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Abstract

h The aim of this study is the development of a method for measuring

airflows between internal spaces of any compartmentalised building.
Existing methods of measuring air movements are generally unable

to cope with random measurement errors.

A general method is presented for measuring airflows in up to three
spaces where air 1is passing in both directions. Tracer gases are
injected and their growths and decays monitored in up to three diff-

erent sections of a building.

The theory of the general solution is derived in full for two and three
connected spaces, together with the most suitable method of data anal-
ysis. A method of estimating errors in calculated airflows caused

by random measurement errors is presented.

Comparison is made with existing methods of data analysis and the

effects of random measurement errors are shown using a worked example.

The experimental technique developed by the author, for measuring
tracer gas concentrations uses parallel gas chromatographic separation
columns and an electron capture detector. An examination of air move-
"ments between two and three connected spaces in dwellings, Ishows

the application of the technique developed in determining multiple

space air movements from site measurements of tracer gas concentration.
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The conclusion of this study is that the multiple tracer gas technique
is capable of determining inter-space airflows in a variety of buildings.
l The method of data analysis adopted can cope with random measurement
errors on individual data points and their subsequent effect on inter-

I space airflows calculated from such data.
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Chapter 1: EXISTING WORK ON AIR MOVEMENTS IN BUILDINGS.

1.1) Introduction

The advent of increased costs for primary fuels (oil, gas, coal)
has resulted in a growing awareness by society of the need to

conserve energy.

P

I1f one considers in the U.K., that 30% of the primary energy
used is in the domestic sector [l], then a relatively modest
reduction in energy consumption would create significant savings.
Consequently, a great deal of research effort has occurred to

achieve practicable energy conservation in dwellings.

These energy conservation techniques have one of two forms,
Firstly, to increase the thermal resistance of the building fabric
and secondly, to control the rate of natural ventilation inside
the building envelope. Increasing the thermal resistance of the
"building envelope can be achieved by applying cavity wall insul-
ation, loft insulation or insulated batts between the joists of

- suspended ground floors.

One is then faced with a more complex problem, namely the
effect of natural ventilation of a dwelling and its contribution
to total dwelling heat loss. For example an insulated dwelling,
under winter conditions, with a whole house ventilatioh rate

varying between 0.5-2 air changes per hour, the ventilation heat

loss contributes between 25 - 60% of the total heat loss [2,3].
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An Uninsulated dwelling experiencing the same ventilation rates
would have a ventilation heat loss 10-30% of the total heat loss.
Thus, controlling the ventilation rates in insulated buildings

also controls the degree of energy conservation in them.

A further effect of controlling the amount of natural ventilation
is to increase the emphasis on controlling the levels of atmospheric
pollutants (water vapour, body odour, carbon dioxide, carbon

monoxide), that are generated in occupied buildings. Air quality

is dependant upon the assumption that infiltrating fresh air dilutes
any generated atmospheric pollutants and the exfiltrating room
air removes these pollutants to the external environment. Where
recirculation of air occurs between connected spaces in a building,
pollutants generated internally can be dispersed to adjacent spaces.
A detailed knowledge of air movement paths can only be deduced
from multiple tracer gas measurements between connected spaces

in buildings.

‘Previous work on natural wventilation in buildings.

The references to existing publications mentioned in the following
discussion are not exhaustive,. A selection of existing research
into the causes and effects of natural ventilation is made. A
detailed summary of available literature published in the field
of ventilation and air movements in buildings is available from

the data base provided by the Air Infiltration Centre.*

* A.I.C. 0Old Bracknell Lane, BRACKNELL, BERKSHIRE.




The two physical mechanisms which cause dwelling ventilation
are the effects of wind and temperature differences. The driving
force behind air leakage and hence ventilation of dwellings is
the pressure difference caused by these two mechanisms across

the building envelope.

Infiltration of cold air and exfiltration of warm house air occurs
through openings in the building shell. Such openings are of
two distinct types, adventitions or purpose provided. Adventitions
openings generally occur in the form of cracks around doors and
windows. Purpose provided openings are built into the building
envelope by the designer., They are normally air bricks, window

ventilators or chimneys.

The development of prediction techniques for calculating air infil-
tration from such openings has been widely reported (4,5,6]
These techniques generally require a knowledge of the pressure

distributions caused by wind effects around the building envelope

‘to estimate air leakage rates.

A detailed knowledge of the pressure distributions caused by
wind effects across the building envelope are achieved either
by site testing (7] or studied using a variety of model shapes

in a wind tunnel [8,9].

As an alternative to such prediction techniques for dwelling vent-

ilation, is the correlation of wind and temperature effects on
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existing dwellings and the ventilation rate induced. Much research
effort has been reported, see for example refs [10,11,12]. These
and other workers have all generally reported that there is
no straightforward relationship between prevailing weather cond-
itions and dwelling ventilation. Their work has shown that dwel-
ling air leakage is a complex function of wind direction, velocity,
temperature difference, building shape and local terrain effects,
all of which can vary the local wind velocity profiles around

dwellings [13,14].

Existing methods of measuring air movements.

For the ventilation of dwellings to occur, air infiltrates and
exfiltrates across the building envelope. The airflows which
result from such wind and temperature actions and their distri-
bution between internal spaces of a dwelling are of great interest
to the building designers. Such air motion can affect temperatures

in living areas and cause condensation where warm moist air

. is carried to a cold surface. An illustrative example of this

occurs when one examines the effects of airflows between the
occupied dwelling space and the cold unheated roofspace above.
Roof condensation can cause mould growth on roof timbers and
rot in extreme cases, where_ water drips from the sarking felt
onto the ceiling,unsightiy staining occurs along with a general
decrease in the thermal resistivity of any insulating material

laid between ceiling joists [15,16].
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instrumentation used by these workers is described in Chapter

(6), Sections (6.1) and (6.2).

The method of data analysis developed by Perera [20], using
numerical differentiation of tracer gas concentration, time curves
is examined in Chapter (3), Section (3.4). The same method

of analysis has been adopted by Prior et al [19].

The second data analysis method developed by I'Anson et al
[21], using a general solution to the fundamental tracer gas equat-

ions is examined in Chapter (3), Section (3.6)

A further method of analysis has been developed by Penman [27]
this worker has developed a method of estimating the incoming
air movements into a single space from adjacent, connected spaces
by measuring carbon dioxide concentrations in occupied buildings.
This analysis method can be adapted for use in multiple tracer

gas measurements and is examined in Chapter (3), Section (3.5).

The present technique

Chapter (2) examines the strategies available when tracer gases
are injected into a test space and used to determine air movements

and air change rates.

Chapter (3) describes the different methods available for solution

of the conservation of mass of tracer gas equations. Reference




Little information has been published on air movements inside
dwellings [17,18]. Dick [17], carried out a series of tests using
a single tracer gas to determine the proportions of outside air
and recirculating house air ventilating internal rooms of dwellings,
Sanders [18], more recently has carried out research in Scottish
housing wusing a single tracer gas, to obtain estimates of one
directional air movement between occupied dwelling spaces and
the roofspace above. The single tracer gas technique used by
Sanders has a major disadvantage when applied to air movements
between two spaces. Estimating air flows between connected

spaces requires the simultaneous measurement of the air change

rates in all spaces under consideration. To overcome this problem,

Sanders "characterized" the dwelling by measuring the influence

of prevailing wind speed on air change rates. When roofspace

air change rate measurements were taken, measurement of prevailing

wind speeds during the test period enabled an estimate of dwelling

air change rate to be made,

Air movement between two or more connected spaces in a building
requires a measurement technique that can monitor tracer gas
concentrations in all spaces under examination. Having obtained
such data a method of analysis is then required to calculate

inter-space air movements and air change rates.

There are currently three measurement techniques available which
can monitor simultaneously the concentration of tracer gases in

up to three connected spaces [19], [(20], [2l]. The measuring

e g g — .+ S—
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is made to a worked example of known air flows and air change
rates, three existing analysis methods are used to estimate air
movements. Imposing random measurements errors of known size,

the effects on calculated airflows found from such data are shown.

Chapters (4) and (5) describe a new method of solving the fund-
amental tracer gas equations. This alternative solution is applied
to 2 cell air movements and air change rates in Chapter (4), and
3 cell air movements in Chapter (5). The validity of the analysis
method is considered using the worked example for known airflows

described in Chapter (3).

Chapter (6) describes the existing instrumentation used to measure
multiple tracer gas concentrations. An improved instrument based
on I'Anson's gas chromatograph is discussed, together with the
experimental validation of the analysis methods of Chapters (4)

and (5).

Chapter (7) presents the results of site measurements using the

modified gas chromatograph in a variety of dwellings.

Chapter (8) considers further applications for multiple tracer gas
measurements in any compartmentalized buildings, together with

recommendations for further research.
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Chapter 2: ANALYSIS OF VENTILATION RATES USING TRACER

2.1)

GASES.

General Requirements

The requirements for a suitable method of measuring air
movements in compartmentalised buildings, is a compromise
bet ween portability, inexpensive equipment, simultaneous
measurements of several different tracer gases, uses low
concentrations of non-toxic tracer gases and airflows under

examination should not be altered by the measuring method

in use.

There are three tracer release strate_gies used widely [22],
[23], to determine single volume ventilation rates in build-
ings: decay, constant concentration and constant flow methods.
Any of these could theoretically be used to make airflow
measurements. The following discussion suggests the decay

of tracer gas concentration, as the best compromise between

the conflicting requirements for airflow measurements.

10.
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Decay Technique

Q p Q
— v ) ~ (M?/nr)
3
(M /hr C(t) (p.p.m)
IG(M3/hr)

Consider a single cell of volume (V)M3 containing a tracer
gas concentration C(t). A pulse of tracer gas is released

at time zero (G=0).

Assuming fresh air enters and leaves the cell at a rate
(Q) Msf'hour. then the rate of change of tracer concentration

if found from the continuity equation.

- d¢ = Q-'C(t) (2.2.1)
dt v
Integrating between C{t) = Co, t=0 and C{t}= C(t)' t =t
C(t) t =t
- dac = Q. dt (2.2.2)
C(t) \
Co t=o0
~ A Gy Gpgy) = Bat (2.2.3)
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1.2,

Re-arranging and substituting for Q = N we obtain
v
-Nt
C = Co e 2.2.4
(t) -

where N is the air change rate of the cell under consideration.

The value of N is obtained from plots of In C concentration

(t)

varying with time, the gradient of the straight line obtained

being the cell ventilation rate N,

The decay technique is widely used because it requires minimal
measuring equipment and is generally well suited for making
short term measureménts. The major disadvantage occurs where
the air/tracer gas mixture is not uniformly distributed, normally
the problem is overcome using mechanical mixing fans. Addit-
ionally if poor mixing is suspected the test can be easily

repeated.

Constant concentration

The concentration of tracer gas (C) is maintained at a constant
value by controlling the rate (G) MB;"hr. at which tracer gas

is released into the cell.

The continuity equation gives

Q = G (2.3.1)
c




This method gives a continuous measurement of ventilation
rate. However, under non-steady conditions the required
complexity of gas releasing equipment which is capable of
the short response times needed, is expensive. To maintain
a constant concentration under changing weather conditions
demands a sophisticated control system to minimise system

response time and is very difficult to achieve in practice.

2.4) Constant flow

Tracer gas (G) M3;'hr is released at a constant rate. When
equilibrium concentration is reached, the rate of input of
tracer (G) M3!hr equals the rate of supply of ventilating

air (Q) M3fhr leaving the cell at a concentration (C).

The continuity equation is

ol

= C (2.4.1)

This method requires less complex equipment than for the
constant concentration method. Unfortunately the method
consumes large quantities of tracer gas as equilibrium
approaches. The major disadvantage is achieving equilibrium

concentration under varying ventilation rates.

2.5) The problem of mixing

If a tracer gas is released in a space there are three types
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of mixing that can occur. These are mixing with fresh

air entering the space; mixing of air and tracer gas in the
space and circulation of air within the space. Each of these
mixing problems may affect the measured tracer concentration

differently, (see Ref. [23]).

Firstly, fresh air entering a space may not be uniformly
distributed, consequently the concentration of the air/ tracer

gas mixture will vary for different locations.

Secondly, air infiltrating into a space and then exfiltrating
out again without mixing, can occur. This does not effect

tracer gas concentration and generally is not of interest.

The final mixing problem occurs if.one considers that the
physical volume of the space and the effective volume of the
space may be different. Effective volume is defined as that
volume of the space participating in the air exchange process.

The presence of cupboards, furniture can lead to the effective

volume being smaller than the physical volume. Conversely
the presence of a suspended ceiling, attached to the space
under consideration, having a significant air leakage will |
cause the effective volume of the space to be larger than the |

physical volume.
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Chapter 3 : ANALYSIS OF AIRFLOWS FROM MULTIPLE TRACER

3.41)

GAS MEASUREMENTS,

General

The decay of the concentration of a tracer gas with time,

in a single cell, is, under ideal conditions, exponential.

However, where tracer gas is also entering the test cell from

a neighbouring connected cell, the resulting curve shape is

not a simple exponential, In many cases, if a quantity of
tracer gas is released in a cell (1), which is connected with

an adjacent cell (2) then tracer gas will infiltrate into cell (2),
after mixing with the air in cell (_2) it may be returned to

cell (1). This process is called recirculation of tracer gas.
The origins of airflow measurements lie in a series of papers
published by Dick in the late nineteen forties [10,11,17]. He
derived equations that estimated one directional air movements

between two connected rooms in dwellings.

In recent years the basic equations governing tracer gas
concentrations in multi-cell structures have been examined by
Sinden [24], Sherman [23], Perera [25], I'Anson [26], Penman

[27] and Honma ([28].

This chapter derives the multi-cell equations and examines

the different methods of solution adopted.
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Fundamental Tracer equations

The following analysis uses a similar approach to that

adopted by Perera [25] and Sinden [24].

The following assumptions are made:

a) the structure under consideration is composed of N cells
in which air and tracer gas are pérfectly mixed.

b) Qij and Qji are the volume flow rates of air (M3lhrJ
between cells i and j, Qij is not necessarily equal to
Qji,

c) the volume of each cell is Vi (M3),

d) Ci[t} is the time variation in the concentration of
tracer gas in the ith cell (P.P.M)

e) the rate of production of tracer in any cell i is ﬂ(t}

(M3fhr)

f) the airspace surrounding the structure under consideration

has Vo —= <=o© therefore Co[t) - 0

The conservation of mass of tracer gas gives

vi gci = fi +[= o c(-sij)| -[qei+ X o a-sipci
at js1 B =1 ij

(3.2.1)

for i =1, 2....N and j =1,2 ....N
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The Kronecker delta is defined as:

$ij = 0 i #j
and
=1 i:J

§ij

A second set of equations is obtained from the conservation

of mass of air:

N N
Qoi + By (1-5ij) = Q;, + = Qj; (1-5ij) (3.2.2)
j=1 j=1

if we define Si as the outflow of air from cell i to the
outside, substituting for Si in equation (3.2.2.) we obtain

N
Si = Qi + j_él Q5 (1-§ij) (3.2.3)

Equations (3.2.1) and(3.2.3) can be solved for the Qij's

from site measurements of Cj(y). The quantities dCj, Ci(t)'
dt

fi(t} and Vi are known or can be measured.

There are (NZ - N) unknown values of intercell airflows
Qjj» jS plus 2N unknown values of Qj, and Q,;. We have
therefore (N2 + N) unknown values of airflows and only N
equations from equation (3.2.1) plus N equations from

equation (3.2.3) in which to solve them.

B e e
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Methods of solving the fundamental tracer equations

Using the N equations of equation (3.2.3), we are left with N2 unknown
airflows and only N equations from equation (3.2.1). Therefore (N-1)

independant sets similar to equation (3.2.1) have to be generated.

There are three methods of generating the required (N-1) independent

sets of equations:

(1) Using continuous tracer gas injection, the injection rate being
varied N times,

(2) Observing Ci(t), dCi at N different time points,
dt

(3) Using N different tracer gases

Option (l) requires the use of sophisticated micro-processor controlled
tracer injection, which creates problems_of maintaining a constant trace';
concentration, Assuming these difficulties are overcome, N cell airflow
measurements using a single tracer gas greatly increases the duration

of a test run. The assumption of Qij's remaining constant over such

' long periods of time is dubious. The further difficulty of continuously

mixing air/tracer gas mixtures without disturbing existing airflow patte
has also to be considered. Grimsrud et al [l12] has carried out site

measurements using this technique,.

Option (2) suggests the use of a single tracer gas released in one
cell and monitored in all N cells. The variations in tracer concentr-

ations with time C(i)t can then be subdivided into K time periods,

if K> N then the unknown Qij's can be solved by the methods of
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least squares. There are however several disadvantages, if the K
time periods are close together, the system of I\l2 equations will be
badly determined. Conversely if the time periods are widely spaced,

then the assumption of steady Qij's will be uncertain.

' 2
The derivation of N~ equations from a single tracer gas are discussed
in great detail by Sinden [24] and Penman [27], the inherant uncert-
ainties of the method of analysis are discussed in detail in section

(3.5)

Option (3), using N tracer gases removes the difficulties associated
with extended test periods encountered with single tracer gas tech-

niques. The consequent increase in analysis equipment to accommodate

multiple tracer gas monitoring can be greatly eased by using decay

methods of multiple tracer gas injection.

Such methods have been used by Perera [25] and I'Anson et al [26].

~ Method 1 : The fundamental tracer equations as solved by Perera

The method of analysis of equations (3.2.1) and (3.2.3) adopted by
Perera can be applied to any number of interconnected cells, the limit-

ing factor being the number of suitable tracer gases available.-

The corresponding sets of equations derived from equation (3.2.1)

will get considerably larger and use of a micro-computer becomes ess-
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ential for data manipulation. To enable comparison between other

researchers we shall solve the "Perera" equations for N = 2 cells.

Equation (3.2.1), the conservation of mass of tracer gas gives for

the two cell case:

N=2 N=2
Vi dCi = fi + [ = jSCj(I—Sij)] —[Q Ci + = Q (1-§ij)Ci

dt =1 i j=1 M
(3.4.1)
The total outflow of air, equation (3.2.3) becomes:
N=2
Si =Q + Q (1 - §ij) (3.4.2)
io =] ij

Substituting for equation (3.4.2) in equation (3.4.1) we obtain

Vi dCi = ¢ 4+ Q C (1-8i))| - s.C, (3.4.3)
j

which is the fundamental tracer gas equation for the N = 2 cell
case.

To solve equation (3.4.3) consider figure (1), two connected cells
have different tracer gases released in each of the two cells,
In cell (1), tracer gas (A) is released and in cell (2) tracer gas
(B); by considering a single pulse of tracer gas injected into each
cell f(i) in equation (3.4.3) = 0.

Considering Cell (1), equation (3.4.3) can be written:
For Gas (A)

v_t d€1 w0, 5 = S0, (3.4.4)
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For Gas (B)
V. dC
1 dtBl = QZlCBZ - SICBI (3.4.5)

Considering Cell (2), equation (3.4.3) becomes

For Gas (A)

v._dc = =

ZEAZ QIZCAI SZCAZ (3.4.6)
For Gas (B)

v.,dC

2(—1—{}32 = Q..C - S§.C (3.4.7)

127 B1 2 B2

Equations (3.4.4) to (3.4.7) are solved by matrix methods as sug-
gested by Sinden [24].

Expressing in matrix form equations (3.4.4) to (3.4.7) becomes

[Y] = [AL[X] (3.4.8)

where [Y] =| V., dC
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"
(Al =|c,, C, 0 0
Cay Cgy 0 O
0 0 Cu1 Cap
0 0 By G
[X] =| Q

—— = N I I < et
—
4V ]

The airflow vector [X] is found by calculating the inverse tracer

I gas concentration matrix [A]-l. equation (3.4.8) becomes:-
-1
I [A] , [Y] = [X] (3.4.9)

The curve shapes described by equations (3.4.4) and(3.4.6) are

' shown in figure (2).

3.4.1) Estimating S,, S Q

S Q

12* 21 from site measurements.

The four first order differential equations described by equation

(3.4.8), for the two cell case, have four unknown airflows S-l'

S,, Q

2» Q) and Q.
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The quantities CA]' CAZ' CBI and CBZ are obtained from site meas-

urement of tracer gas concentrations varying with time. The physical

volumes V1 and VZ of each cell are obtained by site inspection.

Therefore the remaining unknowns are the four tracer gas concent-

ration gradients ch, EAZ' d_C_BI and dC

dt dt dt dt

B2

Solution of Equation (34.8) for the unknown airflows requires either
that numerical values of c#Zoncentration gradients are estimated at a
specific time(t) or equation (3.4.8) is integrated with respect to time.
If these equations are integrated, the time dependan;:y of CAI' éAZ'CBI
C. have to be known. ‘Unfortunately only the time dependancy of

B2

the simplest multi-cell _ai%'flows are known(see for example refs 17,26).

-

Perera therefore uses numerical estimates of concentration gradients
at a specific time (t). Such estimates are obtained by drawing

a straight line between two points on the tracer concentration curves;

the time interval between points being approximately 5 minutes.

The absolute value of tracer concentration at the middle point

is also taken and used in equation (3.4.8).

Discussion of Perera's Analysis Method

The difficulties encountered in estimating airflows using the preceed-
ing method are best illustrated using a worked example, Referring

to figures (3) & (4), the fundamental tracer equations described

by equation (3.4.8) has been solved for known airflows Sl' S

2’
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Q Q and initial tracer gas concentrations. Thus the time var-

12" 721

iations of CA]' C in cell (1) and CAZ' C in cell (2) are fully

Bl B2

described from time (t) = 0 to (t) = 30 minutes.

When site measurements are made of tracer concentration in air,
uncertainties in the measured values occurs. These uncertainties are
caused by imperfect mixing of air/tracer gas, lack of repeatability in

measuring equipment and other faults in the measurement method.

In the measurement of tracer gas concentrations such errors are
seen as the spread of concentration points about the plotted curve
giving the best fit, The magnitude of such errors will vary bet-
ween different measurement methods, the following discussion assumes
that the above mentioned errors are =5% of the absolute value of

tracer concentration,

It must be stated that the effects of variations in prevailing wea-

ther conditions during site measurements will have a considerably

_ larger effect on the tracer gas concentration measurements than

the measurement errors previously mentioned.

To simulate the effects of errors of measurement, the theoretical
tracer concentration histories given in Appendix (A) have a random

+ - "
- 5% error imposed on each data point.
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Comparison between the known values of SI'SZ'QIZ'QZI and the

calculated values in Appendix (A) show calculation errors between
1.5¢ - 43.5%. The cause of such large errors is found by exam-
ining the method of estimating the concentration gradients

dCp1r 9Cppr dCpr Ly,

dt dt - dt dt

Consider the concentration gradient chl which is calculated

dt
from:
o Cpr (%) =Cpy (b
Gy = 8L _2 LI (3.4.10)
dt tZ -tl
If we:@sume that point CAl(t1) has an error of iE1 and

CM(tZ) has an error tf:‘z, then the most probable error in the

calculated values of dC is equal to ?

Al
dt
2 2
E>* = fE +E
CAl ] 2 (3.4.11)
£ = %

From the worked example shown in Appendix (A) this leads to

a 22% uncertainty in the calculated value of concentration gradient

dCA.I . Similar difficulties occur when the remaining concentration

dt

gradients are estimated. A further complication arises in
selecting which part of the tracer concentration curve to use for
the concentration gradient calculations. The time interval has to

be selected from the earliest possible part of the concentration
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curve, Perara [20] suggests between B 5 minutes and t, =

10 minutes. The concentration gradient at this time is then

hopefully discernable above the variations in tracer gas concen-

tration caused by any experimental errors.

Suggested improvements to analysis method

As previously stated the major source of error in the analysis
method is the method of calculating tracer concentration gradients,

equation (3.4.11) shows the effects of increasing the time interval.

An arbitary doubling of the time interval will ideally, halve
the error on EC]“ . There are two problems which then have to
be overcome:(i) The estimate of CA! concentration which is used
to calculate airflows will be subject tp increasing errors; CAI

concentration being taken by Perera as the value corresponding

to the mid-point on the straight line joining CAl(tl) and CM(tZ,).

(ii) when two connected cells have large interconnecting airflows,

it is possible for the growth and decay of tracer gas concentrations

of a site test. Uncertainties in initial tracer gas concentrations

=

to have reached equilibrium conditions 20 minutes after the start ' ‘-‘
at the beginning of site measurements is a common problem. ‘
i

h, |

Similarly discerning variations in tracer concentrations above - i "T'
b § l

experimental errors as equilibrium concentrations are reached is il !

a further difficulty. Concentration gradient estimates will therefore |

be subject to potentially large errors.
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The problem of estimating C tracer gas concentration at

Al (t)
the midpoint can be overcome by using numerical integration

(for example Simpson's rule).

The second problem cannot be readily overcome, the time interval
selected will vary to suit the particular site measurement under

investigation.
Generally, numerical differention of tracer concentration data which
is subject to possibly large measurement errors is not to be

recommended.

Method 2: The fundamental tracer equation as solved by

Penman.

The work of Penman is primarily concerned with deriving multi-com-
ponent airflows and ventilation rates in occupied spaces °

using carbon dioxide concentration measurements. The method of
solution of the fundamental tracer equations adopted by Penman

is included here because the method can be adopted to the analysis
of multi-cell airflows. Considering figure 5,

the conservation of mass of tracer gas can be written:

N
Vi dCj = fi + & jS (Cj - Ci) (3:5.1)
dt j=o

which is the form of equation suggested by Honma [28],
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The following assumptions are made:
(a) Qji are the volume flow rates of air (M3;’hr) between
cells j and i,
(b) the volume of each cell is Vi (MS)1
(c) Ci{t}' Cj(t} are the time variations in tracer gas concent-
rati;)ns in cells i and j respectively. (P.P.M),
(d) the rate of production of tracer in any cell i is “(t)
(M?/hr),
(e) the airspace surrounding the structure under consideration
has Vo => oo therefore Co(t) == 0,
(f) the air/tracer gas are perfectly mixed.
Once again let us consider the N = 2 cell case, equation (3.5.1) “
can be integrated between a time step (tl) - (tz) g
Equation (3.5.1) becomes:
N=2 t2 .
Vi [Cijyy - Clggyl = = | C (cj-ci)dt] Qi (3.5.2)
j=0 tl
fi = 0 when a single pulse of tracer gas is injected into each lf
cell,

Considering Cell (1), equation (3.5.,2) can be written:

For Gas (A) |

AR J

Vi|Cai(t2) - Cal(t1)] = ~)C,,dt Q-+ (C..<C.. Jdt @ (3.5.3) |

[ ] f1 Al ol t1 AZ Al 21 |
For Gas (B)

Vi [Cm(t?.) - Caian )= - cgdt g + ( (CypCyyldt @y (3.5.4)
t1

28.

t2 t2

tl
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Considering Cell (2), equation (3.5.2) becomes:

For Gas (A)

t2 t2

Vo [Caziezy - Sigan]™ 7 3% Bt tfg CiCaz?® YUz (3.5.5)
tl

For Gas- (B)
t2 t2

v, [caz(tz) - Coaqen |7 - 51 Cgdt Q, + j;l(cm-csz)dt 0., (3.5.6)

where the Qij's are assumed constant between time period

(tl) —(tz).

Estimating 001, 002’0.12' QZI from site measurement.

The integrals in equations (3.5.3) - (3.5.6) are evaluated

approximately, using numerical integration of time variations in

tracer concentration, obtained from site data for the peried (tl) -

(t2).

The tracer concentration curves can be divided into several time
periods (tj = 1,2...K), the unknown airflows are found using a
least squares approximation for K2 N+l time periods. Where multiple

tracer gas measurements are being used, separate estimates of

unknown airflows are possible for each tracer gas.

For the N = 2 cell case, tracers A and B enable two estimates of r

unknown airflows to be made. Appendix (B) illustrates the method

of least squares approximation adopted by Penman,applied to a

worked example. The fundamental tracer equation (3.5.1) has been

solved for known airflows QOI' 002'012’ Q'Z1 and initial tracer gas
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concentrations, the time variation in tracer concentration for

t=0 to t=30 minutes are fully described. Experimental errors
are assumed as > 5%, and are imposed on each data point, see

figures (3) and (4).

3.5.2) Discussion of Penman's analysis method

Q Q and

Comparison between the known values of QOI' Q 21

02’ T12°

the calculated values of Appendix (B) show errors between 10% -
81 $. The resulting error in cell air change rates are approx-
imately 1 -42% for cell (1) and 37 - 57% for cell (2). The cause
of such large errors induced from ! 5% random errors on the data

is reflected in the concentration difference term.

Aci = Ci = Ci : (3.5.7)
(t2) - (tl) (t2) (t1)

and Ci (t2) by I E B

Assuming Ci(tl) is in error by IE 2
¥

1

then the error in equation (3.5.7) is:

z 2z
E " f ES + E, (3.5.8) ¥
Oci 1
!
From Appendix (B), the error in calculating CAI from site data ]i
with a random 5% error suggests ECA is approximately 50% of |

1
its "true" value. Similar errors will also occur for the other

concentration difference terms. ]
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The major disadvantage is therefore the reliance on pairs
of site data points in constructing the K linear equations to

be solved using a least square approximation for unknown air-

flows (Qij). In addition where the number of cells under
consideration is N > 4, the amount of site data required to
construct the K linear equations makes the assumption of un-
changing intercell airflows over a long test period somewhat

dubious.

Any analysis method used to solve intercell airflows must,
if possible, use all site data points collected. The effects
of random measurement errors will then most probably be mini-

mised.

Method 3: The fundamental tracer ‘equations as solved by

I'Anson et al.

There are two researchers who have derived analytical solutions
for the fundamental tracer gas equations, Sinden [24] and I'Anson
[26]. The latter is the only one who has 'shown how such

an analytical solution can be used to calculate airflows from

site measurements of tracer gas concentration data. The analysis
method adopted by I'Anson is applicable only when two conn-

ected cells are considered.
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From section (3.4), the fundamental tracer gas equation is

for the two cell case:

2
Vi dCi - ¢ 4 [E jS Cj(l-Sij)] - SiCi (3.6.1)

dt jid
Once again consider two connected cells with tracer gas (A)
released in cell (1) and tracer gas (B) released in cell (2).
A single pulse of tracer gas is injected into each cell at time

zero then f(“ in equation (3.6.1) equals zero.

Considering Cell (1), equation (3.6.1) can be written:

For gas (A)

VvV, dC - =
1 2= QZl CAZ SICAI (3.6.2)
dt

For gas (B)

V., dC - &
1 2251 Q21 CBZ SICBI (3.6.3)
dt

And for Cell (2) equation (3.6.1) becomes:

For gas (A) I

vV, dC = -
=) QIZCAI SZCAZ (3.6.4)
dt

For gas (B)

V, dC_. - .

dt |




Let us consider for the momenttracer gas (A) only.

Define the air change rate in cell (1) as Nl = Sl and
Vi
for Cell (2) N, = S2

2
V2

Re-arranging equations (3.6.2) and (3.6.4) for CAZ and CAI

respectively and using Nl' NZ defined above, gquation (3.6.2)

becomes:-
C = V_N C + V dC
' A2 11 Al 1 Al (3.6.6)
QZl 021 dt
I Equation (3.6.4) becomes:
CAI = NZVZ CAI + VZ dCAZ (3.6.7)
le 012 dt

Substituting for CAI from equation (3.6.7) into equation (3.6.6)
and substituting for CAZ from equation (3.6.6) into equation (3.6.7)

two second order differential equations are obtained:

2 —
Vlvz d CAZ + Vl\.’;1 (N1+N2) dCAZ + (NIVINZVZ - QZI)CAZ = 0 (3.6.8)
2
012 dt le dt le
2 —
Vlvz d 'CAI + VIVZ (N1+N2) dCAl + (N1V1N2V2 - le)CAl =10 (3.6.9)
2
021 dt 021 dt 021
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The above equations are both linear homogeneous differential
equations with constant coefficients. For all practical cases

they can be solved by application of an auxiliary equation,

For equation (3.6.8):

2
ViV MO e ViV, (N RNGIMs (NVINV, - Q) = 0 (3.6.10)
Q, Q;, Q)
and for equation (3.6.9):

2 _
Vle n +(V1V2 (Nl + NZ])n + (NIVINZVZ - le) & (3.6.11)
Q1 Q1 Q1

These quadratic equations are solved to give expressions for

M and n. The solutions for CAI and CAZ are:-

Q
1

Al A exp (Mlt] + B exp(MZt} (3.6.12)

O
n

A2 C exp (nlt) + D exp (nzt} (3.6,13)
The solution of equations (3.6,10) and(3.6.11) shows that

M1=n1=Y.M2=n2=Z where :

2
Y = =-N.-N_, + | (N.+N,) - 4(N.N, - Q..Q,. )
1 2 1 2 12 12721 (3.6.14)

VIVZ
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2 " 9,9

2
7z = _Nl_N2 —j (N1+N2) - 4(N1N
Vi Vo (3.6.15)

Applying the following boundary conditions the constants A,B,C,
D can be found.

1) At time zero, CAl = COAI' CAZ = COAZ

2) At time zero, Equations (3.6.6) and (3.6..7) are satisfied.

Therefore constants A,B,C,D are defined as:

A = Q,CO,, - (N +2) CO,,
%
s
B = (Y+N))CO,; - Q,/CO,,
3
P (3.6.16)
C = Q,€0,, - (N,+2) CO,,
VZ
Y - 2
D = (Y+N,) CO,, - @, CO,,
2
Y - 2

=

e — . s . wp8 =
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The general equations defining the concentration of tracer gas
(A) in two connected cells are given by:

Cal

n

A exp Yt + B exp Zt (3.6.17)

C

A2 C exp Yt + D exp Zt (3.6.18)

The second tracer gas (B) can be used to derive a second
set of equations for the two cell case and are given by:

CBl = E exp Yt + F exp Zt (3.6.19)

(@]
n

B2 G exp Yt + H exp Zt (3.6.20)

where the coefficients E,F,G, H are defined as:

E

(Nl + Z) COB

Q%92 - 1
%
Y - 2
F = (Y % N)COZ, - Q,CO,,
Y
Y - 2
(3.6.21)
G = Q,,€0, - (N, + 2) CO,
Y5

[
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Typical curve shapes for equations (3.6.17) and (3.6.18) are
shown in figure (6) where comparison is made with the funda-

mental tracer equation (3.6.1) solved for known airflows and

initial tracer gas concentrations.

Estimating IE~II,N2.()12.Q21 from site measurements.

In order to obtain estimates of airflows from the relationships
described by equations (3.6.14) - (3.6.18), wvalues of CAI :
CAZ must be manipulated to find the curve shapes given by

these equations, which most closely fit the experimental data.

The method of data manipulation adopted by I'Anson is called

Prony's method [29].

The approximation required is of the form:

CM(t) = A exp Yt + B exp Zt (3.6.22)
which can be rewritten

t t
CAl(t) = AUl + lZ'.U2 (3.6.23)
where U1 = exp Y, U2 = exp Z

One of the requirements for this method is that the K experi-

mental points are equally spaced and the variables are changed

such that t = 0,1,2....,K-1,

From equation (3.6.23)

~E————T

[ —————
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C(0) = A+ B
C(l) = AU, + BU,
c(2) = au® + BUS
| 1 2
\ \
I 1 \
] \ \
: b \
C(K-1) = AUIK“l $ BUZK“1 (3.6.24)

If the constants Ul and UZ were known, then this set would
comprise K linear equations in the two unknowns A and B.
If K> 2 these could then be solved for A and B.

Unfortunately the U's are also unknown.

To find U1 and Uz they must be expressed as the roots of
the algebraic equation:

Uz -cx'lU —e, = 0 (3.6.25)
so that the left hand side is identified with the product

(U-Ul). {U-UZ). In order to determine o< , and o, we multiply

1

the first equation of (3.6.24) by o the second equation

2l
by=~<1, and the third equation by - 1 and add the results.

The result becomes:

C(2) -°<1C(1) —WZC(O) =0 (3.6.26)

A set of K - 3 additional equations of similar type is obtained
in the same way by starting successive equations with the
second, third....(K-2)th equations. In this way equations

(3.6.24) and (3.6.25) imply the (K-2) linear equations:
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C{l)--c.]I + C(U}cxz = C(2)

C(Z}ml + C{l}u<2 = C(3)
C(3)=, + C(2)x, = C(4)
1 2

! \ \

| \ \

| \ \
C(K—Z}o(l + C(K-B)«Z = C(K-1) (3.6.27)
This set of equations can be solved exactly if K = 4, or as

is more usual; approximately by the method of least squares
as explained by Hildebrand [29]. The calculated wvalues
=<y X, can then be used to find the roots Ul’ U2 of equation
(3.6.25). These in turn are used to solve equation (3.6.24)

for the unknown coefficients A and B.

The foregoing procedure is repeated for CAZ(t) to find the

unknown coefficients C and D.

When estimates have been obtained for A,B,Y and Z for Cell
(1) and C,D,Y and Z for cell (2) the values of NI'NZ'QIZ and
Q are calculated from:

21

N1 = ADY - BCZ
BC - AD (3.6.28)

NZ = BCY - ADZ (3.6.29)

AD-BC
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@)
I

v [CY + DZ + COAZNZ}

12 2
(3.6.30)
b COM
021 = Vl [AY + BZ + COMNl] (3.6.31)
COAZ
3.6.2) Discussion on I'Ansons analysis method

Appendix (C) illustrates the method of analysis adopted by

I'Anson, applied to a worked example. The fundamental tracer
i equation (3.6.1) has been solved for known airflows Nl, NZ’QIZ
QZI and initial tracer gas concentrations, the time wvariations
| in tracer concentration to t = 0 to t = 30 minutes are fully
I described. Experimental errors are assumed as : 5% and are
I imposed on each data point, see figure (3). Reference to
Appendix (C) highlights the major disadvantage of the prony
' method. A random 3 5% error on concentration data causes
' ©  equation (3.6.25) to have complex, negative roots (Ul.UZ}

which mez2ns the data would be rejected as unsuitable for

I analysis.

T T S

Generally, small random errors commonly experienced during
site tracer concentration measurements will ensure a significant
failure raie (complex roots) if data analysis is carried out

I_ using the prony method, '
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When site data gives real, positive roots in equation (3.6.25)
a small random error in concentration data leads to significant

errors in the calculated coefficients A,B,C,D, Y and Z.

The airflows subsquently found from these coefficients will

compound such errors.

P e

I ST TR AL

:.l'.! e
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Chapter 4: AN ALTERNATIVE ANALYSIS METHOD FOR CALCULATING

AIRFLOWS: TWO CELL CASE

General

The existing methods of analysis as discussed in Chapter (3)

have two basic disadvantages:

1) The numerical methods wused either rely on pairs of site
data points or apply numerical differentiation to concentration/
time points which are subject to considerable random errors

of measurement.

2) The analytical method concentrates random errors of measur-
ment in the roots of a quadratic equation which leads to
a high failure rate (complex, negative roots) when processing

data.

To overcome the above mentioned difficulties the following

analysis method has been developed by the author.

Analytical solution of the fundamental tracer gas equations

The following method of analysis can be used for N>2 cells
if required. However for comparison purposes the N=2 cell

case is considered first.
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The fundamental tracer gas equation is for N=2 cells expres-
sed as:

2
Vi dC, = fi +[é lecj (1-511)]- SiCi £8.2:5)

j=1

1

dt

If a pulse of tracer gas (A) is released in cell (1) at time zero
and a pulse of tracer gas (B) is released in cell (2) at the

same time,equation (4.2.1) becomes for cell (1):
Gas (A)

ZICAZ - SICAI (4.2.2) -

Gas (B)

S,C (4.2.3)

Bl = 91%2 - 5:%B1

dt

and for cell (2)

Gas (A)
VZdCAZ = 01£3A1 - SZCAZ (4.2.4)
dt
Gas (B)
VZdCBZ = QIESBI - SZCBZ (4.2.5)
dt

T e T—

e e i——— . . S i 8 W

s
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Using the relationships N, = S and N, = S, equations (4.2.2)

to (4.2.5) can be re-arranged as follows:-

For Cell (1), tracer (A)

ch +N1CA1 = Q0 C (4.2.6)

dt Vv

and for tracer (B)

ciCBl + Nchl = Ql CBZ (4.2.7)

dt

<

1

For cell (2), tracer (A)

dCAZ +N2CA2 =012 CA1 (4.2.8)

dt

2

and for tracer (B)

dCBZ + NZCBZ =Q c (4.2.9)

dt A

Let us consider the solution of equation (4.2.6) for CM:
Equation (4.2.6) is a first order differential equation which may

be solved for CA! using integrating factors. The integrating

factor required for equation (4.2.6) is e Nlt

Ny t Njt N1t

i.e. d (CMe ]S dC” e + Nchle , therefore
dt dt

== —m——
- gy T —_Ta
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ejuation (4.2.6) may be expressed as:

t t
c o1t = 0y SCAZeNl dt + A (4.2.10)

Y

Similarly, equation (4.2.8) for C may be solved using eNZt

A2

i

as the integrating factor and becomes:

c ot Q, ScAleNzt-dt + B (4.2.11)

Va

where coefficients A and B are constants of integration.

To integrate equations(4.2.10) and (4.2.11) for C and CAI

A2

respectively their time variations must be either known or assumed.
We shall initially assume that no recirculation of tracer gas occurs
between the two cells (021 = 0) then, from Dick's equations [17]
thke time variation in C&2 concentration is given by:

e"Nzt E—Nlt - 'éNzt

C = CO

¥ A2 ] (4.2.12)

* QpC04
V,(N,-N))

Wzere COAZ = initial concentration of tracer gas (A) in cell
(2) at time zero

C-.'.'.‘.\l = initial concentration of tracer gas (A) in cell (1) at

tize zero.




; i
|l Substituting for CAZ from equation (4.2.12) into equation (4.2.10)
‘ we obtain:
Nt _ (N _N )t _ (NNt .
cpelt = Q, SKCOAZE g Q,C0,, (1 - e N-NpIthdr + a4 (4.2.13:
I v VN |
1 VZ(NZ NI}

Integrating equation (4.2.13) gives:

| |
N;t (N~N,)t :
1°= 12 < | 1
a7 %1% © : Ml[t e s t2an |
V,(N,-N,) V V,(N,-N)) N, -N, |I
]
i
By applying the boundary condition that at time zero, CAI = COAI '!
|1
H
The constant of integration A is: .
L3
A= Ok = ROz = 0505500, 4
(4.2.15) f
VI(NI-NZ) VIVZ(NZ-NI) !Ili'
1 E:{
' Substituting for A in equation (4.2.14) and re-arranging l,
| N t -N,t-N, t
= 2t-8, 5 - _
| Cyy = CO e I 4 QZICOAZ[e 2" ]+ Q,,0,,€0,, [te Nt N2t gt
Vi) VgV (M-85 (N, - N Ll
(4.2.16) | "
: i
Equation (4.2.11) cap be solved for C,z by substituting for C,, I
from equation (4.2.16) and becomes: ii.
|
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Nat_ (Np-Nyp)t _o(Np - Nt
Choe = = QIZSCOAIe + QZICOAZU e ) o+
VZ VI{NI_NZ)
(N_-N_)t (N_-N_)t
2 4l e 2 1 B 4.2.17
QZIQIZCOAI [te + (1 -e ) )dt + ( )
VIVZ(NZ-NI} _ Nz - Nl

i
l Integrating equation (4.2.17) gives: Iu
‘- a
¢ N_t (N_-N.)t (N.-N.)t '
- 2" - 21 B B
E Cpaz® © =0Q,C0,pe *0Q),0,C0,, (t-e )t h
l V,(N,-N)) V V,(N-N,) N,-N, H
f he
I . = i
| Q..0 ‘zCO t te(NZ Nl]It ze(NZ Nl)t + B (4.2.18) ER L
21712 A1 g _ 1
.' gy Pty

il

V.V,2(N_-N IN_-N. N_-N (N,-N,)? il
172 g™y 27Ny I
f

By applying the boundary condition that at time zero, CA2=COA2

the constant of integration B<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>