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Numerical results are presented for steady natural convection in two-dimensional 
rectangular enclosures in which the side walls, top wall, and bottom wall are at 
uniform temperatures 8., (JI• and ob. respectively, and o. > ot >ob. Rayleigh numbers 
ranging from JO' to 107 and aspect ratios of J and J.J were investigated. Thi! top 
wall was modeled as an impermeable rigid surface or an impermeable free-moving 
boundary. The calculations reveal two flow regions. In the upper part of the 
enclosure two large countttratating cells appear, separated by a descending plume 
of fluid. Near the bottom wall the flow ls alm0$t motionless and stably stratified. 
The temperature in the central portion of the enclosure is almost uniform due to 
mixing by the recirculating cells. A temperature inversion occurs near the top wall 
and is particularly noticeable at high Rayleigh numbers. At high Rayleigh numben 
the flow breaks up into smaller cells. The result is that each main recirc:ulatlon 
region develops a secondary counte"otating eddy within it. The condition of a free 
surf ace as the top wall boundary condition significantly affects the circulation and 
heat transfer throughout the flow domain. Numerical experiments reveal the extent 
to which the flow field in the enclosure is affected by an asymmetric specification of 
side-wall temperature boundary conditions. 

1 Introduction 

It has been recognized that the growth of single crystals by 
the Czochralsfd technique (Hurlc, 1977) is influenced by the 
fluid dynamics and heat transport characteristics of the pro­
cess. The flow in the melt, due to natural convection, surface 
tension gradient, and crucible or crystal rotation has a pro­
found influence on the interface shape, surface striations, 
defect density, and crystal integrity. There arc a number of 
numerical, analytical and experimental works that simulate 
various aspects of these effects; sec, for example, Laudise 
(1979), Carruthers (1977), Schwabe and Scharmann (1981), 
Simpkins and Dudderar (1981), Ostrach (1983), Simpkins and 
Chen (1985, 1986), Miller and Pernell (1981), and Simpkins 
(1981). However, the causes of misshapen and nonuniform 
crystal growth arc still not well understood due to the com­
plexity of the process. 

The experimental studies of Miller and Pernell (1981) and 
Simpkins (1981) are of particular interest to this work. The 
first study involved heating the side walls of an open cylinder 
containing water. The authors characterized the flow into 
three regions when the temperature of the bottom wall is 
below that of the side walls. From the top to the bottom sur­
faces the regions arc: (1) a thin surface layer\,_yl) a convection 
region with essentially uniform temperature; and (iu) a mo­
tion!~ region, the ~ed "stagnant" region. In a rec­
tangular container with hot side walls and cooled top and bot­
tom surfaces, Simpkins (l 981) observed the appcaiancc of two 
large recirculation cells, separated by a descending plume, in 
the upper portion of the container. The plume was fed by thin 
boundary layers adjacent to the vertical walls, and it would 
only sink to a critical depth in the container. Below this depth 
the flow was not strictly stagnant but moved very slowly 
relative to the motion in the upper layer. The top surfaces in 
these two works were free of motion and held at approxi-
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mately constant temperatures. The experimental condition in 
Simpkins (198-1) was for a Rayleigh number o(l07

) and aspect 
ratio o(l). 

To complement the above experimental works, it is the pur­
pose of this study to investigate numerically the buoyancy­
driven flow in an enclosure in which the side-wall 
temperatures arc higher than that of the bottom wall. The top 
wall is either rigid or represents a free surface, and is kept at 
an intermediate uniform temperature. Flow and heat 
transport in the recirculation cells, descending plume and stag­
nant layer, and the influence of free surface effects and asym­
metric boundary conditions, arc presented and discussed for 
Pr= 7, a Rayleigh number range 10'4 to 107

, and aspect ratios 
(width/height) of 1 and 1.S. The calculated results compare 
fairly well with the available experimental data. 

It should be noticed that the flow due to a heat source (such 
as a fire) located on the bottom wall of a symmetric enclosure 
strongly resembles (when inverted) the flow of interest here. 
For example, a detailed analysis hu been performed by Rerun 
et al. (1982), but neglecting the molecufar diffusion of 
momentum and heat which are crucial to this study. In con­
trast to the heat-source/plume configuration, the dcscendina 
plume problem of interest here has received considerably less 
attention; see, for example, Simpkins and Chen ( 1985) and 
Simpkins ( 1985). 

It is recognized that the practical realization of the present 
problem is bound to exhibit some degree of three dimen­
sionality and unsteadiness. In this regard, the investigations of 
Humphrey and Bleinc ( 1985) and Simpkins ( 1985) arc especial­
ly relevant. The top half of a vertical plate was cooled and the 
bott.om half was heated by Humphrey and B!einc (1985). This 
configuration induced boundary layer flows of opposing sign 
to collide halfway along the plate. The resulting flow was 
~sentially two dimensional until Rayleigh numbers larger 
than 10' were imposed, at which point the motion in the colli­
sion region b«amc three dimensional and unsteady, with time 
and !ength sC3.lcs commensurate with the boundary laycr 
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length and time scales. In the present, more stable flow con­
figuration, the maximum Rayleigh investigated was 107 and, 
therefore, the assumption'· ·of tw<Hiimensional flow is not 
unrealistic. 

Unsteadiness of the plume leaving the top surface of the 
enclosure where the turning boundary layers collide is dis­
cussed by Simpkins (198S). Measurements obtained by 
Simpkins (198S) in an enclosure of aspect ratio unity and 
Ra=7 x 10' revealed a meandering plume of changing length. 
The periodicity determined was about 30 s for a value 
(T& - T,)l(T, -T,) = - 4.5. Experimental attempts failed to 
stabilize the meandering of the collision region, and hence of 
the plume. In the present study (Tb -T,)l(T, - T,) = - 2.39 
and, while we cannot ruJe out the possible meandering of a 
plume corresponding to our calculation conditions, its 
periodicity should be greater than 30 s. The results presented 
here were obtained with a time-dependent calculation scheme 
that evolved to steady state without displaying oscillatory mo­
tions of the type just described. 

1. Governing Equations and Solution Procedure 

Consider a tw<Hiimensional rectangular enclosure filled 
with fluid, such as is shown in Fig. l. The two side walls are 
maintained at the same temperature 9,, while the top and bot-

----Nomenclature 

AR aspect ratio = hid 
d = width of cavity shown in Fig. 
g gravitational acceleration 
h height of cavity shown in Fig. 1 

Ma = Marangoni number defin.ed in equation (6) 
Nu, = mean value of Nusselt number on side wail. de-

fined in equation (8) 
Pr = Prandtl number ::a 11/a 
q = average heat flux from side wall 

R.a = Rayleigh number = g/3(T, - Tb')<i3I11a 
T= absolute temperature 
u ... velocity in x direction 
u = dimensionless velocity in x direction = ud/a 
u = velocity in y direction 
y ::I dimensionless velocity in y direction = udla 
x = horizontal coordinate shown in Fig. l 
x ,,. dimensionless horizontal coordinate = xld 
y = vertical coordinate shown in Fig. l 
y .. dimensionless vertical coordinate = yld 
a = thermal diffusivity of fluid 
~ ,,. thermal expansion coefficient of fluid 
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tom surfaces are kept at the lower temperatures 81 and 8b• 
respectively. Employing the Boussincsq approximation. the 
nondimcnsional equations describing laminar flow in stream 
function and vorticity form are 
~ aw aw atJ 

--+U--+V--=Ra Pr--+PrV 2c.i (l} n ax aY ax 
38 38 38 a29 a2 11 

a;-+ u ax + v av-= aX2 +~ 

V 2Y,= -w 

al/I al/I av-= u, ax-= - v 
The initial and boundary conditions are 

T=O: u ::II V=O, 8=0 

~ 
X "" 0 or 1: Y, = ax = 0, 8 = I 

y"" 0: "'= ~ =0, 9=0 

Y"" AR: Y, = ~ =0, 9=0.1053 

(rigid top surface) 

"' ... :. =0, 9=0.7053 

(free top surface) 

al 
w = -Ma--... o ax 

(free top surface) 

(2) 

(3) 

(4) 

(Sa} 

(Sb) 

(Sc) 

(Sd) 

(Se) 

(Sf) 

Note that in this study AR= l or 1.5, and the top surface is 
kept al a tcmperatUre between that of the bottom and side 
walls. Equation (Sd) is used if the top wall represents a rigid 
surface. In this case, the vorticity is calculated by linear ex­
trapolation from ~o interior points adjacent to the boundary. 

-. 

~ -surface tension gradient dermed in equation (7) 
cS -thennal layer thickness on the bottom wall 
A -difference ' 

' dimensionless temperature :s (T-Tb)l(T. - T111 ) -
" -dynamic viscosity of fluid 

• -kinematic viscosity of fluid 
a -surface tension coefficient 
f' -dimensionless time = ta/ Ql 
~ -dimensiOnless stream-function dermed in equation 

(4) 

"' -dimensionless vorticity defined in equation (3) 
a -relaxation parameter 

Sapenatpta 
p • iteration number 

Subtatpll 
b -bottom wall 

/,j -subscripts denotin1 X and Y grid node 
$ -side wall 

' - top wail 
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Fig. 2 Sl,.•mllne and Isotherm contoul'8 In •n enclo1u"' with 
R• = 1011 , AR= 1.0, and rigld upper sur1ace 

Equations (5e, 5/) are used instead if the top wall represents a 
free surface. Ma in equation (5/) is the Marangoni number 
defined by 

-ydllT 
Ma= --- (6) 

al' 

where t:.T= T, -Tb. In the above equation 'Y is defined by 

da 
-y= - dT (7) 

where a is surface tension of the fluid. The derivation of equa­
tion (5j) is given in the appendix. Since the free surface is held 
at constant temperature, surface tension gradients do not 
drive the flow and so the value of vonicity at the free surface 
vanishes. 

Equations (l)-(5) are solved in the following manner. Given 
the field values at time nilT, the vonicity and temperature at 
time (n + l)ilT are calculated by the ADl method from cqua-

. tions (1) and (2), respectively; as described in Wilkes and 
Churchill (1966). The stream function is then computed from 
equation (3) using the successive overrela.xacion (S.O.R.) 
method. Finally, the new values of U and V are computed by a 
central difference approximation to equation (4). 41 x 41 grid 
points are used for the case of aspect ratio l, and 41 x 61 for 
the aspect ratio 1.5. This level of grid refinement guaranteed 
not fewer than 2 grid points Within the side-wall boundary 
layers at the highest Rayleigh number investigated. 'In solving 
the stream function by the S.O.R. '111echod, the convergence 
criterion within each time step is 

liH/
1
-iH.j I :s5.0x lO-' 

i/lf/ 1 

All the results presented here correspond to steady-state condi­
tions. As in Wilkes and Churchill (1966), steady state is 
presumed to have been reached when 

• • :s s.o x 10- 6 I NuP• 1 -NuP I 
Nuf" 1 

where Nu, is the average Nusselt number on the venical side 
wall given by 

[i 'ARa9 I ] Nu,= -- dY /AR 
o. ax x-o 

(8) 

3. Results and Diseussion 
1\ 

Prior to the calculations, numerical tests were conducted· to 
chcc:lc the accuracy of the ADI procedure by reference to the 
now generated by differentially-heating the side walls of a rec· 
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tangular enclosure while k~ping the top and bottom walls 
adiabatic. The results were compared with the bcnchmarlc 
solution of de Vahl Davis (1981). They are reported in Chen 
(198.S) and substantiate the correctness of the numerical 
calculation procedure. 

The computation time depends on t.he numerical time step 
LlT, the Rayleigh number, the number of grid points, and the 
S.0.R. parameter 0. For a 41 x 41 grid, with t:..r "' 2.0 x 
10-4 and 0 = 1.73, the CPU time is approxirnately 4000 son a 
CDC CYBER 170/81.S when Ra = 10"-106 ; and about 9000 s 
when t:..T= l.Ox 10- s and Ra= l07 • 

Figure 2 shows the streamlines and isotherms for Ra= 106 
and AR= 1 in an enclosure with a rigid upper surface. Along 
each side wall an upward flow is induced by natural convec· 
lion. The two side-wall streams turn inward respectively at the 
top wall comers, flow along the top wall (to which they lose 
heat), and collide at X=O.S. At this point the streams merge 
and " jec" r " plume" downward, along the symmetry plane 
of the enclosure. As the plume penetrates the bulk of tt~e 
cooler fluid, it entrains fluid of increasing temperature. Heat 
is lost to the cold bottom surface as the plume descencb-fur- ­
ther and splits into two streams each of which flows along the 
bottom wall, eventually to reach che side walls thus forming 
two recirculating cells. 

The descending plume sinks to a critical depth of about 
Y == 0.26, below which the fluid is almost rJ'lotionJcss. This 
layer of essentially motionless fluid is termed the stagnant 
layer by Miller and Pernell (1981). Figure 2 shows that the 
isotherms are almost parallel to the bottom surface in the stag­
nant layer and, therefore, that the heat tran.sJer is conduction 
dominated. 

Figure 3 shows corresponding results for Ra=- 1.0 x 10' and 
AR== l.S. The resulting flow pattern is basically the same as 
for the previous case. However, the thermal boundary layer 
on the vcnical wall is thinner and well developed. In addition. 
the temperature distribution is more uniform in the central 
ponion of the enclosure, and the circulation strength in each 
cell is suonger, due to the increased heat transfer from the 
larger side wall!. 

Figure 4 shows the streamlines and isotherms for Ra= 107 

and AR= 1.0, again for the case of a rigid upper sur.face. 
When compared with the case with Ra= 106 in Fig. 2. the 
results show that the circulation strmgtb at Ra"" 107 · h:u 
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Fig.. ,9 Str9amllne and laotherm contouni In an enc:loau'9 with 
Aa•tol, All• t.O, and free upper aurf-

·, ·'' 

almost doubled, due to the increased driving force. The strong 
circulation is aca>mP.anied by the appearance of a secondary 
eddy within c:a.c:h mi\in cell. 

To illustrate free surface effects, caJculations were per­
formed wing the boundary conditions given by equations (51!) 
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and (Sf). Figures 5 and 6 show the resulting streamlines and . 
isotherms for Ra= 106 and 107, respectively, with AR= 1.0..A 
comparison between the. streamlines dorresponding to Figs. 2 
and S and ·Figs. 4 and 6 reveals that, fOr the same Ra and AR, 
the circulation strength is larger in the Cree surface case. This is 
especially noticeable at the higher Ra. ln addition, the center 
of the circulation cell is displaced upward when the top surface 
is free to move. A comparison between the correspond.ins 
isothenns shows that the thermal boundary layers along the 
side and bottom walls for the free surface flow condition are 
thinner than those for a rigid surface condition. 

None of the above cases displayed evidence of recirculation 
zones in the lower layer near each comer of the cavity as found 
by Simpkins (198S). While this may reflect a lack of sufficient 
grid refinement to caJcuJate the-flow in its full details, we note 
that the effect is very small (Simpkins, 1986) and is unlikely to 
alter substantially any of the conclusions of this work. 

Figures 7 and 8 show vertical temperature profiles in a 
square enclosure at the center plane, X=O.$, for 
Ra• 10"- l07 , for rigid and free upper boundary conditions. 
respectively. These results confi1m that the flow field is stably 
stratified in the bottom stagnant region and that as Ra ia­
crease:s the stagnant layer becomes thinner. The temperature 
in the enclosure center is essentially uniform, but an inversion 
arises near the top surface at hlgher Ra. These results an in 
good qualitative agreement with th~se ob~ed experimental-
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ly by Simpkins (1981), who performed experimental observa­
tions in enclosures with a fr1:1: upper surface. 

The influence of the free surface is also exhibited in Fig. 8, 
when compared with Fig. 7. The comparison shows that: (1) 
The temperature inversion near the upper surface becomes 
smaller; (i1) the temperature is more uniformly distributed; 
and (iii) the bottom thermal layer becomes thinner, in the free 
surface case. These results are consistent with the stronger cir­
culation strength observed for the free upper surface 
condition. 

The bottom layer thickness o ve.rsus Ra is presented in Fig. 9 
for both rigid and free upper boundaries, together with the ex­
perimental data from Simpkins (1981). It can be seen that o 
dec.reascs with Rayleigh number according to Ra -o.m. The 
predictions for the free surface condition compare very weU 
with the experimental findings by Simpkjns (1981) even 
though the upper surface boundary conditions do not corre­
spond exactly. Unfortunately, it has not been possible to con­
duct similar detailed comparisons of velocity and temperature 
profiles with the results of others. In the case of velocity. t~e 
data are simply unavailable; although we note that in 

Simpkins (1985) there is a reference to for;thcoming 
measurements. Data for temperature have been reported by 
Miller and Pernell ( 198 I) and Simpkins ( 1981) but, because the 
configurarions and/or aspect ratios investigated differ from 
those of this study, exact comparisons cannot be made. 

The mean Nusselt number of a vertical side wall Nu,. ~ 
shown as a function of Ra in Fig. 10. The results show that 
Nu, for the free surface case is larger than that for .the rigicl. 
The following correlations were derived from the calculations: 

Nu,= 1.43 Ra0·097 (free upper surface) (9) 

Nu, ... I. 1S Ra0·077 (rigid upper surface) (10) 

Numerical experiments were performed to investigate the 
sensitivity of the flow in the enclosure to an asymmetric 
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specification of the side-wall boundary conditi~ns- This ~as 
readily accomplished by fixing 8, = l'. l on the nght-hand side 
of the enclosure shown in Fig. I while specifying the remain­
ing boundary conditions as explained above. Figure l l(a) il­
"tustrates the extent and magnitude of the artificially induced 
asymmetry for the case Ra= 106 in a square enclosure with a 
rigid uppe.r surface. Qualitatively similar flow patterns were 
observed at the other values of Ra, irrespective of whether the 
top boundary was a rigid or free-moving surface. H?wevcr ~ at 
Ra "" 101 the free-moving surface case displayed the mterestmg 
eddy structw~ shown in Ag. I l(bj. Comparing with the 
streamliues shown in Fig. 6, it is seen that the effect of the 
asymmetry is to intensi fy the motion of the secondary eddy in 
the maiJl right-hand ceU, while eliminating the secondary eddy 
in the main left-hand cell. The 'corresponding effect of the 
asymmetry · on the temperature fields, in square enclosures 
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with rigid and rree-moving top surfaces, respectively, is shown 
in Figs. 12(a. b) for Ra= 106 • ·" . 

.Table 1 "presents calculated v·alues of side-wau Nusselt 
numbers f 9r conditions corresponding to symmetric· and 
asymmetric specifications of the side-wall temperatures. In all 
cases, irrespective of whether the top surface is rigid or free, 
the hotter side wall experiences a proportionately larger in­
crease in Nu, than the corresponding decrease experienced by 
the cooler side wall. (That ·this is the case is readily seen from 
the percentage changes shown in parentheses in the table.) The 
table also shows that between Ra== 104 and 105 the r.ate of in- . 
crease in Nu, on the hotter side 'wall, induced by the asym­
metry, is substantially reduced (20.4 percent to 14.3 percent 
for an enclosure with rigid upper surface) but that it is restored 
to high values at Ra:::: i06 and 107 (29 percent, 35 percent); A 
corresponding but less substantial variation is shown by the 
cooler wall between Ra= 105 and 106 , where the rate of 
decrease in Nu, is temporarily reduced. The interpretation of 
this finding is complicated, due to the interactions that arise 
between the flow in each main · cell and the portions of the' 
horizontal boundaries with which each cell 'is in contact. This 
question is the subject of continuing research. by one of us 
(JACH) in a related experiment at the University of Califor-
nia, Berkeley. · 

Comparisons between the calculations and limited experimen­
taJ data show good agreement. The following major conclu­
sions can be drawn from this study: 

l Steady-state, two-dimensional, numerical simulations in­
dicate that there are two regions in the flow field of the 
enclosure configuration studied. In the upper part, two large 
cells separated by a descending plume circulate in mutually 
counterrotating directions. The plume sin.ks to a limited 
depth, below which lies a fluid layer that is essentially 
motionless. i 

2 Temperature· profiles along thd cavity height at the 
midplane, X=0.5, indicate that the bottom layer of fluid in 
the enclosure is stably stratified. In the enclosure center, the 
fluid temperature is essentially uniform, due to strong mixing 
by the recirculating cells. A temperature inversion, especially 
strong at high Ra, occurs near the top layer. 

3 When the aspect ratio increases a~ a fixed Ra, the circula­
tion strength increases, with tliinner boundary layers arising 
along the vertical side walls of the enclosure. 

4 At high Rayleigh number, e.g., Ra= 107 , the circulation 
strength increases and a secondary edtly develops within each. 
of the two larger main cells filling the enclosure. 

5 The thickness of the stratified fluid layer in the bottom of 
the enclosure varies with Rayleigh! number according to 
o==l.159Ra-0•115 • , 

6 For equal Ra and AR, the free: surface enclosure flow 
reveals: (1) larger circulation strength; (2) higher heat transfer 
rates; and (3) smaller bottom layer thickness, relative to the 
rigid surface case. 

7 The flow and heat transfer in the enclosure are strongly 
affected by· an asymmetric specification of the side-wall 
temperatures. The asymmetry induces a disproportionately 
higher increase in the Nusselt number of the hotter side wall 
relative to the decrease in Nusselt that arises at the colder side 
wall. 
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APPENDIX 
For a free fluid surface subjected to a temperature gradient, 

the shear stress along the surface is balanced by the surface 
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tension gradient according to Ostracil ( 1982) and VIUen and 
Platten (198S) 

au aa ao aT 
"'a;-·ax-·-wax- (Al) 

Thc nondimensional form or the above equation is 

..!.!:!_ ~ Ma _!!__ 
aY ax (A2) 

or 

(A.3) 

where Ma is the Marangoni number defined by equation (6) in 
the text. Since V=-0 and aY,/aX"'O at the free surface, so also 

.!:l_.,.o (A4) axz 
Substitution of equations (A3) and (A4) into equation (3) 
yields equation (Sf) in the text. 
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