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Determination of Ventilation Rates in 
Occupied Buildings from Metabolic C02 
Concentrations and Production Rates 

P. N. SMITH* 

A programme is developed for determining the internal and external ventilation coefficients for an 
occupied building from measured C02 concentrations and production rates. Errors in the estimated 
coefficients resulting from errors in the input data and from the approximations used in deriving 
the ventilation equations are studied and a procedure developed for keeping the errors in the output 
to an acceptable level. The metabolic C02 method is then compared with measurements of the 
decay of a tracer-gas and good agreement is obtained. 

INTRODUCTION 

DETERMINATION of the ventilation rate by the meta
bolic C02 method was carried out by Penman for a single 
mechanically ventilated space with all incoming air being 
fresh air (1]. The values obtained agreed well with that 
expected from the rating of the fan used to ventilate 
the space. The technique was extended by Penman and 
Rashid to estimate the ventilation rate in a naturally 
ventilated room whose incoming air was not necessarily 
fresh [2]. 

This meant that the C02 concentrations in the adjacent 
spaces had to be monitored in addition to the con· 
centration in the room under study. This time the result 
was compared with a determination made using SF 6 as 
a tracer gas; once again good agreement was obtained. 

In this paper both the internal and external ventilation 
rates are determined at Tidcombe Lane School, Tiverton. 
The C02 concentrations in the internal spaces and in the 
outside air were monitored by the author using equip
ment set up in the school by the South-West Energy 
Group (SWEG) [3] . This was accomplished by measuring 
the C02 concentration in each Of the spaces sequencially 
using a commercial ir ·. gas analyser under the control 
of a microcomputer switching and data logging system 
developed by the SWEG. The C02 production rates for 
the internal spaces were estimated from the occupancy 
figures collected for those spaces by the author as 
explained below. 

ESTIMATION OF PRODUCTION RATES 

For those days on which the ventilation rates were 
determined the number of children and the number of 
adults in each internal space were recorded once every 10 
min : when multiplied by the mean C02 production rate 
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per child/adult respectively these occupancy figures yield 
an estimate of the C02 production rate in each space. 
The mean C02 production rates were estimated from the 
author's measurements of their heart rates using the data 
published by Godfrey and Simon [4]. Using a mean 
height of 1.3 m for children and 1.8 m for adults the mean 
heart rates were first converted to mean oxygen intake 
rates and then to C02 expiry rates. The relevant values 
are displayed in Table 1. 

SOLVING THE VENTILATION EQUATIONS 

Let vlj be the volume rate of flow of air from the ith 
space to thejth space, where 0 ~ i,j ~ n; n is the number 
of internal spaces and the zeroth space is defined to 
be the outside. Neglecting compressibility the continuity 
equation for the air in the ith space is 

n n 

I vu= I v1; where i = 1, ... , n. (1) 
1-0 l= 0 

Now if C;(t) is the concentration of a particular constituent 
of the air (this will be assumed to be C02 unless otherwise 
stated) in the ith space at time t, V. is the volume of 
the ith space; W, the rate of production of the above 
constituent in the ith space; the continuity equation for 
the constituent in the ith space is (assuming homo
geneous mixing) : 

i = 1, ... , n. (2) 

Using (1) and setting C;(t) = C;(t)-C0(t) for i = 
I, ... , n [where C0(t) may be taken as constant] we may 
rewrite (2) as 

de. n 

V.df = W;+ I [v11 (C1 -C,)]-v0;C;. 
1- I 

(3) 

We note that (3) does not contain the ventilation 
coefficients v 10, ..• , v. 0 (i.e. the flows out of the building), 
they are determined by (l) which may be written as 



.~ . 

96 P. N. Smith 

Table I. 

Mean heart rate 
(beats min- 1) 

Mean rate 0 2 intake 
(ml h- 1) 

Mean rate C02 production 
(ml h- 1) 

Children 
Adults 

n 

95.4 
71.0 

V1 0 =v 01 +I(vji-vij), i=l, ... ,n. 
j- I 

(4) 

As in Penman and Rashid we integrate (3) over the time 
interval (tk, tk+ 1 ), assuming vij to be constant over the 
interval, to get : 

We wish to cast equation (5) in the familiar matrix 
form 

A·X=B, (6) 

where Xis the vector of unknowns and A and B contain 
the known coefficients. We begin by labelling the v's as 
follows: 

Y1 ··· Yn Yn+I ··· Y2n-1 Y2nY2n+I ··· 

V2,, ••• V,, I • • • Vnn-1 

t t ' (7) 
Yln- 2 • • · Yn 2-n+ 2 • · • Yn 2 

that is v1j corresponds to Ym' where 

m'(i,j) = (n- l)i+J + W +sign n(i-j)]; 

. { l,x~O 
sign x = _ l, x < 0, (8) 

and conversely 

( , 2) .;; 
i(m') =Int' :..=-

1 
, J(m') = oc+Hl +sign (oc-i)] 

where (9) 

1 
{Intx:x ~ 0 

oc=(m'-1)-(n-l)i, Intx= O:x<O 

and Int xis the largest integer not greater than x. 
Equation (7) defines a 1-1 correspondence between 

the v's and the Y's. However, it may be that certain spaces 
in the building are not directly connected to each other 
and so the corresponding ventilation coefficients must 
be set to zero (e.g. see Fig. l where v 13 = vl 1 = v34 = 
v43 = 0). We specify the zero coefficients by giving the 
function Z: 

{
o if vi(m')j(m') = 0 

z,= -
m 1 otherwise (10) 

and we omit the vanishing v's and their corresponding 

1.71 x 10-2 

2.922 x 10-2 
1.368 x 10-2 

2.3376 x 10-2 

Y's from the list, (7), by setting 
m' 

vij __. xm where m = zm, I zk; [m' as in C8)J. 
k-1 

(11) 

All of the vanishing v's then map onto X 0 and we now 
have a 1-1 correspondence between the non-vanishing 
v's and X 1, ••• , XN, where 

(12) 
m'= I 

is the number of non-vanishing v's. So fdr each 
m E { 1, ... , N} there is a unique m' E { 1, ... , n2

} such that 
m' 

(13) 

this will be denoted by m'(m). 
Let us consider a particular value, i0, of i in equation 

(5). Note that the coefficients, vji,• which appear in this 
equation do not appear in any of the equations cor
responding to the other values of i and therefore we can 
solve the equations for a particular value of i inde
pendently of the equations for the other values of i. 

Suppose that n1 of the coefficients vji U = 0, ... , n) have 
not been set to zero a priori, clearly 

n 

In 1 =N. (14) 
jr:z ( 

If k [in equation (5)] takes on the values 0, ... ,p then we 
require that 

p ~ Max(ni. .... ,n"), (15) 

in order that we have sufficient equations to solve for all 
of the unknowns: For each value, i 0, of i let 

110 = {m, such that i(m'(m)) = i 0 }, (16) 

then for that value of i the p equations arising from (5) 
can be written as 

L AkmXm=Bk; k= l, ... ,p 
me/10 

where 

(17) 

and 

which is the promised matrix formulation of (5). 
In solving (5) for each value of i separately we have 

taken advantage of the fact that the matrix of coefficients 

I 
J 
t 

~ 

j 

I 
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is block-diagonal. As a result we need only store n small 
arrays (p x n;) requiring pN storage elements altogether 
as opposed to an np x N array, consisting of npN 
elements, many of which will be zero. Hence we reduce 
the storage required by a factor of l/n and can expect a 
similar reduction in the required computing time. 

In practice there will be errors in the measured values 
of C; and W1 and hence in the values of Akm and Bk and 
also vu may not be exactly constant over the interval t 1 

to tP+ 1• Therefore we cannot expect to solve (17) exactly 
but rather we take more than the minimum number of 
equations required to determine a solution (i.e. we take 
p > Max(n 1, ••• , n.)) and solve them in the least-squares 
sense, subject to the constraints imposed by the con
tinuity equation (4). For, although the coefficients v10 do 
not appear in (5), like all of the v's they are defined so as 
to be non-negative and so require the solution to satisfy 
the inequalities 

Vo;+I(v1;-v11 )=v;0 ~0, i=l, ... ,n. (18) 
j~ I 

However, for any i such that v10 = 0, (18) is replaced by 
the equality constraint 

n 

v01 + I (vp-v,1 ) = 0, 
;-1 

writing (18) and (19) in terms of''the X's we get 

(19) 

Zm'(i.j) {xm(O ,i> + .~ (Xmu.il -Xm(iJ) )} ~ 0, (20) 
1- I 

and 

(1-Zm'UJ)) {xm(O.i) +.I (XmU,i) -Xm(iJ))} = 0 
1 - 1 

(21) 

where m(i,j) = rn(rn'(i,j)) and i = 1, ... , n. 
The complete problem is to solve the overdetermined 

equations (17) in the least-squares sense, subject to the 
inequality constraints (20) and the equality constraints 
(21). This is precisely the problem LSI with equality 
constraints in Lawson and Hanson's book [5]. The pro
gramme used to solve the equations was a coding of 
algorithms given by Lawson and Hanson although the 

equality constraints were omitted as they were not 
required for the present study. It should be noted that 
although the matrix of coefficients in equation (17) is in 
block-diagonal form (each block corresponding to the 
flows into a particular room) the constraints (20) and 
(21) introduce interactions between the different blocks. 
Hence the equations must be solved for all of the rooms 
simultaneously and therefore the method of [2] cannot 
be applied to each room. 

ERROR ANALYSIS 

The only parameter in the problem which we are at 
liberty to vary is p, the number of timesteps over which 
the least squares minimisation is performed. We choose 
p so as to try to minimise the error in our estimates of 
the ventilation coefficients. Let us consider the sources of 
error. 

H ornogeneous mixing 
The assumption of well-mixed spaces used in deriving 

the ventilation equations was not investigated as there 
already exists a wealth of literature on this topic. 
However, it was noted that when tracer-gas measure
ments were taken at two widely separated points in the 
largest and most complicated of the four spaces (the only 
one in which any significant departure from homogeneity 
might be expected), excellent agreement was obtained. 

C02 Production rates 
Systematic error. In order to investigate the effect of 

the error in the estimated C02 production rate per person, 
runs were performed with the value increased by 10% 
and decreased by 10%. The resulting changes in the ven
tilation rates expressed as percentages of the original 
estimates are plotted in Fig. 2 for values of p ranging 
from 4 to 20. It will be seen that there is roughly a 10% 
change in the estimated values for most of the range, 
indicating that the error in the output is roughly equal 
to the error in the input in this case. 

Random fluctuations. In order to estimate the effect of 
neglecting the variation in C02 production rate between 
individuals, changes in the number of people in a given 
space in the LO min between counts, variation in C02 

production rate with level of activity, etc. random fluc
tuations, uniformly distributed between ± 10% were 
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A : 2% random fluctuations added to C02 concentrations 

B: error in the back-fit to the C02 concentrations 

C : 10% random fluctuations added to the C02 production rates 

D : constant 10% increase/decrease applied to the C~ production rates 

added to the C02 production rates in each space. The 
resulting RMS fluctuations in the estimated ventilation 
races, as percentages of the original estimates, are plotted 
in Fig. 2 for p between 4 and 20. For p between 7 and 16 
the fluctuations in the output are Jess than 10%, although 
the situation deteriorates towards the ends of the range 
of values of p. 

We note that in a geometrically complex open-plan 
building, such as the one studied here, where there exists 
much movement of people between rooms and in and 
out of the building, coupled with a great variety in activity 
levels, one would intuitively expect the estimates of C02 

production rates to be tli~ major source of error. We are 
fortunate that the method of analysis adopted is rather 
insensitive lo changes in these production rates. 

Measured C02 concentrations 
Zero drift. As it took weeks for any significant error 

in the zero adjustment of the sampling device to develop 
we can take any error in zeroing to be constant over the 
1--4 h required to collect data for an estimate of the 
ventilation coefficients. However, adding a constant to 
all of the concentrations ]eaves the ventilation equation, 
(5), unchanged and so has no effect on the results. 

Calibration error. The measuring device must be cali
brated against. a gas mixture of known col con
centration · the concentration of the calibra.ting mixture 
may be sl ightly in error and also d.rift will occur in the 
calibration. just as it does for zero adjustment. As above 
any drifl can be treated as cons·tant over ihe required 

Fig. 2. 

period. If the calibration error causes us to read C'. = A.C. 
instead of C;, equation (3) becomes ' ' 

So we see that this has the same effect as a systematic 
error of I/ A. in the C02 production rates. Hence the analy
sis above applies in this case. 

Random errors. From the manufacturer's specification 
we expect the C02 concentration readings to be accurate 
to within 2%. So random errors uniformly distributed 
between ± 2% were applied to the C02 concentrations. 
The consequent RMS changes which occurred in the 
estimated coefficients, expressed as percentages of the 
original values are plotted in Fig. 2 against p. We see that 
for low values of p the output is extremely sensitive to 
random errors in the C02 concentrations and we have to 
go top = 8 reduce the error in the output to 20% or to 
p = 15 to get it down to 10%. In order to minimise these 
errors we would like to take as large a value of p as 
possible. However, once p gets above 10 the errors due 
to inaccuracies in the C02 production rate estimates start 
to grow and so it is clear that a compromise will have to 
be made. 

The assumption vii = constant 
In Table 1 we display a set of ventilation coefficients 

obtained for p = 10. The results possess the interesting 
property that the internal flows are predicted to be zero 
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Fig. 4. Room 2. 

for much of the period studied. This is the only set of 
data analysed having this feature. As no records were 
kept of the state (open or closed) of the doors or 
windows, the reason for this behaviour is unknown; 
though Figs 3 to 6 (which compare predicted to measured 
C02 concentrations-see below) indicate that the results 
are reasonable. From the v~ues displayed in Table 2 it 
is clear that over the 2 h required to gather the data to 
estimate a set of coefficients, some of the ventilation 
coefficients vary significantly. However, the least-squares 
procedure used to analyse the data will pick an "average" 
value for each coefficient during the interval, which will 
be the best value in the least-squares sense. To gain some 
idea of the effect of this "averaging", the estimated ven
tilation coefficients were substituted back into equation 
(3) (along with the C02 production rates estimated as 
above) which was then integrated to find the C02 con
centrations. These values were compared with the mea
sured C02 concentrations and the RMS of the dis
crepancies expressed as percentages of the measured 
values are plotted against p in Fig. 2. As one would 
expect, the longer the interval over which the ventilation 
rates are assumed constant (i.e. the larger p), the greater 
is the discrepancy. 

124 

122 

12C 

118 

;;- 116 

~ 114 

.§ 112 

~ 110 

~ 108 
u 
g 106 
u 
NI04 

0 
u 102 

100 

98 

96 + 
94~~..._~....._~_._~_._~ ....... ~---~--"~--' 

9 

8 

t 
7 

.! 6 

§ 
~ 5 

~ 4 g 
"' 3 8 

2 

115 120 125 130 135 140 145 150 155 

T ime in decimal hours (x 10-11 

Fig. 5. Room 3. 

+ 

+ 

+ + 

o~~..._~....._~..._~_._~_,_~_._~___,_~__. 

115 120 125 130 135 140 145 I~ 155 

Time in decimal hours (x 10-1) 

Fig. 6. Room 4. 

It is clear from Fig. 2 that we cannot simultaneously 
minimise all of the errors; however, we note that for 
p = 8-10, none of them is greater than 20% and so setting 
p to 8-10 would seem a reasonable choice. 

The plots of estimated and measured C02 con
centrations for one of the days, using p = 10, are given 
in Figs 3--6. Agreement is good with slight damping of 
large excursions as is to be expected from the "averaging" 
discussed above. The fit is very good for rooms 2 and 3 
where the highest concentrations exist but is poorer for 
room 4 where the concentration is down by a factor of 
100 and C02 production rates are low. In fact the study 
was also carried out ignoring room 4 altogether because 
of its low concentration and good results were obtained 
for the other three rooms. 

COMPARISON WITH SF6 MEASUREMENTS 

In order to provide a check of the metabolic C02 

method, SF 6 tracer-gas measurements were also taken on 
the 3 days studied. On each day a small quantity of gas 

'r 
' r 

\ 

'· 
;J 
I 



, 
• 

Determination of Ventilation Rates in Occupied Buildings 101 

Table 3. Total ventilation for each room expressed as ac/h for 
day l 

Time 
(h/min) v, V2 V3 V4 

12/24 2.17 0.58 1.24 4.97 
12/37 2.47 0.59 1.21 8.21 
12/50 2.29 0.6 l.29 10.37 
13/03 1.89 0.61 l.41 11.6 
13/16 1.00 0.63 1.6 10.36 
13/29 0.91 0.65 0.59 10.99 
13/42 0.83 0.96 0.63 8.6 
13/55 0.84 1.1 0.73 4.23 
14/08 0.91 0.81 0.86 2.78 
14/21 0.92 0.83 0.92 2.66 
14/34 0.86 0.81 0 .99 2.25 

v 1 was estimated to be 1.13 ac/h from SF 6 measurements. 

affect the slope of the calculated curve, which is the 
important quantity used to estimate the total ventilation 
rate. The slopes of the calculated curves are in fact in 
good agreement with the slopes obtained from the tracer
gas measurements, providing evidence that the metabolic 
C02 method can produce sensible values for the ven
tilation coefficients. 

The total ventilation rates, calculated using the meta
bolic C02 method, are displayed in Tables 3-5. In order 
.to estimate the total ventilation rate in the room in which 
the tracer-gas was released, solely from the measurements 
of its decay in that room we are forced to neglect the 
second term on the right hand side of equation (22) as 
we do not have enough information to evaluate it. This 
procedure will be adequate just after the release of gas 
when the concentrations in the other rooms are small, 
but if a significant build-up of the gas occurs in one or 
more of the other rooms then the estimate could be 
considerably lower than the real value. As an example 
we can see from Table 4 that on that day the above 
procedure yielded an estimate which was only half of the 
total ventilation rate calculated using the metabolic C02 

method, even though the two methods agreed upon the 
rate of decay of the tracer-gas in the room in which it 
was released. This indicates the kind of error that can be 
incurred when trying to estimate the total ventilation rate 
from readings taken in just one room. 

PERFORMANCE OF THE BUILDING 

Although there is still a wealth of C02 data to be 
analysed before any firm conclusions can be drawn con-

Table 4. Total ventilation for each room expressed as ac/h for 
day 2 

Time 
(h/min) v, V2 V3 V4 

12/44 0.72 1.24 l.O 4.35 
12/57 0.74 0.68 0.46 2.78 
13/10 0.73 0.68 0.45 2.74 
13/23 0.88 0.75 0.44 2.79 
13/36 l.O 0.8 0.43 2.87 
13/49 1.09 0.82 0.55 2.7 
14/02 0.95 0.75 0.64 2.6 
14/15 0.98 0.75 0.56 2.49 

v, was estimated to be 0.39 ac/h from SF6 measurements. 

Table 5. Total ventilation for each room expressed as ac/h for 
day 3 

Time 
(h/min) v, V2 V3 V4 

12/13 3.2 1.16 2.41 5.07 
12/26 I.I 1.18 0.5 7.33 
12/39 0.8 0.99 0.51 6.98 
12/52 0.34 1.13 0.83 2.32 
13/05 0.31 0.73 0.56 l.62 
13/18 0.32 0.71 0.55 1.93 
13/31 0.11 0.7 0.58 2.63 
13/44 0.27 0.72 0.56 3.41 
13/57 0.16 0.66 0..56 3.89 
14/10 0.42 0.57 o'.55 3.53 
14/23 0.43 0.55 0.61 3.39 

v1 was estimated to be 0.5 ac/h from SF6 measurements. 

cerning the ventilation of the building, it is interesting to 
look at the figures in Tables 3-5 and compare them 
with the design criterion for ventilation of 30 m3 h- 1 

person - 1
• In Fig. 1, rooms l and 2 together constitute 

the main downstairs space with room 4, the kitchen, also 1 

being downstairs but for the most part unoccupied; room 3 
is the only upstairs space in the building. On average 
there are about 40 people downstairs and 25 upstairs 
and so, at that level of occupancy, the design criterion 
becomes 0.8 ac/h downstairs and 2.1 ac/h upstairs. From 
Tables 3-5 we see that the figure of 0.8 ac/h downstairs 
was actually attained for much of the time during the 
three observation periods but the total ventilation rate 
upstairs fell short of 2.1 ac/h by a factor varying between 
2 and 4 (however, anybody finding it a little stuffy upstairs 
could always go down to the kitchen for a breath of fresh 
air!). It must be pointed out that the data were taken at 
the end of November-beginning of December when one 
would expect most doors and windows to be kept closed 
and hence ventilation reduced to a minimum. 

CONCLUSIONS 

It is seen that the solution of the ventilation equations 
for the ventilation coefficients, once the concentrations 
and production rates are known, can be obtained using 
standard, least-squares techniques and presents no prob
lems. Thus the only difficulties that may arise come from 
the system of equations being very sensitive to errors in 
the input data or to the approximations made in deriving 
the ventilation equations; that is excessive dependence 
upon: 

1. departures from homogeneous mixing which is 
assumed in all spaces ; 

2. variations in the ventilation rates over a mini
misation period during which they are assumed constant; 

3. errors in measured C02 concentrations; 
4. errors in the estimated C02 production rates. 

It has been shown that the effect of errors 2-4 can be 
reduced to an acceptable level by a suitable choice of 
the number of timesteps over which the least-squares 
minimisation is performed and type 1 errors can be 
largely avoided by measuring the C02 concentration at 
different places in a given space and checking that the 
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readings do not differ significantly. Finally, the metabolic 
C02 method was compared with measurements of the 
decay of a tracer gas and good agreement was obtained. 

The results obtained have been very encouraging and 
indicate that, at least for Tidcombe Lane School, the 
metabolic C02 method is well suited for determining the 
major air flows in the building. Bearing in mind the 
complex geometry of the interior of the school studied 
and the high mobility of the people within the building, 
one is led to expect that the technique will be applicable 
to a wide range of buildings. 
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