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Abstract. A numcrical study of fluid flow and heat transfer in a
two-dimensional channel under fully developed (urbulent condis
tions is rcported. A computer program which is capable of
treating both foreed and natural convection problems under tur-
bulent conditions has been developed. The code uses the highs
Reynolds-number form of the two eyuation turbulent model
(k=¢) in which a turbulent kinetic cnergy ncur-wull model is in-
corparated in order to accurately represent the behavior of the
flow near the wall, particularly in the viscous sublayer where the
turbulent Reynolds number is smaull. A near-wall temperature
mode] has been developed and incorporated into the cnergy
cquation to allow aceurate prediction of the temperature distribu-
tion near the wall and, therefore, accurate caleulation of heat
transfer coefficients, T

The sensitivity of the prediction of flow and heat trunsfer to
variations in the coefficients used in the turbulenec mudel is
investigated. The predictions of the model arc compared 1o avail-
able experimental and theorctical results; good agreement is
obtained. The inclusion of the near-wall temperature tmodel has
further improved the predictions of the temperature profile and
heat transfer coefficient. The results indivale that the turbulent
Yinetic energy Prandtl numher shanld he 2 functinn nf Reynolds
numaer.

Entwicklung cines turbulenten, wandnahens Temperaturmodells
und seine Anwendung auf Kanalstrémung

Zusammenfassung, Es wird tiber ¢in¢ numerische Studie der Stré-
mung und des Wirmetransportes in ¢inem sweidimensionalen
Kanai mit voll entwickelter Turbulenz berichtet. Fin Computer.
programm wurde entwickelt, das in der Lage ist, sowohl Zwangs-
als auch Naturkonvektion unter turbulenten Bedingungen zu be-
hundeln. Das Programm verwendet die |, High-Reynolds-Number®-
Form des turbulenten Zweigleichungsmodells (k - ¢-Modcll) in
das ein Ansatz fiir die wandnahe, turbulente, kinetische Energie
aingearbeitzt ist, um das Verhalien der Strémung nabe der Wand
gendu wiederzugeben, insbesondere in der viskosen Unterschicht,
wo die wurbulente Reynolds-Zahl klein ist. Es wurde cin wand-
nahes Temperaturmodell cntwickelt und in dic Encrgiegleichung
eingearbeitet, um cine genaue Vorhersage der Temperaturvertei-
lung nahe der wand zu crmoglichen und damil die Warmeuner-
gangskoeffizienten genau zu berechnen.

Die Empfindlichkeit (iir die Vorhersage der Strémung und
der Wirmetibertragung aufl Verindcrungen in den Koeffizienten
des verwendeten Turbulenzmodells wird untersucht. Die Vorher-
sagen des Modells werden mit verfiigharen experimentellen Daten
und theoretischen Ergebnissen verglichen, Es wurde gute Uber-
einstimmung crziclt. Dic Binbezichung des wandnahen Tempera-
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lurmodells bruchle weitere Verbeyserung der Vorhersage des
Temperaturprofils und Jey Wirmedbergangskoeffizienien, Die
Ergebnisse zeigen, daB die turhulente, kinetische Prandu-Zahl
eine Funktion der Reynolds-Zahl sein solite.

Nomenctature

A empirical coefficient, Eq. (27)
b channc) width

o constant of proportionality betwcen length scale /
and distance from wall (applied over near-wall cell)
=255, Eq. (I

Ci €y, Cuy constunts in the k= ¢ lurbulent maodel, Fq. (R)

y specific heat

£ constant in logarithmic velocity profile = 5.0, Bq. (12)

k turbulent kinetic energy

K empirical coefficient, Eq. (27)

In mixing length

Nu Nusseit number, Eq. (19)

P pressure

Pr Praodid numbes - vz

Re Reynolds aumber = »,6/2v

Re, turbulent Reynolds number, Fq. (10) i

Re, visgous sublayer Reynolds number =y, k)/2/v=20.0
Ré average Reynolds number

I titne

T temperature

u velocity in vdircction

I velocity in pdirection

X horizontal coordinate: main flow direction

¥ vertical coordinate

Greek symbols

2 thermal diffusivity

e dissipmtion rate of turbulence cnergy

% von Karman constant = 0.4187

x* constant in logarithmic velocity profile
_ =xCl =023

4 thermal conductivity

" lAmMINAr dynamic Huig viscosity

i turbuicnt dynamic (lwid viscosity

v laminar kinemnatic {luid viseosily

0 density

D turbulent kinetic energy Prandtl aumber

o, turbulent temperature Prandtt number
A turbulent dissipation Prandtl number
r shear stress
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Subscrips

b bulk

¢ cold

¢ edge of near-wall ccll

E center of ¢ell adjacent i the near-wall cell
h hot

m maximum of cxperimental value
P center of neac-wall cefl

t turbulent

3 adye of viscous sublayer

w wall
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1 Introduction

Several different models huve been developed o predict
turbulent flow. Among them the twe-equation k — ¢ model
has attracted considerable attention. Although the model
was originally devcloped for - lhigh-Reynolds-anumber
boundary layer flows (1], it has been extended to include
the prediction of turbulent {low at low Reynolds numbers
as well (2, 3]. Both the high- and low-Rcynolds-number
forms of the k=2 model have heen successful in pre-
dicting aspects of turbulent flow in many cases. The high-
Reynolds-number form of the model has attracted more
attention because it reduces the computation time and
storage. However, this is sometimes accomplished by a
degradation in accuracy in predicting flow ncar bound-
aries where the Reynolds number is small, To account for
the Jow-Reynolds-number region near the wall, the high-
Revnolds-number k=& model equations have been
modified to include s near-wall representation for turbu-
lent kinetic encrgy [4]. The inclusion of this ncur-wall
model also allows empirical relations to be implemented
for special purposcs, e.g. an empirical relation for wall
roughness, Recently, the near-wall Kinctic encrgy model
has becn modified by dividing the near-wall region into
viscous, buffer and fully turbulent regions and improved
agreement with experimental data has becn obtained [5].

The &—¢ model has been used extensively to predict
turbulence in forced flow problems, Chieng and Launder
(4] and Johnson and Launder (6] have used the high-Rey-
nolds-number form of the model to predict the flow
downstream of an abrupt pipe expansion. Sindir [7=10]
has compured the predictions of different turbulent flow
models for a sudden expansiou in a channel. Humphrey
and Pourahmadi [11] and Humphrey and Chang [12] have
used the k—r model to study the flow in a curved
channel. Naot und Rodi [13] have uscd the model for pre-
dictions on the secondary currents in channel fMlow, The
applicution of the k-¢ model to different problems has
shown that the parameters in the model are not universal;
improved agrecment with cxperimental data is obtained if
some of the parameters in the original k = ¢ modcl equa-
tions are allowed 1o vary with the Reynolds number (14},

In most previous studies of the &k —¢ model, for pur-
poscs of validation, predictions of the model have been
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compared to the experimental data of simple
Simple Jow configurations lend themselves more eas..
experimental techmiques, and data thus produced a.
more suitable for verification of the theoretical models
and/or evaluation of prediction methods. Fully developed
channel and pipe flows are examples for which experi-
mental data exists covering the important paramcters of
inrerest.

Most of the aforementioned studies have concentrated
on comparison of the hydrodynamics of the flow (i.e.
velocity, turbulent kinetic energy, etc.) with the experi-
menral data. For the heat transfer aspects of the problem,
only heat trunsfer coefTicients have been used for com-
purison purposes. Howcever, the velocily and turbulent
kinetic 2ncrgy profiles alone are not cnough to provide a
complete validution of the moedcl in non-isothermai Now.
For this purpose the temperalure and eddy diffusivity
profiles must also be compared to the experimental data,
While it is relatively sasy to adjust the &—: modc!
constants to predict the velocity and the turbulent kinetic
energy profiles fairly well, it will be shown in the present
study that, for these same model constants, the tempera-
ture and turbulent viscosity predictions can differ greatly
from the experimental values.

In the present work, the high-Reynolds-number form of
the lwo-equation k== turbulent model has been uscd
along with a slight vanation of the previously developed
turbulent Kinctic encrgy near-wall physical model [d].
A sensitivity study of the k= ¢ modcl constants has been
performed to select the best sct of constants for the flew
and heut transfer predictions in a channel. To improve the
predictions of the lemperaturc and heat transfer coeffi-
cients. a near-wall model for temperature has beu:
developed. With the inclusion of both near-wall modei:
the predictions of all dependent variables have showr
better ugreement with experimental data. The results hayv:
also indicated that the turbulent viscosily variation ::
highly dependent on the choice of turbulent kinetic energ:
Prandt! number,

The predictions of the model have been compured
the expenmental data of [ully devcloped  turbulent
channel flow. The previous experimental and theoretic:
studies of turbulent channe! {low, other than the one
nientioned above, will be discussed scparately below,

1.1 Experimental siudies

g

In an early experimental study, Washington and Mury
[15] measurcd heat transfer and pressure drop in rectan
gular air passages. For fully turbulent [low (Re > 13001
they presented equations for the [riction factor an:
Nussclt number. Corcoran etal, [16, 7] and Page et.
[18,19] performed heat transfer and fluid flow measur:
ments for turbulent flow between two parallel plates ar
determined the temperature and velocity as a function

position in the channel. Laufer (20] mude mean-speed ar
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axial-fluctuation measurements within the laminar sub-
layer of a two-dimensional turbulent channel flow at dif-
ferent Reynolds numbcer. The distribution of streamwise
velocity fluctuations showed that the influence of the
viscosity extended farther from the wall thun indicated by
the mean velocity profile. It was also found thut the
dimensionless mean Muctuating quantities (c.g., velocities)
decreased with an increasing ReynoldS number, Clark (21]
performed similar measurements in the viscous sublayer
by using constant-temperature hol-wire anemometry, Fre-
quency cpoctral of the fluotudling welocity componente
were obtained and the meun velocity distribution in the
sublayer was determined to produce a reasonuble cstimate
of skin friction. Hussain and Reynoids (22] performed
measurements in a channet with fully developed turbulent
air {low und presented cxperimental streamwise and mean
turbulent velocity distributions, frequency spectra, and
calculuted eddy viscosity distributions, -} Telbuny and
Reynolds (23, 24}, in their experiments with a flat channel
having one wall movable relative 10 the other, measurcd
the walooity dirtribution und turbuloncs (longitudinal,
normal and lateral velocity {luctuation intensilies) in plane
turbulent flow established by the various combinations of
pressurc gradicnt and wall velocitics. They developed an
empirical description for the viscous, logarithmic and
gradient portions of the wall layers as well as the turbu-

lence near the wall and in the turbulenl cure. Tt was also’

shown that the intensity of velocity Nuctuations coalesced,
to 4 reasonable approximation, when normalized with the
appropriate length and velocity scales.

Most of thc above-mentioned experimentul work has
dealt with the measurements of hydrodynamic quantities.
Only Corcoran et al. [16, | 7] and Page et al. (18, 1Y] report
temperature measurements. Heat transfer related results
of the other experiments are limited to presenting the
general behavior of the temperature gradient close to the
wall, that is, the Nusseit number. -

In addition to the aforementioned cxperiments, other
studies have emphasized heat transfer coefficients, Lancet
[25] studied the effect of surface roughness on the heat
transfer coefficient for fully developed turbulent flow in
duats with unifarns hear fluny the results adicated that
rough channcl surfaces appreciably increase heat transfer
and friction coeflivients. Levy, Fuller and Niemi [26]
compared their channe!l flow experimental duta to predics
tions of several empirical equations for the Nussell num-
ber which were developed for pipe (low. It wus found that
the heat transfer rates for channel low are 5= 30% helow
the values predicted by the circular pipe cquations. Tt was
also concluded that for the calculation of the Nusselt
number, the ¢mpirical cquations with the constant ex-
ponent on the Reynolds number arc inadequate. Sparrow.
Lloyd and Hixon (27) measured the heat transfer coeffi-
cients in an asymmetrical heated rectangular duct and
compared their measurements with some analytical pre-
dictions for the parallcl-plate channel.

1.2 Theoretical studies

Turbulent channet flow has been the subject of numerous
theoretical studies, llowever, the more pertinent studies ~
those which address the velocity, temperature and tur-
bulent viscosity profiles for fully developed (both velacity

and temperature) channel flow — are scarce. By analogy

between momentum and heat transfer, Martinelli [28]

studied the heat lransfer to molten metuls for a constant’
wall temperature pipe flow and calculuted the Nusselt-

aumber. A correlation for the heat transfer coefTicient for
channel flow was developed using the same methodology.
Hurrison and Menke [29] extended the work of Martinelli
to obtain the Nusselt nummber for channel low:which was
heared at one wall and adiabuatic at the other, Seban (30)

extended this, work by studying heat transfer in fully

developed channcl flow with different wall temperaturcs.,

The results were condensed into a correlation to calculate:

the Nusseit number. latton and Quarmby [31, 32] ob-
tained a gencral corrclation for the caiculation of the
Nusselt number in turbulent flow between asymmetricaily
heated pacallel plates. In preliminary work, Barrow {33]
obtained correlations for the Nusselt number for turbulent
flow between purallel plates with unequal heat luxes, For
fully developed flow under conditions where the heat
added to the channe] at one surface is fully removed at the
other surface, it was found that the temperuture varies
fincarly in the core region across the channcl. In later
theoretical and experimental work, Barrow (34] and
Barrow and [.ze {35] extended thesc results and modified
the cquation for the prediction of the Nussclt aumber. It
was concluded that the heat transfer coefficient is a
function of the heat [lux distribution over the walls as well
as of the Reynolds and the Prandt! numbers. -~

2 Analysis

The transport equations for turbulent flow in a channel
are solved 1o determine the velocity and temperature.

profiles and the heat (ransfer coefficient. The form of (he
momentum equations in Ref. [7] is used. The two-dimen-
sional conscrvation equations of the flow ..irc given as
follows:

(I) Continuity equation:

Qe 3
m— — ') - 1
2 T3 (gu)+ (gf) (0

(1) x-momentum cguaaon:

%(gu)-ﬂ--a—(quz)+-a§;(gur)
o 3 w2 l
"oy Ty [2“‘ )y "7 9k

9 du A
+—-[(u +u.)( : al)] (2a)
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(I v-momentum equation;

a. ' a - fa 2
3 @0+ 5 un s 3 terd).

g 3 & 2
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P2
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(IV) Energy equation:

(eT)+ (ouT)+ _a_ (e T)

,_3_[(:-. R ) GT} J.[(: Fﬁ‘.v)ﬂ], 3
dx [\¢, x| A |\, &/ Oy

The effective turbulent viscosity, u,, is obtained (rom
the & - ¢ model [I-4] which relates this viscosity to the
turbulent kinetic energy and its dissipation rate. The high-
Reynolds-number form of the equations has becn used.
Meodifications to this form of the model are pecessury (0
acenunt {or the low-Reynolds-number conditions encoun-
tered peur the physical boundaries of the haanel. The
turbulent  kinctic energy and its dissipation rate are
calculated by using the following cquations:

(1) Turbulem kinetic energy, k:

3 2 3

5 @A)+ 3 Uk +3-(gr )

.9 (‘ )ak +_a_(+ )ak
av |V x| " By |V 3y

u & du\? or \?
+;4,[(a +~a°;) 1-2(—0;) +Z(a—y') ]-Qe. 4

(1) Dissipution ratc of turbulent cnergy, 2:

-a—( r)+i + N
3 ‘e + 3T (oua) é-;(ow)

.8 p,) dr _a_ ( ) L
dx [(ﬂ ax ay { . oy )

g du N du Gt &
) A-“'[(a +?\')+ (a) ’(a‘;)] Geg

The cfTective turbulent viscosity is culeulated from

ue=C, k¥ (6)
where
Ci=Cuzhu 0

'.‘. .., . . '
Syt /!

ey )
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Wiarme- und StoMobertragung 20 (1986)
The asymptotic, high-Reynolds-number values of the
coetlicicnts as suggested in [1, 2, 7 are s

Cpr =009, C =144, Cyo=192,
7= 0.9,

oy = 1.0,
and  a,= 1,22, v (8)

In order (0 investigate the sensitivity of the k ~ 2z model
predictions. three different forms for f,. the empirical
function of Reynolds number in turbulent model (cf.
Lq. (7)), are used as suggested in the literuture {1, 2, 36]:

34
f = exp l- TR0 (9a)
2.5
’;’cxp["?Tl7ﬂCGbi 4]
.fu =]. ’ (9¢)

The latter form is the asymptotic valuc of /, as Re, the
turbulent Reynolds number, goes to infinity; wherc:
3
Re, = g__.
ue

(10

2.1 Nearwall models

In order t0 acvuralely repracent the hehavigr of the fluid
flow and femperature near the wall, particularly in the
viscous sublayer where the turbulent Reynolds number is
small, temperatures, turbulent kinetic energies und dissi-
pation rates are obtined by using the near-wall models
described below.

2 1.1 Near-wall kinetic energy tnodel

For the kinetic energy calculations, a slight variation of
the previously suggested near-wall modcl has been uscd
[4]. This variation is discussed in the Appendix. Here. oniy
the basic assumptions used in the development of this
model which will be later used in the near-wall temper-
ature model are given.

(i) In the finite-difTerence sojution procadure, the firs:
near-wall node (nodc £) is chosen to lic outside of' the
viscous sublayer (Fig. 1a). The viscous sublayer thick-
ness is estimatad so that the viscous sublayer Rev-
nolds number, Re,, is constant and equul to 20. The
flow is assumed to be fully turbulent beyond :thu
sublayer.

(ii) In the viscous sublayer, the mean velocity paruilel o
the wall is ussumed to vary linearly with distance
from the wall, and lincarly with the logarithmic

* distunce over the [ully turbulcnt region near the wall.

—— ———

1 The valuc of g, is calculated from a,

5 Where

CI)CJ';

(C 3=
is the von Kanman constant equal to 0.4187 (7]
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Fig, 1a=c. Near-wall
physical model

' Yo
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(ili) The variution of turbulent kinetic energy, k. is as-
sumed to be parabolic in the viscous sublayer which
corresponds to a linear increase of fluctuating velocity
with distance from the wall, and linear over the
remainder of the near-wall cell (Fig. I B).

(iv) The local turbulent sheuar stress is assumed 0 be
piece-wise continuous; the stress is zero in the viscous
sublayer and undergoes an abrupt increase at the
edge of the sublayer and vuries lincarly over the
rematnder of the cell (Fig. 1 ¢).

(v) The dissipation rate, e, in the viscous sublayer is

ax"‘) (01

shown to be constant and equal to 2\-(

In the fully turbulent region, ¢ is taken to vary .

kN
linearly wilh - 3 37

2.1.2 Ncar-wall temperature model

© As previously mentioned, the high-Reynolds-number form

of the k- s model requires that the first node, in the
finite-difference mcthod of solution, be placed outside the

o 2 “ 'f'q;: ,“\Ffl“'ﬂ\\ ‘1'|tu'|j-m;,’|-.—m R
o h'" ”" °( !'““" ’d- & o . e
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viscous sublaycr, resuiting in a loss of detailed informa- ~
tion close to the wall, The mean velocity and turbulent
anrN distributions are usualIY weukly dependent on the
el ol oechmben g Inhe lmnu-ﬂ e vlelnhy af
the wall (18], However, this Is not wrue for the heat ransfer
coeflicient, which is highly sensitive to the choice of.
model to predict the near-wall temperature distribution,
The dependence of fluid temperarure on posilion is much
stronger in the viscous sublayer thun in the remainder of
the near-wall cell. A model has been developed and
incorporated into the energy cquation 1o account for this
varation. [ should be noliced that the use of temperature
model like the near-wall kinetic ¢nergy model is a direct
consequence of finite difference approximation to the
governing differential equations. In the ncar-wall temper-
ature model, the quasi steady-state condition along with
the averaged values for cross-flow velocity and streamwise
temperature gradient are assumed.

The steady-state energy equation tor mcomplemhle
flow neur the wall can he exprassed as:

aT T @ aT
ll(l)-a'—-+l()7=a—y[(2+'qﬂ) ay] (n
t

Cquation (11) assumes that the dilfusion of lical i the
direction of {low is small, and that the mean velocity in
the main flow direction is a funcrion of only the distance
awdy from the wall (sce assumption (ii)). Note that in
Eq. (11) the secondary velocity, r, is a function of x only.
This dependence is obtained by using lhe conlinuity
equation with the assumption thal the main flow velocity,
u, in the near-wall cell depends only on . To find the
temperature variation in the near-wall cell () <)
Eq. (11) is integrated {rom the wall (y =0,T=T,) to the
center of the ncar-wall ccll (ywy,, T=T,) using the
relation between the Nusselt number and the temperature
derivative at the wall, i.e.,

2h ar
Ny =2 ——————
N T—To 05 L

The resulting temperature distribution inside the neur-
wall cell is:

(12)

z -'Ila vidy ¥ ] v T.—-
T—- T)t‘ = [e g i I.[(J-) "I‘(ﬂl’.\ 'l“!- “—7‘2 ‘\’“ d)-
0 0 26

for p=yp.  (13)
The Jocal Nusselt number can then be calcula(ed by
cvaluating Fg. (13) at »=yplie. -

(Te=To(Tu=Ty) +w

:V = - 4
u . (14)
where,
ST
a.
afy =222 (15a)

(2 +u/gm)

& .".""" -\—".-‘-1._" - .
. ‘#\’P* t W ’ ‘.. »
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yASY bt Tams B (15b)
yp
i ~fudy Jadpy 4y,
d 'Tw’Tb g e (J'fe )d) (lsc)
and '
~ l o ‘fﬂdl'
ST ARN S (15d)

Note that with the assumptions used in the near-wall
Kinetic cnergy modcl, the effective turbulent viscosily, u,,
is' 4 fupction of the vertical position, y, which will be
discussed in detail later, In the case of a ully developed
temperature prolile, y vanishes because the temperature
does not vary in the fow dircction, thal is, f=0
(cf. Cq: (15b)). In the cases wherc y is nol zcro, the local
Nusselt number or heat (ransfer coefficient for the devel-
oping flow may be lower or higher than in the case of a
fully developed temperature profile. depending on the
sign of w The sign of w depends on the varation of
temperacture in the flow direction as well as on the heat
transfer process, that is, heating or cooling. The corrected
distance. deor, that accounts for the effect of cddy transport
close to the wull in the near-wall cell, is used in calculating
the heal transfer cocfficient. Several special cases of
interest can be obtained from Cgs. (14) and (15), Some of
them arc:
(i) fully developed velocily and temperature case;

w=0 (16a)
and

g i

Oeae = 2h {{1 Pr u,] (e

o U
(ii) fully develaped velocity case;
l arr ud A
¥ Ti-Ty 8 opiﬁ.‘d” n
a B

and dy, is given by Eq. (16b).

Equations (14) and (15) can bhe evaluated if the
functional behavior of u(y) and the effective turbulent
viscosity, 4y, arc known in both the viscous and tucbulent
rcgions of the near-wall cell. To obtain the functional
behavior of 4, ear the wall, the near-wall kinctic energy
model assumptions are applicd to the tempcrature model.
For the flow acrnss the channel, fully developed flow near
the wall is assumed: i.e., v =0, The variation of the
viscosity is calculated as follows:

(i) Viscous sublayen

The effective viscosity is calculated by substituting
Eq. (AJ) and Fq (A 8) into Fa. (6), which yields:

u=5Cu= k j,ccyv (18)
(1]
n’..'?’.-, R T s
. LB b 2
f‘-,,~ = ,..1-- ’ - ' )
NI Jhot ke e m T
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The same proportionality given in Eq. (18) can ulso be
found by using the Prundtl mixing length theory where
the effective viscosity is calculated from [39]:

du
gl | =2
He=0 oy

where the mixing length, /,. is given by Van Driest's
relation as

ln=Ky[l =exp(=z0"2y/uA)] (20)

K and 4 in Eq. (20) are cmpirical cocificients. For the
case y € 1, Eq. (20) reduces to

(19

Im= Ky(ro" y/ud)xyt. (21

Assuming a linear variation of the main flow velocity ncar
the wall and substituting Eq. (21) inio Eq. (19) yields:

pe %y (22)
which has the same proportionality as given in Eq. (18).
(ii) Fully turbulent region:
Substituting Egs. (A3) and (A R) into the effcctive tur-
bulent viscosity equation, Eq. (6) yields
n
for y.2ySy,.
(231

ko~ k
Uy = C‘,Q(.‘/)' [kp+( ‘P) (y - yp)
Ye=Jrp

Note that in Eq. (23), the value of the turbulent kinctic
energy at the cdge of the viscous sublayer is used instead
of that calculated at node £.

In the fully wurbulent region, the turbulent viscosity i
calculated from Fq. (23). Equations (18) und (22) sugges!
that the turbulent viscosity in the viscous sublayer should
vary with the fourth power of the distance from the wall
This variation is found by matching the effective viscosi-
tics at the adge of the viscous sublayer, which then yieids.

w» Cooev k2 (ply)t for y=y,. (24

The integrals in Fgs. (15¢) and (15d) can now be cvalu-
ated by splitting them into two parts, namely, viscous
sublayer and fully turbulent region, and using thc-rela-
tions given in Eqs. (24) and (23) respectively.

3 Moethod of solution

The turbulence model described above has been incorpe-
rated into a numerical program previously developed (or
laminar convection (40}, The program is capable of han-
dling both forced and (ree convection. The transport ¢qua-
tions are solved using the Parankar-Spulding hybrid dil-
ferencing scheme [41]. The time-dependent partial diffec-
ential cquations are inlegrated over a finite number of
cells and over each time step. The resulling equations ur.
modificd {or the near-wall cells as required by the nea
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wall models. The procedure results in"a set of simultane-
ous algebraic equations that are solved itcratively for {he
velocity, temperature, pressure, turbulent kinctic cnergy,
dissipation rale and turbulent viscosity profiles. The
resulting temperature profile is lhen used to calculate lht.
local heat transfer coefficients.

The steady-state solution to a given problem can be
obtained either by solving the time dcpendent governing
equations until the steady-state solution is reached or
solving he slcady-state equations iteratively, Using the
time dependent equations has the advantage of converg-
ing the steady-state solution in complex flows (e.g. recir-
culating flows) with smailer time increments at the price
of higher computation time. On the contrury, the iterative
sofution of the steady-state equalions, in general, has con-
vergence problems. [Howcver, if the solution converges it
requires Iess computation lime than the previous method.
In non-recireulating Qows (e.g. channet or pipe flows) it is
found that the steady-state solution is obtained faster by
using steady-state equations rather than the transicent ones.

In the present work, the steady-stale {orm of the
governing cyuations has becn used (the time depcndent
terms of the governing equarions are dropped) to study the
heat transfer and hydrodynamics of the channcl flow. The
fully developed experimental velocity profiles are used as
the initial conditions for slarting iteration.

The predictions of the computer program arc assumed
to have converged when the relative changes in quantities
of intcrest between two successive iterations are less than
107°. The convergence is usually cstablished within 2000
iterations. 20 grids are taken in the flow and cross flow
directions. The grid sizes in the flow direction are based
on dhe length of the channel. Uniform and non-uniform
spacings arc uscd in the flow and cross flow directions,
respectively,

4 Resuits and discussion

Two-dimensional steady-state fully devcloped turbulent
flow in a channel has becn considersd to study the
sensitivity of predicted velocity, temperature, turbulent
kinetic energy and efTective turbulent viscosily profiles to
the choice of constants used in the two-equation &k - ¢
modcl. Fluid flow between two parallel wails maintained
al difTerent constant temperatures has been analyzed. Fur
the case of steady-state, fully developed velocity and tem-
perature profiles, the same amount of hcat transferred
into the fluid from the hot wail is removed by the cold
wall. Therefore, the problem may be also considered as a
constant heat addition and ramoval process in a chunnel.
Moct available experimental dnin pertain nnly i flow
measurcments, that is, velocity, shear stress, etc. Thesc
* data include the earlier measurements of Laufer (20 and
those of the recent works of Clark [21], Hussuin and
Reynoids [22], and El Teibany and Reynolds (23, 24], The

ol b ’*ﬁrat

predictiony of flow behavior are compared with the results
of [20, 22). Experimental data for temperalure distribution
in a fully developed channel flow are less common. The

only detailed temperature data ure thosc of Corcoran -

etal. (16, 17] and Page etal. [18, 19]; both have been used
lor comparisons prescnted below. The predictions of heut
trunsler cocfficients are also comparcd to available carre-
lations and experimental data,

Due to the important mle of the effective turbulent
viscosily in the govering equations, a number of varia-
tions in the & = ¢ model constunts have been used in per-
forming comparisons with the experimental duta. The five
cases employed in this sensilivity study arc shown in
Table L. In the first three cases, only the coefficient of
turbulent viscosity, C,, has been varied. The first varia-
tion is thc asymplotic value of C, as the turbulent
Reynolds number goes to infinity (cf. Eq. (90)) (1. 2, 36},
and for the next two. variations it is tuken Lo be a t‘unctxon of
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the turbulent Reynolds number (cf. Eqs. (9a) and (9b)). In

the fourth cuse, in addition to the variation of the coef-
ficient of turbulent viscosity (case 3), the coefficients in
the logarithmic velocity profile used in the near-wall
kinctic cnergy model (of. Eq. (A 1)) are aitered o be con-
sistent with experimentally correlated valucs. In the last
variation, case 5, the turbulent kinctic energy Prandtl
number, ¢, is changed.

Each of these five cases has been used in the analysis
with and without the near-wall temperature model. Since
the energy equation is decoupled from the other equa-
tions. the flow predictions are not affected by the inclu-
sion of the near-wall temperature model,

The velocity predictions of the model are compared to
the experimental data of Laufer {20} (Fig. 2a). Hussain
and Reynolds (22] (Fig. 2b) and Page etal, [18, 19]
(Fig. 2¢). From Figs. 2a—c, it is seen that the velocity
predictions are insensitive 10 variation of the constants in
the & ~ ¢ model. All of the cases (Table |) predict the
velocity profile very well compared to the experimental
duta. If the ultimate goal was 1o predict only the velocity
profile, then the constanis suggested in the literature
[I—-4] could be used without introducing significant grror
in the predictions. However, as will be shown, this
conclusion is not true for the predictions of the other
dependent variahles.

Table t. The variations used in the sensilivity study?

Casel  C,-0.09

Case 2 €, =009 exp [~ L5/(1 + Re,/50)]

Casel C,=0.09cxp[ L4/(L+ Re,/50)%)

Case 4 Cuse 3 with the experimental values of the constants in
the loganthmic velouty prolile, tq. (11)

Case5 Caselwitho, =1, .SS

* The profiles labeled wuh pnmes in the accompanying figures
correspond o the cuses without near-wall temperature model
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Flg. 2a~c. » Comparison of the predicted velocity profiles with the measurements of Laufer [20] at Re = 61 600; b Comparison of the
predicted velocity profiley with the measurcments of Hussain and Reynolds (22} a1 Re = 13800: ¢ Comparison of the predicted velocity
profiles with the measurcments of Page et al. [18, 19 at Re = 4275
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The calculated turbulent kinetic encrgy for the first
four cascs is compared to the cxperimental data of Lauler

[20] for two difTercnt Reynolds numbers

in Figs. Ja

(Re = 61 600) und 3b (Re = 30 800). The predictions of the
turbulent kinetic encrgy near the wail are secn to be
highly sensitive to the choice of constants. When the
effective turbulent viscosity cocfTicient is combined with
the experimentally calculated values of the constants in the
logurithmic velocity profile near the wall (case d), the
predictions of the modcl are noticeable improved,

Fig. 3. 8 Comparison of the predicted
rbulent kinetic encrgy profiles with
the measurements of Laufer (20] at

Re « 30800 Re=61600: b Comparison of the

predicted turbulent Kinetic energy
profiles with the measurdmentS of

o= P N TN () TS M Laufer {20] at Re = 30 800

03 0.4 0.5
¥/o

The calculated turbulent viscosity for the first four
cascs identificd in Table | is compared in Fig. 4a and b
The results indicate that the constants used in the calcu-
lation of the velocity and (urbulent kinetic encrgy profile:
cun be adjusted to provide an accurate representation of
the turbulent viscosity close to the wall. The effect of thesc
adjustments on the distribution of the turbulent viscosit
toward the center of the channel is not sufficient enough:
to rcpraduce the experimentally observed characteristic:
Experimental evidence indicates that the effective turk:
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~=—Case 2
- Cage J - Case 1 -
=== Case 4 R - Case 2
—Casa J -
- = Case ¢ Fig 4 a Predicted variation of turhu-
| lent effective  viscosity across the
channe! at Re =61 600: b Predicted
'1 4 variation of turbulent effective vis-
cosity across thc channel at Re =
3 l 3. M | 4 L 1 1 i | " 30 800 !
0.2 0.3 0.4 0.5 02 (&) Q.4 08
70 ] vy

lent viscosity increases with distance from the wall,
reaches a maximum and then decreuses 10 a value of about
0.7 umes the product of the friction velocity and the
boundury layer thickness ncur the center of the channel or
pipe [22] The cfTective viscosity variations calculated by
using the suggested coefficients [1 -4] far the sbove men-
tioned cases do not demonsirale this same behavior
(Figs. 4a and 4b). At high-Reynolds-numBer 110WS, The
turbulent viscosities near the center of the channcl are so
high that variations in viscosity in that region would

not significantly affect the flow and heat transfer calcula.

saeem C236 1
== Casa 2
= Case 3 -
—— Casa 4
— Case §

& Experimental,

Hussan and Reynokis [22)

Fig, 5. a Predicied variation of wrbu-

lent kinetic energy at Re = 13 800:

b Comparison of the predicted offec-

-tive turbulent viscosity o the experi-
mental data of Tussain and Reynolds

foe 1 I [22]atRe = 13800

02 03 Qe 1§

Yo ' -

varigtion in viscosity in the region close to the center
would have a significant effect in these, calcuhuons

In order (o predict an effective turbulent viscosity ncar
the center of the channel that is consistent with the experi-
ments. the turbulent kinctic cnergy Prundtl number, o, -
can also be adjustcd. Although this does not result in a |
significant change in the prediction of turbulent kinetic
energy and turbulent viscosity close to the wall, it does
afTect the predictions of these quantities towurd the center
of the channel as is shown in Figs. Sa and b, The predic-
tions of the turbulent viscosities are compured L0 the

tions. However, for low-Reynolds-number flow, a small: .. cxperimental data of Hussain and Reynolds [22] in Fig. 5b
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Fig. 6. Compurison of the predicted temperature profiles with
and without near-wall temperature model at Re = 13800
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Fig. 7. Compurison of the predicted temperature profiles with
and without near-wall temperature- model 10 the experimental
daiu of Puge et al, (18, 19] at Re = 4275
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Fig. 8. Comparison of the predicted Nusselt qumber with and
without neuar-wall temperature models
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§, Comparing the results labeled us casc § and case §/, one
obscrves that the ncar-wall temperature model produces
smaller temperature gradient in the near-wall region.

Caiculated temperature profiles are compared to the
data of Page etul [I8. 19) in Fig. 7. The profiics are
obtained by using the experimental values of turbulent
viscosity in the calculations. Compurison of Lhe results
with the experimemal data indicates that the calculated
temperature prolile, especially near the boundary, is
noticeably improved by use of the near-wull temperature
model. This is especially important since near the bound.
ary the temperature gradient plays a significant role in the
caleulation of the heat transfer coefficient.

The prediction of the Nusselt number with the & —¢
mode!l has been greatly improved by including the near.

~ wall temperature model, as shown in Fig. 8. The resuits

" are compared to the correlations of Dittus-Boceiter [42)

which shows a substantial nmprovemcm of case 5 over the

other four cascs.

As discussed in canjunction with the description of the
near-wall temperuture model, the effcctive turbulent vis-
cosity plays an important role in the prediction of the
temperature profile and thercfore, local heat transfer coef~
ficients. The predicted temperature profiles. for the flow
conditions studied by Hussain and Reynolds [22), are
shown in Fig, 6. In obtaining thesc temperature profiles,
'the ncar-wall temperature model was incorporated into
‘the analysis. In uddition, the calculations were repeated
Tor the same constunts us uscd with casa 5, but without the
near-wall temperature model: the results are shown as case

- -v-' g e -.,“."
u‘ ~ J»l’ . )
RS et
Moy a4 gJ -J e ‘*
&

W'- LS L

(for pipe flow) and of Seban [30] (for asymmetricully
heated walls) and the calculations of Rarrow [33-35] It is
obscrved by Levy etal [26] that the heat transter coef-
ficients predicted by the Diuus-Boelter correlation for a
symmoetricaily heated chunnel are 15-30 percent higher
than the cxperimental values. Barrow [33~135] und Spar-
row etal. (27] also showed (hat the heut tramsfer coef-
ficients for asymmetrically heated walls (as in the present
study of one heuted and onc cold wall) are even smailer
than those of the symmetricaily heated channel.

The Nusselt number predictions with the near-wall
temperature model are in good agreement wilh the results
of Seban [30] and Burrow [33-35]. Also, the predicted
Nusselt numbers are about 15—30 percent lower than the
predictions of pipe flow equation [42] which are in

"
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agreement with the cxpcrimental observations of Levy
etal. [26] and Sparrow ctal. [27]. Predictions of the
Nussclt number without the near-wall lcmperature model
arc also presented in Fig. 8. Nusselt numbers calculated in
this way are much lower than either the theoretical or
experimental results. The deviation from the cxperi-
mental and lheoretical valucsiincreases as the Reynolds
»number increuses: this can be attributed to the choice of
the high-Reynolds-number form of the &k — ¢ model. in
which the ncur-wall kinctic energy model requires that the
first node be outside the viscous sublayer. Therefore, the
predictions without the near-wall temperature model bes
come less accurate al higher Reynolds numbers.

5 Conclusions

The high-Reynolds-number form of the-k — ¢ model as
modified by the near-wall turbulent kinetic encrgy model
has been applied to a fully developed channel (low. It has
been found that the model with constants suggested in the
literature does not predict the correct variation of the
effective turbulent viscosity away from the wall, which in
turn affects the prediction of temperature distribution and
local heat trunsfer coefficients. In order w predict the
correct behavior of the turbulent viscosity toward the
center of the chanpel, the turbulent kinetic energy Prandtl
number, a;, has to be adjusted for the flow conditions
which suggests that this quantity should be a function of
Reynolds number.

The k-2 modcl modified soicly by the near-wall
kinetic energy model does not predict the temperature
profile und local heat transfer coefficients accurutely, and
its predictions become less accurate as the Reynolds
number increnses. A near-wall temperature model, similar
to the near-wall turbulent Kinctic energy model. has been
developed to improve the prediction of the k = & turbulent
model. Limited comparisons of the predicicd results with
experimental data and available correfations show a good
agresment.
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Appendix

Description of the near-wall kinetic energy model

The neur-wall kinetic encrgy model deseribed in (4] is as follows:
Bused on the assumptions stated in the text, the mean vefocity

) ? AW ‘1\ v da
R .J
o . \{ b‘“ "*!l

purailel 10 the wall und the turbulent Kinctic eneryy are given ast

a) velocity,

T p

—0 or y=),

e (A1)
u=

%

y ki
;("T‘-_k“’ n(r for -y d8y=y,.

where the continuity of the velocity al the edge of the viscous
sublayer requices that the constant £* be given by

E* =exp(x Cl/4 Re)/Re, . (A2)
b) turbulent kinetic energy,
ke (}'/)'r)z k for ysp, I (A
ks kp+ L ()=rp) for v S p= ¥,
Ye=Jtn :

where &, is obtained by evaluating Ry, (A3) at the edge of the
viscous sublayer.

The local turbulent shear stress distribution, t,, over the near-
wall cell. is nccessary in order to detcrmine the mean raic of
kinetic encrgy production. Physically in the region close to the
wall whers lurbulent eddies are infrequently present, the local
turbulent shear siress is taken as z¢ro, This stress increases rupidly
in a short distance outside the laminar layer. For compulation
purposes, the laminar sublayer and the short transition region are
combined .in a single region us the viscous subluyer. Therefore.
the local turbulent shear stress is assumed to be piece-wisc con-
tinuous: the stress is zero in the viscous sublayer and undergoes
an abrupt increase at the edge of the sublayer and varies linearly
over the remainder of the ccll (Fig. 1¢).

e {0 for y <y
Ul r(n e n) iy, for poSygy,
where r, is caleuiated by evaluating Fy, (A1) at node P,

The mean ratc of production of kinetic energy per unit
volume can then be evaluated by integrating

k ('.Bu 5 a;-)
Ry

over the surface of the cell with the aroremcnuoncd assumptions,
The final form of the equation is given as:

(Ad)

(A8

Mecan production rate
2 .
s

’:E‘TM k“’ [ln(\ /\r) +(z/te ~ D1 =y /v )
px

+rwa (1""/\,)*' (f, lr) ax [l -()l/}' 2] {A6) -

Equation (A6) is different from the vnc used in Ref: [4}. Fquation
{A6) may also be written in terms of ¥, and u, (the form given in
Ref. [4]) by using the logarithmie velocity profile. Eq. (A 1):

Mean production rate

RN T A & A )
T
S

or or g

+ ru-'é? (- R /."f) + E (f! - r\') a;' [l -()‘r/.vr).l'
Equation (A6) resulted from the intcgration of the production
term over lhe ncar-wall cell; therefore, it assures that the
production term is always positive (this could also be proved by
expansion of Fy. (A6)). Equation (AT), however, is derived by
changing the variables in the first part of Eq. (A6) to the velocity
variables. The velocities are calculated during the ileration
process. and do not necessarily vary logarithmically over the near-
wall ccll. Therefore, the use of Ec, (A7) could result in a ncgative
overail priduction rate,

(A7)

e o ""-1' SR3
L a-u
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The negative production rate in one near-wall cell would
result in w change in the kinetic encrgy and, conseyuently, in
a higher production term in the adjavent near-wall cell to
compensiale for the error of the previous neur-wall cell. This
process would yield a stable periodic oscillation of the turbulent
kinetic.energy along the flow direction. To overcome this periodic
oscillation. the use of Eq. (A6) rather than Eq. (A7) is recom-
mended.

As it wus mentioned in the assumption (v) given in the ext,
the dissipution rate, ¢, in the viscous sublayer is shown to be

ekllz
constant and equal to Zv( 3

evalnated hy using the assumed nirbulent kinetic enerey profile in
the viscous sublayer (cf, Eq. (A3)). In the Cully turbulent region, ¢

2
) (1}, This constant value is

' kM
is taken o vary lincarly with e {37

2vk sy for y<w,
key for yoapsy,

where ¢; is-a constant cqual to 2.5, ‘.

In the. derivation of Eq, (A8), the parabolic assumption of
turbulent kinctic encrgy in the viscous sublayer is used to
evaluate the constant value of the dissipation rate (¢f. Eq. (A 3),

The mean dissipation rate for the cell. 7, can now be evaluatcd
by integrating Eq. (A8) over the near-wall cell. The resulting
equation is given in Ref. [4].

(AR)
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