefore many theo-
retical models have been developed solving the fundamental equations of
transport of momentum and energy by numerical methods.

In closed spaces like rooms the air usually behaves as a rotating mass.
Therefore in this research project an attempt has been made to give a
mathematical formuiation of a rotating flow within a boundary which
obviously is not a circle but a rectangular if the flow is approxinated as
2-dimensional. Such a method will give a wider meaning to the concept of
totation and will require far less computer capacity than a numerical
model. The reason is that no difference scheme with a large number of
points is required and no iteration procedure of a large amount of data
is needed, In fact this method proved suitable for a minicomputer having
a storage capacity of 8 Kb. In order to investigate the applicability
and shortcomings of this method experiments in a test room and in a
scale model of this room were carried out.

2. General Concept
The air mass in a room can be subject to two kinds of forces:

v

- supply of air (air jet momentum), : .
- heating or cooling equipment (buoyancy forces)
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The direction of these forces is usually not towards the center of
gravitation and therefore the air mass is subject to an angular momentum
causing a rotation of the air mass. At the walls skin friction will occur
and in the corners of the room secondary vortices will cause extra loss
of momentum. This gives an angular momentum opposite the angular momentum
of the driving force, i.e. the air jet or the buoyancy force.

By fundamental law these two angular momentums should be equal which
makes possible the calculation of an overall resistance coefficient. For
a systematic approach some simplifications must be made:

a. The rotation of the air mass is 2-dimensional, i.e. takes place in a
vertical cross section of the room determined by the length and the
height.

o

. The rotation is described by only ome vortex covering the whole rec-
" tangular cross section.

Ad a, Experiments have been done with air blowing in from a slit over the
full width of the room. From literature data {1} it is known that at the
ratios between length, width and height of the test room and of the model
used in our experiments the approximation of 2-dimensional flow is justi-
fied,

Ad b. At the ratio between the length and the height in our experiments
this assumption is justified as has been verified by smoke tests in the
scale model., In the corners small secondary vortices are present. If the
length is more than about 2,5 times the height the flow breaks up in 2
vortices [2]).

For the calculation of a rotating flow first the rectangular boundary has
been transformed into a circle. This was possible by a succession of con-
formal mappings of one complex plane into another, The flow is first con-
sidered as being surrounded by a rotating circle. The fluid then rotates
as a solid mass and the stream lines are concentric circles within the
boundary circle. By reverse transformations the boundary circle is now
transformed into a rectangular and the concentric inner circles become
closed curves within the rectangular.

We now suppose that these closed curves are still the stream lines of the
flow and that the mass flow between two stream lines is invariant for
transformations. This means that velocities are relatively high at places
where the stream lines are close together and relatively low if the
stream lines are far from each other as is the case near the corners.
This is analogous to the way potential flow problems are solved but in
our case there is no potential flow.

In the experiments there was supply and exhaust of air which is not taken
into account in this calculation. But the rotating air mass was much
larger than the mass of supply air and therefore this calculation method
was used.

It is clear that in ‘this way the velocities can only be calculated from
the center of the room until the outer edge of the boundary layers. In
the relatively thin boundary layers the velocities decrease to zero at
the walls but here we are more interested in the friction forces than in
velocities. i

3. Theory

First the transformation of the rectangular to the circle will be des-
cribed. '
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a

In the complex plane z; the rectangular has the sides with dimensions a
and b, see fig. 1.

Y zl-plane

L 2y =ty
~ X

0 S a =

Fig.l. Rectangular in the zl_-plane

The first transformation is: zy = % z| (e))

The second transformation is: z3 = cosh zj (2)
Now the rectangular hasybeen transformed into a half ellips, see fig.2.

. . T2
zq plane sinh (T)

> X2

cosh (1'58—)

TIITI

—cosh(w—;-)

Fig.2., Half ellips in the zj-plane

The length of the horizontal half axis is cosh(lgi) and of the vertical

half axis sinh("a). If a>b the difference between these values is always
below 0.25Z and therefore these values are assumed to be equal. Under
the condition a>b the rectangular has then nearly been transformed into
a half circle, so it is always necessary that the largest side is taken
as horizontal.

The third transformation is:

2, ma
4 cosh” ()

z, =z z (3)
This transforms the half circle into the lower half plane y4<0, see fig.3.
0
P dnice b cecatasaniacocs =
ga-plane
Y4

Fig.3. Half plane of Z;e

In the rectangular each point can be taken as the center of rotation.
This point z, in the z,-plane is mapped into a point z, in the za—plane
by equation H’)-(.’i). The point Z0 is replaced to the point -i, so the
next transformation is: LI T

"5 " T Y4e (é)
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This includes a horizontal shift over a distance X4e and a contraction
with a factor Ve

The z. half plane is transformed into a circle with radius 1 by the
following equation:
25+1
z, = (5)
6 zg-1 '
In the appendix the équations in x and y for these transformations and
the reverse transformations are given.

In the z.-plane a rotating flow like of a solid disk with angular velo-
city w is assumed., For the absolute value and the direction of the velo-
city vector in the ze-plane the following equations hold:

/v6/ - waGZ + y62‘ (6)

*6
¢6 = - arctg (;;) @))

In the previous paragraph the assumption was made that the mass flow
between two stream lines is invariant for transformation. If the mass
flow between two stream lines close together is d¥ then

ay =[ v/ | az,[ fvial dz;, |
Y is called the stream function which is the general solution of the
continuity equation.

In the zl-plane the absolute value and the direction of the velocity then

are:
z 3 (dz,
ol 2, <52 ”
de 5 dz.

by = dgmarelE) = 46T ars(—d-;—:-’-) ©)

These equations are a result of the characteristic properties of confor-
mal transformations that in a point an infinitesimal small line element
is multiplied with a factor(dz'+1 and turned over an angle
dz. i -
i y . . .
arg(——zz—) independently of the direction of this element.
i

3.c. Resistance coefficient

One of the input data for a calculation is the angular velocity w and it
is clear that there must be a relationship between its value and the
resistance which the air flow meets at the walls and the cormers by skin
friction and secondary vortices.

The resistance which the flow meets can be expressed by an overall
resistance coefficient.,

As an example the case of an isothermal 2-dimensional jet from a vertical
wall into the room is considered. o
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Fig.4. Isothermal jet from the back wall into a room,

The angular momentum caused by the jet per unit of width of the room is:
2
M, = lpvin .8.4h (10)

The air outlet causes no angular momentum because the air flows to the
outlet opening from all directions and behaves there as a potential_flow.
Over a length Ax; the resistance force by skin friction is Cf .ipvi .Axi.

This results in an angular momentum:

. h 2} (i

' (4 2
s ™ Cp o ip{ih L 200X Lv Tk ie, 2E8x, . vy

The first term includes a summation along the floor and ceilings and the
second term includes summation over the two vertical walls. In order to
determine M, it is thus necessary to measure the velocity in a large
number of points near the walls and just outside the boundary layers.

It must be remarked that in equation (11) the secondary vortices which
will be present in the two corners opposite the air inlet and air outlet
are not taken into account. The velocities are very low there however
and the contribution of the terms vizAxi are therefore negligable.

4. Experiments

A number of experiments in a climate room and a scale model 1:5 of this
room have been carried out to test the validity of the calculation me-
thod. The experiments were isothermal, i.e. no heat sources were present.
Air was blown in through a slit of 9 cm in the climate room and 1.8 cm
in the model over the full width to give a two dimensional flow.

The exhaust opening was a slit with the same dimensions. The place of
the inlet and exhaust openings are indicated in fig. 4 but in the cli-
mate room also experiments have been done with air blown in from the
floor in the corner opposite the exhaust opening. The jet was then
directed along the vertical wall. These two ways of air supply are re-
presentative for actual air conditioning systems. A smooth and a more
rough material for the walls was used to investigate the influence on
the velocities. In the climate room in a nugber of experiments a plate
of 70 cm width was placed at an angle of 45 in the corners opposite

the inlet and exhaust opening to eliminate the influence of secondary
vortices for the most part,

The dimensions of the climate room are:
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length 5 m

width 3.85 m

height 3.15 m
The dimensions of the scale model are a factor 5 smaller.
Tabel 1 gives a survey of the experiments.

Scale model
Exp.nr. | wall material | Vi, m/s | position air inlet
1 plexiglass 1.0 back wall
2 " 0.5 "
3 board 1.0 N
4 " 0.5 "
Climate room
5 board 0.5 back wall
6 n 1.0 "
7 hard board 0.5 o
8 " ,.0 "
9 4 1.0 floor
10 s 0.5 L
11 x) by 0.5 N
12 =) . 1.0 "
13 m) = 1.0 back wall
14 x) " 0.5 e

Table 1. Survey of the experiments

®n) plates in the corners opposite the inlet and exhaust openings

The air velocities were measured with an anemometer suitable for a ve-
locity range of 0.06- 2 m/s and insensible for the direction of flow.
In the climate room measurements were done in 5 vertical planes in the
length of the room.by automatically steered equipments. In this way
the velocities were measured at 40 levels and 20 distances from the
back wall i.e. in 800 points per plane. In the scale model the mea-
surements were carried out in 4 vertical plames in 16x24 points, i.e.
384 points per plane., -

5. Results
5.a. Velocity profiles

In the zg-plane the radius of the circle to be transformed into the
rectangular (5x3.15 m) is taken as | m. Forthe inner circles values
of the radius of 0.1 m, increasing with 0.1 to 0.8 m, then in-
creasing with 0,05 to 0.95 were selected. At each inmer circle 36
points determined by ¢ vdlues of 0 , increasing with 10° to 350°,
were selected for transformation. The corresponding points in the
z)- plane (rectangular) were obtained using equation (5b) to (Ib)
(see Appendix). The absolute value and direction of the velocity in
each point was calculated using equation (8) and (9). For these
calculations suitable values of Xj¢, yjeand w were required to give
the best agreement with measurements.
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Experimental values of the velocity (only absolute values) were ob-
tained by linear interpolation between the velocities measured in
the 4 points around the considered point of the transformed circle.
The follédwing interpolation formula has been used:

v = [V, FHD v, ) v (L (i, )+

+ BEEEH (o (101, 41w (341, D=V (4D =v(L, ) )+
: .

+ Z_Y;.’,L};_’_Lyi:l{v(in LD, FD = (i, §) v (i, §)1] (12)
J ]

Fig. 5 shows some transformed circles and velocities calculated
above the center of rotation (¢.= 270 ) which has been chosen here
at the intersection of the diagonals. But fig. 6 shows that the
center of rotation should be chosen higher than the half height to
fit the experimental velocity profile. This is due to:the influence
of the jet along the ceiling caused by the air supply in the back
wall at the upper corner. Very low velocities as predicted by the
calculations are not observed experimentally., This is due to the
anemometer which cannot indicate very low velocities and due to
slow fluctuations which can be expected at low velocities,

Fig. 7-9 show some examples of theoretical and experimental velocity

profiles along transformed circles near the walls (R = 0.8 and 0.85)
in the climate room and the model. For convenience the dimensions
of the model are taken as equal to the climate room dimensions
(5x3.15 m2). In fact these dimensions and the values of ware a
factor 5 smaller,

The direction of the flow is from 360° to 0° in fig. 7-9.

In fig. 5 the direction of rotation is clockwise in case of air
supply from the back wall (left) and counter clockwise in case of
air supply from the floor along the front wall (right side).
Especially in fig. 7 the influence of the jet is visible by the 5
sharp rise of the experimental velocity curve between 340 and 310,
At higher values of R this increase becomes even sharper and this
is not explained by the theoretical curve at whatever value of xj.
and yjc. It means that the calculation method is not suitable for
the jet near the inlet opening but for this other theories are
available. )

Table 2 shows the values of w, xj¢ and y). which give the best
agreement between theoretical and experimental velocity profiles
along the transformed circles. The values are averaged over the 4
or 5 vertical planes. For the experiments in the climate room the
same values could generally be used for all planes but for the
model experiments, especially if Vip = | m/s, different values for
each plane had to be used. The maximum deviation from the average
value was then 15Z.




Fig.

5. Transformed circles and calculated velocities
along the vertical ‘axis (= 270°)
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Fig. 6. Theoretical and experimental velocity profiles

along the vertical axis (@ = 90° and 2700)
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Fig. 7. Velocity profile in a plane in the plexiglass
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model along a transformed circle (R = 0.85)
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Fig. 8. Velocity profile in the board model along a

transformed circle (R = 0.8)
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101 CLIMATE ROOM  R=0.85 X1c=2.8m
= “ -1.0
EXPERIMENT 6 077/ te=LEm

« CALCULATED
® EXPERIMENTAL

<
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0 90 180 70 9 360

Fig. 9. Velocity profile in the
climate room along a *
transformed circle.

5.b. Resistance coefficient

The angular momentum of the driving force (jet) on the air mass
was calculated using equation (10). The terms between the brackets
in the right hand side can also be calculated for each vertical
plane and then averaged over the 4 or 5 planes for each experiment.
Equating of the two formulae gives cg.
Because the flow in the room and the model ig turbulent it may be
expected that w is proportional to Vij,. The value of cg¢ however is’
determined by the squared values of Vip and the local velocities
near the walls just outside the boundary layers. Therefore it is
worthwile to calculate also wvcf and see if this value is more
Vin
or less constant for the experiments. Table 2 shows these values,
together with w, cf, X15 and yjc.

Experiment | Vi, |w, rad/s wvCf Xlcs Yies
nr, m/s | (average) °f Vin’ rad/m mc m
1 1 0.957 0.0161 0.121 2,5-3 1.7-2
2 0.5 0.417 0,0223 0.124 2.3-3 1.8-1.9
3 | 0.719 0.0232 0.110 2.8-3 1.9-2
4 0.5 0.325 0.0310 0.114 2,5-2.8| 1.8-2
5 0.5 0.35 0.0386 0.138 2.8 1.8
6 1 0.704 0.0325 0.127 2.8 1.8
7 0.5 0.375 0.0341 0,138 2.8 1.8
8 1 0.750 0.0289 0.128 2.8 1.8
9 1 0.450 0.118 0.155 3.1 1.95
10 0.5 0.250 0.124 0.176 3.1 1.95
11 0.5 0.256 0.0709 0.136 3.1 1,95
12 i 0.472 0.0936 0.144 3.1 1.95
13 1 0.720 0.0313 0.127 2.8 1.8
14 0.5 0.325 0.0423 0.134 2.8 1.8

Table 2. Values of w, cf, Xjc and yj¢ in the climate room and the model

5

o ol — Ty 4 e



R. D. CROMMELIN

Fig. 7-9 indicate that the velocities can be calculated rather
accurately by the above described method. Only for the jet near
the inlet opening this method is not suitable.
The influence of the jet becomes clear from table 2 because x)¢
and yj, have to be taken higher than the half values of the rec-
tangular sides. The influence of the roughness of the walls is
demonstrated by the model experiments (1-4). Experiment 1 and 2
show higher w values and lower resistance coefficients than ex-
periment 3 and 4. In a less degree this is also noticed when com-
paring experiment 5 and 6 with 7 and 8. In most cases cf decreases
with increasing velocities. This agrees with boundary layer theory
which predicts lower wall shear stress coefficients with increasing
Reynolds numbers. Experiment 9-12 show considerably lower w values
and higher cg values because the air is blown in from the floor
and follows a wall of 3.15 m instead of 5 m. Plates in the corners
give a small increase of w but a strong decrease of cf in this
case (exp. 11, 12). When blowing in air from the back wall the
effect of plates in the cormers is opposite but much smaller.
Experiments 9 and 10 show much higher values of wvYcf than the

v.
other experiments. But for the experiments in the é?imate room with
air inlet in the back wall and the model experiments this value
can be considered as constant. One finds:

- model experiments (1-4): ﬂvﬁi = 0.117, max. deviation 6%.
in

- climate room experiments, air inlet in back wall
(exp. 5-8, 13, 14): wloE

= 0,132, max. deviation 4.5Z

Vin
For air inlet from the floor such empirical relationships cannot
yet be established. Much more experimental work is needed for that.
But also the above given relationships need more experimental
support and should still be considered as preliminary.

6. Conclusions

6.1. The calculation method described in this paper looks promising for
predicting velocities in a room,, except near the air inlet opening
if the air behaves as a 2~dimensional rotating mass.

6.2, For the calculations reliable data for the coordinates of the
center of rotation and the resistance coefficient are required.
Much experimental work has still to be dome for this.

6.3. The angular velocity can be calculated from the inlet velocity
and the resistance coefficient by empirical relationships as
given above. .

These relationships are determined mainly by the dimensions, the
position of the air inlet opening and the wall roughness.

.
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7. Nomenclature

a longest side of the rectangular
b shortest side of the rectangular
cg resistance coefficient (equation 11)
h height of the room
1 length of the room
M angular momentum per m width
R radius of a circle
8 seize of a slit
Vin inlet velocity
v velocity
X,y coordinates i
X1ecs» Y1c coordinates of the center of rotation
in the rectangular
z complex number (z = x+iy)
density of air
w angular velocity
indices
1, 2, wocanes, 6  sequence of transformation
i, j

8B B =2 8 B8

kg/m?
rad/s

sequence of points in x and y direction
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Appendix. Equations of transformation

b
ul . . oI x, and y, = ¢ Yy
z, = p %) 8ives: x, = £ 71 2 b

zq = cosh z, nges: Xq = cosh X, « CO8 Y, and y3 = ginh Xy sin Yo

5 - cosh®(32)
gives: x, = x; (1 + ;;z;y—a-z——) and

cosh &2

3 b

24 = 23 zZ,
coshz(%)
s = Ygll==g—) and
%3793
z -_2‘—-—:“5 gives-x -—-xi—-—xig andy -—y_4
e 2 Yae TR Y4e
Zo+L x52+(y52-l) 2x5
z, = gives: x, = ————— and y, = —————
6 ze-1 6 2 2 6 2 2
3 %5 +(y5=1) x5 51
The reverse transformations are:
2y¢ (xgZ=1+yg?
3 and y

x -

5 Y ~132

(xg=1)"+yg (xg=1)+y¢

Xy = g 0 By ¥ Xye 88 Yy = Vg0 Ve

1f x, {0 5(x4 y4 hooshe 3= ))+(0 25(x, - 2_isesh (m))
+ :u:l.2 ybz)i} i, then

Xy - 0.5 ("4"‘41) if x4>o

Xy = 0.5(x4+x“) if x4<0

X3Y4
Yo = o
3 213 Xy,

If x5; = {-0.5(xy7=y,2-1)4(0.25(x, -y, 2-1) 24x %y 2)1} b

x3y &
X - then :
5" 5!
x, = 0.5 1nol(x,+x,,) 24 (y4x,)2)
2 * 3 732 3 731
YatXqy
y, = arctg (x o ) if x3>0

y, = arctg (%1;"3_‘) +mif x4<0

‘b
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