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Summary We describe the use of the constant injection tracer gas technique to study 
turbulent flow in a rectangular duct . A comparison between tracer gas measurements and 
measurements made using a hot-wire anemometer and a pitot tube is presented. Tracer gas 
concentration, air velocity and pressure distribution were measured at various distances from the 
duct wall and inlet. The Reynolds number based on the hydraulic diameter and the bulk 
velocity was varied between 7.5 x 103 and 18.6 x 103• An empirical equation for the entrance 
length required for fully developed turbulent flow was obtained and this was compared with 
experimental results . 
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Internal volume of the ducr (m3
) 

Concentration of tracer gas ( ppm) 
Concencration of tracer gas ar l = 0 ( ppm) 
Race of change of concentration of tracer gas 
( ppm s - 1) 

Average concentration of tracer gas at the duct 
inlet (ppm) 
Centre Line concentration in che fully developed 
region of the duct ( ppm) 
Volumetric fl.ow race (m3 s- 1) 

Injection fl.ow rate of cracer gas (m 3 s- 1) 

Air exchange rate (h - 1) 

Pressure (Pa) 
Pressure at point a (Figure 2) (mm H 20) 
Static pressure ac point x along the duct 
CmmH,0) 
Local t[me mean velocity (m s- 1

) 

Bulk velocity (ms - 1 ) 

.\1.aximum velocity in the fully developed region 
(ms - 1) 

Centre line velocity (m s- 1) 

Friction velocity (m s- 1
) 

Acceleration due to gravity (m s- 2
) 

Air density (kg m - 3) 

Water density (kg m - 3) 

Internal cross-sectional area of the bellmouth at 
section A (Figure 2) (m1 ) 

Internal cross-sectional area of the duct at section 
B <Figure 2) (m 2) 

Friction factor 
Intercept of static pressure lines (mm H 20 ) 
Wall shear stress (Pa) 
Revnolds number 
Entrance length for fully developed flow (m) 
Hvdraulic diameter of the duct (m) 
Distance from the duct inlet in the direction of 
flow (m) 
Distance from the wall of the duct (mm) 
Time ts) 
Duct height (m) 
Duct width (m) 
Length to pressure taps (which have been used 
to determine (dP /dx)) 

1 Introduction 

The analysis of turbulent flow chrough ducts has con
siderable engineering importance in the design of fluid rrans
porting systems such as HVAC systems atomic power 
reactors , gas turbines and hear exchangers. Turbulent flow 
in ducts of various roughnesses , lengths and aspect ratios 
has been investigated previously using hoc-wire anem
ometers laser doppler velocimeters and picot rubes·1- 31_ The 
use of tracer gas techniques offers an alternative approach 
co work reported to date and offers the opportunity 
to develop improved air flow formulae. Tracer gas tech
niques have been widely used for measuring air flow in 
buildings'*-6> but only limited work has been published on 
rhe use of tracer gas techniques for the measurement of air 
flow in ducts'i-81. There is a need to carry out a detailed 
study to determine the applicability of these techniques to 
the investigation o turbulent flow in ducts. 

This paper describes the use of the constant in jection tracer 
gas method for the estimation of air fl.ow in a smooth duct. 
We have implemented this tracer gas technique co determine 
the entrance length Le req uired for fully developed turbulent 
flow. Results derived from tracer gas measuremencs are 
compared with data obtained using a hoc-wire anemometer 
and a picot tube. 

2 Fundamentals of the constant-injection tracer-gas 
technique 

The constant-injection tracer-gas technique can be used co 
measure air flow in ducts. Assuming mac the air and tracer 
gas are perfectly mixed within the duce and that the con
·entration of the tracer gas in the outside air is zero the 

mass balance equation is: 

VC(t) + F (t)C(t) = q(t) (1) 

The duct air exchange rate I is given by: 

I (t) = F(c) IV (2) 

Assuming that the injection rate of tracer gas into the duct 
and the duct air exchange rate are constant during the 
measurement, the solution of equation ( l) is: 

C(t) = q!F + (C 0 - qiF)exp(-li) (3) 
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Figure l Schematic diagram of the experimental system 

If the sysrem were close rn equilibrium, the concentration 
of tracer gas would change slowly and the rate of change of 
concentration of tracer gas would be small. After a suf
ficiently long period, the transient term in equation 3 would 
die out and the flow race through the duct would simply be 
given by: 

C = q!F (4) 

Hence, if measurements of tracer gas flow rate and con
centration can be made, F can be evaluated. 

3 Experimental apparatus and instrumentation 

The duct shown in Figure 1 was constructed from 12 mm 
thick plywood. The entrance to the duct consisted of a 
bellmouth made from wooden bars. The duct was 3 m long 
and had an internal cross-section of 250 x 40 mm (i.e. the 
aspect ratio WI I H of the duct was 6.25). The downstream 
end of the duct was connected to the suction side of a 
centrifugal fan by means of a diffuser. The flow rate of air 
through che duct was varied using a slide gate located at the 
discharge end of the fan. The centrifugal fan was driven by 
a 335 W AC motor . 

Static and velocity pressure tappings were distributed at 
various position (X I Dh = 4. l to 134) along the duct as 
shown in Figure I . The velocity tappiugs allowed the inser
tion of a pi tot tube or a hot wire anemometer. These could 
be traversed across the duct cross-section in order to measure 
velocity at various distances from the wall. A single tube 
inclined manometer, made by Air Flow Development Ltd, 
UK was used LO measure the static and velocity pressure 
heads. 
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The nitrous oxide tracer gas was in jected at a constant rate 
into the duct inlet via a number of small injection rappings 
distributed around the perimeter of the duct. These tap pings 
were connected to a manifold using flexible tubing. Nitrous 
oxide gas was supplied to the manifold via a type F-100 / 
200, mass flow controller which had maximum capability of 
11 min- 1 and was manufactured by Bronkhorst High-Tech 
B V, Holland . The measurement accuracy of the mass flow 
controller was = 1 %. The flow rate was controlled using a 
variable power supply and the rate of tracer gas injection 
was displayed on a digital unit. 

Tracer gas/air samples were collected using a sampling tube 
which could be positioned at various points along the length 
of the duct. This tube was mounted on a traversing mech
anism which allowed samples to be taken at various distances 
from the duct wall. The air flow rate through the duct was 
estimated, using equation 4, by measuring the concentration 
of tracer gas in the air upstream from the fan. 

The concentration of N 20 tracer gas was measured using an 
IRGA 120 Infra-red Gas Analyser. The instrument manu
factured by J and S Sieger Led UK, was a two-beam gas 
analyser equipped with a gas filled detector of the Luft type. 
The two beams of infra-red radiation of equal energy were 
interrupted at 6.6 Hz by a rotating shutter. These two series 
of pulses of infra-red energy passed simultaneously, one 
through an analysis cell, the other through a parallel ref
erence cell, into a detector. The detector consisted of two 
sealed absorption chambers separated by a thin diaphragm. 
The absorption chambers were filled with a quantity of gas 
(N 10 ) for which the instrument was calibrated. The amount 
of infra-red absorption was measured and converted to parts 
per million (ppm) for a direct readout on a meter. 
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4 Analysis of turbulent flow in a duct 

The formation of a boundary layer in a duct is shown in 
Figure 2. Air enters the duct at point a with a velocity u •. 
At point b the velocity is uniform across the section of the 
duct. At point f the boundary layer is completely formed. 
Further downstream from point f the boundary layer has a 
constant thickness. Here the influence of the entrance shape 
upon the air flow pattern has disappeared and fully developed 
flow is said to exist. 

We carried out measurements of tracer gas concentration 
and pressure distribution along the duct for a range of 
Reynolds numbers. Figures 3, 4 and 5 were used to develop 
an expression for the entrance length required for turbulent 
flow to be fully developed (equation 5). The full derivation 
is given in the Appendix. 

Le/Dh == (0.2 + 2.265 X 10-4 Re) Re 0·25 (5) 

5 Results and discussion 

The tracer gas constant injection method, a hot-wire anem
ometer and a pitot tube were used to measure turbulent air 
flow in the fully developed region of the duct (i.e. X /Dh == 
105). Figure 6 shows a comparison between measurements 
of duct air flow rates made using the tracer gas technique 
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Figure 3 Variation of static pressure with X 
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Figure 2 Development of tur
bulent flow in a two-dimensional 
duct 

Figure 4 Static pressure 
distribution along the duct 
for various values of Re 

and measurements made using a hoc-wire anemometer and 
a pitot tube. The tracer gas results were generally found to 
be in good agreement with those obtained using the hot-wire 
and the pitot tube . However, there were uncertainties in 
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Figure 5 Variation of PwgZ /p U~ with Re 
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the measurements as both the hot-wire and pitot tube are 
ensitive to alignment with the flow as well as to turbulence 

level. The difficulty in measuring the velocity close to the 
duct wall and the internal cross-sectional area of the duct 
causes additional errors. 

We also carried out measurement of centre line velocity 
along the length of the duct for various Reynolds numbers. 
The velocity was determined using the constant injection 
technique as well as the hot-wire anemometer and pitot tube. 
The concentration of tracer gas was measured at different 
distances from the duce wall and from the duct inlet. The 
maximum flow rate was calculated using equation 4 and the 
measured centre line concentration. The centre line velocity 
was then calculated by dividing rhe maximum flow rate 
by the cross sectional area of the duct. As the hot-wire 
anemometer and pitot tube measurements were strongly 
influenced by the disturbances caused by the entrance con
figuration of the duct all measurements were carried out at 
X /Dh greater than 21. 9. Figure 7 shows a typical variation 
of centre line velocity for different values of X /D h. The 
tracer gas was injected at a position X/Dh = 21.9 and the 
concentration in air was monitored at various positions 
downstream. Due to poor mixing of tracer gas close to the 
injection point, the estimated velocities were found to be 
less than those measured using the hot-wire and pitot tube. 
However, for fully developed flow the results were in closer 
agreement and the estimated velocities from the tracer gas 
measurements lay between those obtained using the hot
wire and the pitot tube. 

The variation of tracer gas concentration along the length of 
the duct for various Reynolds numbers is shown in Figure 
8. The concentration of tracer gas was found to decrease at 
the inlet of the duct as X I D h increased. The concentration 
of tracer gas remained constant when the flow was fully 
developed. For low Re a large X/Dh was required for the 
concentration of tracer gas to reach a constant value. 

Measurement of velocity (using a pitot tube) at various 
distances from the duct wall was also carried out. Turbulent 
velocity profiles or Re = J .4 x 104 and different values of 
X I Dh are presenred in Figure 9. It is apparent that the 
velocity profile changes shape from one section to another 
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Figure 6 Comparison of tracer gas duct air flow measurements with 
measurements made using a hot-wire anemometer and a picot tube 
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in accordance with boundary layer development. For other 
Reynolds numbers, velocity profiles along the duct were 
found to behave in a similar manner. 

The analysis to determine the entrance length required for 
fully developed flow shows that: 

L. /Db = (0.2 + 2.26S x 10-4 Re) Re0·25 (5) 

From the pitot tube measurements of velocity distribution 
at various XI Db, the following equation is obtained: 

L. /Db = - 2.276 + 0.003S2 Re (6) 

The variation of L. I Dh versus Re is shown in Figure 10. 
For turbulent flow with Re greater than 16 000 an entrance 
length greater than SO hydraulic diameter was necessary for 
the formation of a fully developed velocity profile. The 
entrance length predicted by the empirical equation was 
found co be 0.1 to 0.2 m less than that obtained from the picot 
tube measurements. Equations Sand 6 are only applicable to 
ducts of a similar type co the one used in our work as the 
formation of fullv developed flow depends on factors such 
as the entrance c~nfiguration, the turbulence of the entering 
stream, the aspect ratio and the roughness of the duct. 

6 Conclusions 

The use of the constant injection tracer gas technique was 
found to be a convenient means for measuring air flow in 
ducts. Estimated air flow derived from measurements made 
using the tracer gas technique was found to be in good 
agreement with that obtained from measurements made 
using a hot wire anemometer and a pitot tube. 

Tracer gas measurements were used to derive an equation 
describing the entrance length for fully developed flow in 
the duct configuration under test. The empirical equation 
predicted an entrance length 0.1 to 0.2 m less than that 
obtained from pitot tube measurements. 

Appendix 

Considering Figure 2, and applying the continuity equation 
to sections A and B, we have: 

(Al) 
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But u_... = u. and UB = ub and so equation Al can be 
rewritten as 

(A2) 

Applying Bernoulli's equation between points a and f (along 
the stream line abf, Figure 2) gives: 

U~ !2g + P.lpg = U? 12g +Pr I pg (A3) 

But Ur= Um 

Substituting equation 2 into equation 3 and rearranging, we 
have: 

(P, - Pr) I pg= [U;,. - (AB/AA) 2 U~] /2g (A4) 

Dividing both sides of equation A4 by U~ we have: 

(P. - Pr)lpU~ = O.S - 0.5(A 8 /AA)2(Ub/Um)2 (AS) 

But A8 /AA= 0.183 

Tracer gas concentration was measured at different distan~es 
from the duct wall at the inlet of the duct and at the region 
of fuliy developed flow. This allowed the ratio Cm / Cb to be 
determined. Applying equation 4 we find that the flow 
rate ratio is given by: 

Fb/Fm =Cm /Cb 

since 

F=AU 

the velocity ratio U b I Um is given by: 

Ubl Um= Fb/Fm =Cm/Cb 

The average value of U b I Um for the range of Reynolds 
numbers used in these experiments was 0.916. 

Substituting the values of A 8 /AA and Ub / Um into equation 
AS gives: 

(P. - Pr)/ pU~ = 0.486 (A6) 

Consider the variation of static pressure with X, Figure 3. 
The difference between the static pressure at X = 0 (i.e. 
pressure = atmospheric pressure) and the static pressure of 
fully developed flow ;( = L. is given by: 

h. - hx = (Z + Y ) = Z + Le tan 8 (A7) 

or 

h. - h, = Z +Le dhxldx (AS) 

For fully developed flow, h, =hr. Multiplying both sides of 
equation A8 by Pwg we have: 

P. - Pr= PwgZ + LedPldx (A9) 

From Reference 9 

rw = -(Dh/4)dP/dx (AlO) 

Equation AlO is normally applied to regions of fully devel
oped flow bur is also a very good approximation 9.ioi for 
the entrance region of the duct provided char L /Dh ~ l. 
Experimental results (Figure 4) showed that dP!dx was 
constant along the length of the duct for the range of Rey
nolds numbers used . 

Substituting equation AlO into A9 and dividing both side of 
equation A9 by pU~, we have: 

(P. - Pr)lpU2,,. = PwgZ/pU2,,. - 4LerwlDhpU2,,. 
(All) 
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From Reference 9 

Ur= ( r,,,. / p )0 .5 

and 

(A12) 

(A13) 

Substituting equations A12 and A13 into equation Al 1 and 
simplifying, we have: 

(P. - Pr)lpU~ 

= PwgZ !pU~ - 2(LJ!Dh )(Ub /Um )2 

From tracer gas measurements , Ub !Um = 0.916 

and from Reference 9 

f = 0.079Re-0•25 

(Al4) 

(Al5) 

Equation Al5 is applicable when the velocity profile is full y 

developed. If the velocity profile is not fully developed but 
L !Dh Y l , then equation 15 is a good approximation19•101• 

Substituting the value of Uh / Um and equation Al5 into Al4 
and simplifying, we have 

(P . - Pr) lpU~ = PwgZ lpU~ 

- 0.1325 (L . :'Dh )Re - 0
•
25 (Al6) 

Substituting equation A6 into Al6 and simplifying, we have: 

L . ID h = 7.55pwgZ lpU~ - 3.66Re0
·
25 (Al7) 

The intercepts Z of the ta tic pressure lines were found from 
Figure 4. Figure 5 shows a plot of PwgZ /pU~ versus Re. 
The best fit was used to determine the following equation: 

PwgZ lpU~ = 0.5112 + 0.00003Re (Al8) 

26 

Substituting equation Al8 into equation A17 we obtain: 

L.!Dh = (0.2 + 2.265 x 10-4 Re)Re0
·
25 (Al9) 

This equation can be used to determine the entrance length 
L. for fully developed turbulent flow. 
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