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INTRODUCTION

RECE\TLY there has been a grou'ing interesr in the
d.v-narnic response o[ strúctures due to turbulent u'in<J

forces. In order to esrimate the total fìuctuating load
açtlng Lrn a structure'due to the turbulent rvind. it is
necessar-v to lormulate expressions lor the d¡ namic
characteristics of the turbulent wind such as the rur-
bulence intensity, the power spectra. the cross-spectra
and so trn. In most papers, however, the turbulence in
the natural wind is assumed to be homogeneous, in
other rrords. the characteristics oI the turbulence are
assumed to be independent of position or height[l],
although it is widely admitted thar the natural wind is
almost homogeneous horizontally but nor verticall-v.
When the natural mean wind speed profìle is estab-
lished and the standard deviation of the rurbulence is
considered to be constant with height, the most impor-
tant problem for wind-loading is how to cxpress the
power spectra and the root-coherence (or the cross-
spectra) of the longitudinal fluctuating components of
the turhulent wind speed.

Some erpressions [or the powe r spectra as a li¡nction
of height ha',e been suggested[2,31. however, as far as
the root-coherence is conccrncd, the non-honrogcneitv
has hardly been taken into accounl for rcasons of
simplicity and convenience in practical applications.
One exception to this pattern is the use ol a wind
speed averaged betwcen two poinrs having some rerti-

'Dc¡;rrrne nl ul ('ir ll I l¡rttnce rinq ¡rrJ 8u¡ltlilru Sclcnee.I rr'cr.rtr ,'l l:rlrnhtrr:rlt .urrl l;rherr.rl.,r hcnruteìr ( ).rrllr.
J apun.

lLecturer. Department ol (-ivil Engineering and Burkling
Science. Unirersrry of Edinburgh.

cal separation[a]. An alternative approachf5] assumes
homogeneous isotropic turbulence to exist in the first
instance and develops an expression for root-coherence
which incorporates some allowance for the variation of
the length scale of turbulence with height and yields a
complicated function.

ft is the aim of this paper to express the root-
coherence function more simply but still having de-
pendence on height. This may not be applicable to the
general problems of non-homo-ueneous [1ow, but simple
enough to be manipulated with a combination of a
suitable heighrdependent power spectral function and
a power law for the mean wind speed prolìle.

The symbols used in the paper are summarised
below.
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Ll
gr

': length scale in Ëdirection wherc i = x, y, z : : ')

= longitudinal length of turbulence (arbitrâry"
value) L:

= mass of a structure per unit area .i

= generalized mass of a structure of the nth
mode

: total generalized mass of the nth model J . t
: modal number ; ,, Í

: number of degrees'of freedom., :r..

= ner wind preqqp¿9,
: fluctuatini c<Jmþòrient of rlrf I 'r
i a non-dimensionâl lcngth scale füirctibn j 

'

: separation distance, i:.r,), z t ..

: separation distance vector
: root-coherence function of u
: cross-correlation coefficient ol ur,u2
: power sp€ctiai density function of ø
: cross-spectral density function oliu,, ri,
: power spectral densìty function of Fn
: power spect¡al density function of ð

= tlme -::;

M^
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n

N
P(r)
p(t)
f

ri
I
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iÌ ,(¡, tl
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s,, Lr)
s"'(7 )
sr("f )
t
U(t) : wind speed
U'(t\ : relative wind speed
0 : mean wind soeed
Û, : reference meån wind speed
u(t) : longitudinal turbulent componento[ U(t)
últl = wind acceleration

,/'uz : standard deviation of u

'rr - =I2rÜ,.x " =lbngirudinal co-ordinate
}, )'t,.r': : lateral co-oitiláates
z,z¡,7'2 : vertical co-ordinates
z, : relerence height t;
zñ . F,geometíc mean o{ ; ,. :.2

,, , : power exponent of mgllt rvind speed profìle
1.' : power exponent ol C(j;,:r) profile
r,t ; , ¡'. :þower expohent of decay factor profilé
ß c.il: , : constant inder in power sÞecrral expréssion "
'ì ¡..,... Tr:F pgwer exponent of. 2, profile
f( ) =ga,mmafuncrion

^ 
li¡ ' .'J lohénud¡nal displacemenr

¿ r = fluctuating componént of Â
q = longitudinal velocity

.. : loqgitudinal acceleration
ir(:¡ " 

=módêshape
p r 

= air mass densiiy
¡ ,,r :timelag : ) 'j t¿

/."(f I : mechanical admittance of the nrh mode
;, : damping ratio o[ a structure in the nth mode
(: : total damping ratio in the nth mode

REVIEW OF POWER SPEÇTRAL
DENSITY EXPRESSIONS

There have been a great number of measurements of
spectra of wind speed in recent years. For higher

Davenportfl. 7l:proposed the follohing tieight inde-
pendent expression as the basis of his approach,to 'the

prediction of wind induced dynamic strùótural
resp()nse.

(l)

length of the wind fluctuation : 1200m, kr = constant
:j for normalising purposes. uJ:r'ariance ol u, ü,
: reference mean wind speed at : : :r (an arbitrary
reference height).

This formula has been used quite often but lurther
investigations suggest that it is slightly conservative for
engineering purposest.The firsr Þoint is that equation
(l) has âr.zero value.'lor f :0H¿ ahhough the one:
dimensional spectral density is consideîed ro approach
a l'inite valuer.when the.frequency goes ro,zero[6]. The
second point is thaûcequation (1) is independent of
height. The horizontal scale Jl, appears to vary from
site to site and to increase with height, however,¡iitS
variãtionris not clear, in other words, not established
at this.monlent. ':

Iff conseqûence some improved expressions of the
povfer sp€ctral density have beeri'proposed.

According eo Hind[2],

i,,/ 'S,(,/ ) , .Yr .r"

) u, ''' {l *.*¡¡t u çt

where .rr :f , q,'1J,, I t : k:l: l,)l -+'. k, and k, are
constants with k, :0.475 for normalising purfòses
(see .{pftndix B). r is a power exponent of thÞ nléan
wind speed profile. Af¡o a related expression dug,.Íq
Simiu[-1] ban be reixrirten in a similar way ro equaíion
(2). as. '

J S"(II , .r,
--;-= k' 

,t -.-rt 
. (3) 

'

where r, : f 'g t,lJ:. 9 t : k:t::,),", À-, and k2 are
cons!a$¡.ìs/ with ,k,,= j for normalising purposes (see

Appe ndix,B)., r¡ .

In equa¡iqn (3), thç-.power. eì(ponent z is an €Quiva-
lent rg.l¡re for the,fpgqrithmic,n¡ean wind profilg used
by Simiu. Both equations t: i and (3) satisfy . çhe ,

Kolmo-eorov þypothesis in the high frequency,range
just as. uell as,equarion (t), Equation (2) has a lorm
suggested by Harris.[8], which is known res a, Von
Kaçman .spec!r$r0iÍrfl!'td uses a constA:ntì-t¡orizontal
length .of 

.

. I r, ¡ . l

Vt: 
-- 

lS0Om'
j2

There is nor muchi diffe1eóceLrbetween equation; (?)
and {3l,at lower hêi$Ã'ts,ìbut,rhe variation ol g, is
rather ilifbrent in e¡th 'cas]éi 'Consequently there is ã'(i
signíl-fcdht differeni.e át gfbatèr heights. i.e. ar greater
valuesof z. 'rt"' r ¡'

Equatirrn t2) is dcrirerl frorn thc balance of the
energ! dissipation. assuming a power law prolìle for
the mean wind speed,, and equation (3) is based on a
logarithmic profìle.

Another more generâl-expression can be written as
l'trllgu s[9]. i

!i 'It - .,):

ls"ll) r;
u2 1l+.ri¡+ r

/ .s,,( / ) \l

tl -r{¡s tl' (4) i

TI

where r, :J ?t,ú,, J = lrequenc.v, J/, = hoiizontal

'' ,,1, :: I

uherè r,,:/'.?, ù,, ù.,,,¡k1::,),, kr a,n<t 
-k, 
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(see Appendix B).

According to thç U.S. Natio.nal Bureau of
Standards[9], P :0.845 in equalion, (4) is suggested

from,¡several sels e[ empirical data by means o[ the

least squares method. É:2 corresPonds to equation
(21, tl : I corresponds to equation. (3), and ,,p :f'. ,.,

correspt'rnds to Panofsky-Lumley's expression, which 'is; ,'
another well-known formutaflO]. '! i) i '¡'l

More measurements at different sites may indicate ,'
other values for p cir expressions lor 9t. Clearly;rttrerer
could exist many variations in thg,form of the Powe(.
spectral expression depending on site conditions and

consequently a general expression o[,the type shown'iry
equation (4) would be better lor engineering Purposes.
The foltowing discussion is developed on the basis ol
thé poser spectral expression given by equation (4).

,ROOT-COHERENCE FUNCTION \À ITH.¡
VERTICAL AND HORIZONTAL SEPARATTON

Òné'oi the well-known expressions lor ,the root-
cohêrence function R,(.'c,.f ), i.e. the cross-côrrelation .

coeflìcient in ,he frequency domain, has the form of a

simple decaying exponential function as suggested b.v

Davenport[1], namely,

R,('r'/ ): exp( - k fxlÛ,| (5),

rvhere k is a decay conétant, -r is a separaticjn distaàctí.'i
This form has been used many times but as in 

-ïtíé'

case olrthe power spectrâl dxpredsion equatiot{ (l), it
has beeh pointed out[4] that'equatión (5) is slightl.r

conser\ ätr ve.

F'or the conrenience of integration with respect to
the surface of a structure the root-coherence lunction
lor two points'which are both horizontally and veiti-
cally seþarated'is'expfessed as a simple þroduct o[ the
root-coherence lunctions for the horizontal separàtìón
and lor the vertical separation in some gust response

approaches[7. ll], However. this simplifiçation causes

a signilìcant underestimate in certain circumstances.
e.g, up to 20:; according,tq, f ickeryf12]. ::-

A further point is that cqnçerning the heighI de-.,,

pendency of the root-coherence. wþiçh is not tak,e4 into;.
account in equation (5). An, irTrptove,rl expressioq .\,t1,
suggested by Vickery[4] in the l-orm.

R,(¡¡-.r'¡, zr-:¡,1 | '' /

r. llf ll!l .,
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been improved by developing expressions for the root-
cohe¡enc€ which incorporate some allowance for the
variation of the length scales of turbulenc¿ with
height[5]. However, this forni seems to be rather
complicated for practical use but it does indicate that
the root-coherence function approaches a value signi-
ficantly less than unity when the frequency tends to
zero, and its value' at /:0 varies due to the mean
wind speed Û, an$ the horizonial length Jl,. These
factors could \fluence comþutations oiAyn"*i" wind '''

force and it is interesting to note that by comparison
equations (5) and (6) give root;cohetence :1 when /
:0.

Considering these points, .q!áiion (6) can be im-
proved, as follows, i ;i !

lxtr;l'.1
IJ,

(7)

where
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"("1)kt:
2

Tp.
fIf

J.'

R"(r,/) : þ¡P ( ;,)

K:

The decay factors ko and ky are assumèd to be a
lunction ol z. which is a represqntative height lor the
vertical positions z, and 2,. HerB,:. is introduced as. a

geometric mean of :, and zr. The reason for using a

geometric mean instead o[ à''' simple rhean is for
mathematical convenienbé si'nce the root o[ the pro-
duct ol the power spectra is usep, in the dçlìnition of
the root-coherence function shown later in equation
(9). However, theré may not be a signifìcant difference

between the geometric rnçun r nJ unJ'tñ. simple ;
mean (:r +22'¡12 in the practical use of the coherence
function.

The modifìed lrequency f* is introdücèd instead of
the frequency / in thc root-coherçnce lunction for the
purpose of consistency and better lìt to the empirical
data. Relerring to Harris's theoretical approach[8],

''r ' I u:, J'* = l -.,j + J'r', (8)
v rï(--,,)

f.r', - l"ìt: lrr-,,J'
kr(z^\ o

0 kr(z^ )

For the greater values of lrequency, i.e.,

l'?,(:,'lr,J.yt= __..__ Þ1,
U.

the inrersc Fourier .translorm ol the cross-spectral
clcnsit 1 

r 
l'u nctíijn'iro rn'ir''¡ i.h t 1'r. r()()t-c() l'ìcrcnce R, (r. / )

is ttcfinötl us. 
j

: eXP
¡ , kj(.r.:1- Î - ) , )È* kl'-(;r -:, )'

Ü{,:, )t,Ú(:r)l
'f)'.,, tor,'

1

I his its'unrcs thut ttìc ruriltion trl' thc tlccar flrctôÍs
ltre linclr to a nintl rpccd lrrcnrgcd bctrrccn trr,,
points with rcrtical scparation.

Meanwhile. lor homogeneous isotropic llow. Harris
suggested ¿r theoretical erpression for the root-
ctiherence[8] using modilìed Bessel [unctions. This hai "

wherc S,,,,(/ ¡ is the cr()s:i-spectral densit-v function
betwcen l¡ : ¡111 r.--r) and rr. = rr(r',.-,). t.

5 t/t : R,,{r./ I
\ 5,t/t',';,,{/t

(9)
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S,,(/) is the power spectral density function of r(:)
¿nd the variance u2, of thei longitudinal gust cbrn-'
ponent u(:) is assumed to b€ constant with height.

From the Fourier transformation;

J. Kanda and R. Roylèi '

,E.('.) J'

6p ':

9þ

:.l i

t;
tl

xl(z¡) + xi!þ^¡

1-' :' : t\:¡ I
i,. Ir*-

r

':
xqGr,

rl_-
) + { *|0¡-.

, if a

)(10)

where .;?,(r, r) is the cross-correlation coeflicient be-

tween ur and ur.
Substituting equation (9) into (10) with ¡:0lor the

cross-correlation coeffrcient .4"(r,t), and assuming that
the phase angle or quadrature component ol the cross-
spectral density can be neglected, equation (1li is

obtained.

fl,(r.t): 
J, 

u',# .ei2frr, 
-df

tt"(r) : 
J.- ^,n,, 

,

A.(¡t: j;= *r(- lrt'+-l 'l ,-)

. -(9'"'r'*'1,'-,tr;," 1aç1 upper limit).

Equation (13) can be re-written using a,lactor C(zt,zz)
which is defined as follows, I

',:
krjxr(zr).xr (;:)

/vm
r" I kt 9r(z^)

(14)
C(zr,zz) L.t-; It +.Y{(2,)]5'rt

where

56p

and

--, à.2'lr,:.: iñ 2 --, 2:, > 0.

This inequality suggests that C(--¡, z,) can be ex-

pressed simply as a function ol the geometric mean
height --.. namely,

l

su (/ ) 's" (f\ dl. (l 1)
)

u-

Substituting equation (4) lor the power spêctral
density function and equation (7) for the 'foot-

coherence lunction in equation (11) it becomes,

, < c(-- =,,=(,lT 
''

t-'
\--:

, - \ //tr,/- \ r,

(';) L(i) +
)

X

t-
K1 -t(r(--r )'-\r(22)

x1(z¡)'.xt(:2)

Â'[1 +.r{(2, )]s 1+.r{1:, ¡15 
3r

df. (t2l ".," ,

[1+ (--, )l + (:2 )l

The root product of power spectra in equation (12)

is rearranged noting that x, : f '9 ¡(:\ltJ, and 9 r(:l
: kzþl:,)'t,

2 = 
(î)"'

frl

t. I t(: rl' I 1l::)
C(:,.:' ¡ : (ls)

U, t + #/^¡,,r,, r]' 
" 

I 
r * f,, .] *--",]'

Since f4,(:.¡ : '9 r(:rl9 r(--:) then by letting

r.rheie 0 < r'S åi. When ;, :.-:. r': l, and so r' :0.
rl¡{t 'is interestjng to note, .that r' depends on the
r exponent ; but is independent o[ the exponent p in

the"þower spectral expression equation (4). 
,

. Now. consider the length scales which are defined
from the cross-correlation coefücien¡ with no lag time,

' as follows. :, :

I

,,f13)

fy,ta)f!2 f 3rl:^)l! f g,l=r)lt
' 
: lø¡^t) = Lsr-¡=Jl 

: lø¡;)'
L¡: Jt ulr,l dr,

çhere for r > 0 in general r+1,'r>- 2, the lollowing
equations can be obtained.

J[' . l',f],,,,,=^,]' 
" 

[, ; ii,2.{,,-r]"1,

ç'here i : \.ì.: and ,', : i. -ir
Generally,in thrce dimensional turbulent flow nine

.length s.ule.Ì bun be dellned astcombinatíons of three

'rrelocity components lnd three directions of the sepa-

ration. However. srnce the longitudinal r'él6city com-
ponent is the ma1o.r contributr>r to the fluctuating wind
[,rrce r¡ hich ciruscs thc ul(ìnu-\\ intl dr namic rcsponse o[
il \tructurL'onl_v tliicc lcngtlr :errlcs trut tlI ninc nectl be

irrkcn ultLì accoLiilt lbr thc lonqilu¿¡,ìr¡ rclircit¡'
c()mponcnt.

Clearly ì¡r,¡ iS a function of i j and i, and can be

re*ritten as a lunction of positie-rn. ie. the mean of i,

1-
)r

r{ { --. ) + rli'{ ;. )l'"'
- I, l -2r/f l:,,t- ri/;1--,,¡1r "';

r, 1l

= ¡t1rrf 1--,tJ5 
r/ (a lo'*er Iimit)

and
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it and the difference r¡: ir-iir, Since equation

t79

although this may be conservative. If K¡(z) were ex-
pressed as an-,empirical power law function of height,
this discussion could be altered easily., 

.I Equating equation (17) to (t8), iil

't 
16) has the form of a defìnite integral with respsctito'

:lthe difference r,, L, can be considered as a function ol
.position. [f the turbulent floú is assumed to be hori-
izontally homogeneous all correlation coeflicients are

independent of horizontal position. ifhen L, and L,
can be considered constant with horizontal position
but L- ntay be expressed as a lunction of rertlcal
position.

In order to obtain the tèlationship between the
decay lactors, ko and ft,., and height the two cases r,
:0 and r,:0 in equation (,12) are discussed.

The integral in equation (16) can be developed frorq,r
(12), (14) and (15) giving,

k;9,(z-) /t-\-'' f*
k.{rJ \t ) ),

dx, (2. )

[ +,t{ (2. )]s/3n[1 +.r] 12, ¡l'/2
: K¡. g tþ).ü (z^)lt,

which yields

i' r:

r ', rìl'

k¡(z^) : k3 (;)" åh:r.(a)-: (1e)

L: r J' 
.-o

Since

and

- k¡(:.,1r,'f *

U

'or-^-Lr^,ur\,'Jt*;ffi arc''

: Ï: r;tu( )'!,r13-*

. kr.?rl:,,) /:-\-''
l. : 

-------l - 
|' /.r(--,,) \:,/

d,r, (--,, I
( l7)

It +rlt--.)]5 r,'[l +,ri(---l]' :

nhere L, : L,, L= and /.', : krr, A, and r¡: t,. r:.
The integral tcrm i¡r equation tl7¡ has a [inite

constant r alue. Note that if the [requency 7 is uied' '

instead of the modífied frequenc.r / * for rhe root-
coherence function, the intcgrall does not conrerge
because o[ the infinite ralue at/ = Q.

When the length scale L, is'expressed as a functión
of height the deca,v factor can be formulated as a

function of height. ln homogeneous isorropic flow a
relationship between the lengrh scales L, and the
horizontal length 7, is tletlucerl from 1'a-rlor's hy-
pothesis[8]. as [ollo*s.

prcsent time. K, is ¡ssumed hcre to be constant
I

where

, li, l' , d.t,
À' : 

K, J. x;¡¡o¡;;¡¡a (lea)

and z, : 1'+1. Consequently lrom equation (15)

r I e, I f;+a (l9b)

and when --r : --:. at: i.. When equation (2) is used

as a special case of equation (4) ;: {t-4a) and so
equation (19b) becomes

rl:r,<f1t-+r¡+r:t-;r (19c)

Alternatir el-r iI L'quation (-1) is used as a special case

o[ equatitrn {-lt. ; : (l - r} and so ( lght bccornes

z 5 r, S i+n12. (l9d)

' The decay lactors in the root-coherence [unction
may not hare the exact form o[ a power law ex-
pression but the possibilit.v of the existence of such a
relation is shorrn in the abore discussion.

By comparihg equatiçn (19) with some'empirical
data measured at different sites the porver exponent is
estinlated in the followine section. T'he constant k, in

, equation (19) may be computed from (19a). However,
sì:nce parameters k, and K, and /i are rnostly based on

,cmpirical data and have not been established yet, it
would appear better Lo estimate A, directly lrom root-
coherence functions obtained from narural wind data.

It can be shown from Harris' rvork[8] that in
homogcncous ¡sotropic fìo* at a st¿lndûrd reference
lreight --, : l0m.

K.:lK,_:j(-:r).118

/ I

',L,: K,'b','Ct:t C, .. ll8l,' und r+.irh ll :2. kt:0.475 fscc cquarion (2)] rhen k,

rrlrerc rr, =K., K,. und K= are constants 
"n.t- 

x,'=ti- 
:9 01 (see Appr ndix B)'

:lI(' . ,; colrp.\Rtso\ rvtrH ElrprRrcÅl. DATA
f n thc naturirl * ind K, rnav not b'j cons(¿tnt but

lì()\\lbl\ ritrr *ith hclultt. l'trrthcr rììcil)urcnìcntr,ll.urc t-':ing lretrttl riirrtJ spced urclru¡'clncntr ShroLlni[3],
.ltt.¡rrtl tltitt K, cun bc crprcr.c,I .r: ¿ lr.rrìçtr,rn' trl' C'hucnit+1 .rnrl [)ucllùnc \lirrultlz{l()] ctrnrpurccl de-
hctght[5. l5]. l{owerer. since the Iìrnction K,t:l rs not cav lactors ftir the root-cohcrclìcc [unctron of the
establishcd for dilTerenr roughness conditions at tþe longitudinal components tnd rhese are plottcd against

mcan heip.ht :", in l'ig. l: Chuen's results requiring
I

lt
't,
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some conversion to make them relative to a standard
reference height. Similar decay factors have been de-
duced here from Harris'natural wind data[8] and are
presented in the same figúre. Suitable power l4w
exponents for these plots were estimated by means of ,

the least squares method and are listéd in Fig, l.
although one of Chuen's results appears spurious and
was ignored in calculating the exponent frdm that set :

ofdata. ': . :

The range of magnitude ol the:.decay:lactolwaries
lrom one plot to another even though ithree of the_
measurement sets were obtained over similar smooth
terrain. However, there is close agreement .betweed the
values o[,!he exponent, e,:,found lrom the smootll:
terrain resul[s. suggesting that the pow€r law exr
pression, equation (19), has some relevance. i ¡

It can be;seen lrom Fig. I that'the decay factor /<¡.

t-r

,t: .,
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points of convergence for rough and smooth data in a
plot such as Fig. l'could not be expected to coincide.
:'The six values b'f the expgnbnt 1r obtained trom Fig.
.lì are plotted against ihe cimesponding power law
exponent I of the mean wind speed "profile in FÅg. 2
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Decoy foctor,'k,

Variations of,decay iactor

computed for the standard relerence height :,: l0m
in homogeneous isotropic flow has a lower ralue than
those indicated by extrapokition of the 'empirical

power law cur\es to the same height.

Such differences could be expêcted since near to the
ground turbulence is not homoseneous or isotropic
(see Harris[8]) and under those circumstances the
decay lactor would be higher.

An interesting feature of Fig. I is that the computed
value ol k, lor the reference height fìts fairly rvell witl¡
the data[20] from the urban location.

[t could be anticipated that thc lincs sholn in Fig. I

would converg€ on a point at the gradient height
where homogeneous isotropic conditions should exist.

The data are not suflìcient to lorm an.v very definite
opinion about the value o[ z, and how it is influenced
by the terrain roughness. The smoother surfacc data in
Fig. l could bc intcrpretcd us con"crqinq (rn u crìnl-
mon point at thc grildicnt height. J hc urhan tcrritin
data arc much more scant but rnruht sur:gcst thlt l, rs

greater lor increased surlace rot¡shncss. Since thc urll-
dient llcirrht incrclrsc. rr itl¡ Strrl¡¡'.¡ rr¡.¡!!lìtìc\\ iut\

c2 c3

o

Fi-e. l. Po$cr la* exponent of decal'factor a, vs power lan
eKponent ol mean uiirdspeed prolìle r.

and compared with rhe theoretical region given by
èquations (l9c) and l.l9d). These equations are based
on the power speclral density expressions, equat¡ons
(2) and {3) respectivel-v. and the upper and lower limits
of the r,-r resion could be improved uirh furtller
experimental inlormation on the relation between Lí
and 91in equation (18) or b-v using an alternatire
'form for horizontal len,eth f/,.
. The Fig. 2 t-vpe ol plot should lacilitate an under-
standing of the influence o[ eround roughness on the
deca,v lactor e.xponenl r, * hen more data become
available.

A comparison is made in Fig. 3(a), (b) and (c)
betneen the theoretical expression for root-coherence.
equations {7) and (19). empirical relations:ånd mea-
sured data[8] lor :hree pairs._of diflerent heights.

These three plots indicate that the proposed root-
coherence. expression. equations (7) and (19), is
reasonably consistent rr ith measured data and
demonstrates its dependence on height.

DISCUSSIO :,{S A\- D CO:,¡C LUS tON

There are .sûll not sufficienr data available to con-
firm thê ceRsislencv of the po*cr spectral expression
andi the root-coherence exprcssion. cspecially in a
higþly built-up areall'8oth expre'ssions, horverer. have
to be cstablishcd for thc purptr.c of prccliction of thc
dyn,amic rcsponse of structurcs. Moreovcr. it is an
impótlant I'actor for a t,r'pical rrind-resisting structure
likej a'high rise building in a city centre to represenr

'appropriately the power spectrum and the roo!-
coh'erencc (see Appentlix A).

Rccellt nrcust¡rcntciltr \u_ssù\t that ttcight dcpcn-
tlcncl is rignifìcurrt irrr htrtlr tltc porrcr spcctrurl und
rool-ct¡hcrcr.tcc. u h¡ch urìnscquentl_r, should bc tuken
rnto ilccount in the rcpresenti.rtions. w,ith some allorv_
Itlrcc' frrr lltc ilrllrrcllcc ol tcrnrin pcetrlilrritics, \lso 111¡.

o4

lr
ç

E
N

;E
õ

c
o
o

*
50 2CO lO O



U(y.2.

_1
dz-

ì'

tJ
dy

_L'

Height Dependence of Root-Cohercnce in the Natural Wind r8l

variation in válue of the root-coherence function at
zeÍo lrequency can be pointed out lrom recent

.. measurements-it is less than unity unless the sepa-
nlti(ìrì (list¿rncÆ is zero. Having due regard to the above

lì(rilìl\. ilrì exponential, expression has been developed
for the root-coherence lunçtion, introducing the mo-
dified lrequency f:l instead.of lrequency / and the
power law prolile with height for the decay factors.

There are two restrictions in the application of the
above expressions. Firstly the eflect ol the quadrature
component.of- thercross-spectra or the phase angle is

assumed.to be negligible. However, since the natural
wind turbulence is not completely homogeneous, the
quadratuqe component exists, even though it rnay be
small. This matter should be investigated in furure-
considering the.effects of the quadrature component on
the dynamic wind loading of structures.

Secondly, equation (15) lor the vertical separation is
only valid lor the lower measuring point, given by zr,
above the reference height :, and :, should be chosen
such that the wind forces below this level do not make
a signifìcant contribution.to the dynamic resporise of a
structure. This suggests that the power law prohle with
the exponent r,. lor the rertical decay lactor k, may
not hold below the iblererice height. Further investi-
gation ol this point,..is required using measured data
obtained near the ground.

It can be concluded rhat the expression proposed lor
the root-coherence of rhe longitudinal turbulent com-
ponent between two poinrs with vertical and horizon-
tal separation is consistent with recent empirical data
* hich indicate the height r ariation of the root-

^,,!oherence.
The power exponent z, lor the decay factor in the

root-coherence expression is estimated ftom empirical . -,,

data and the decay factors, k,, and k,. lor horizontal
and rertical separation respectivel.v. could be evaluated
at the re[erence hc.ight either thcoretically or
empiricall.v.
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APPE\DIX A: PREDICTION OF ALONc\\,tr-D
DY\A}IIC RESPONSE OF STRL'CTLRES

IN THE NATURAL WIND

The relationship between the fluctuating tlrag [orce and the
lonui¡udinal turbulent component of the nrtural rr.in<l is
discussed and it is shown how the root-coherence function
and the power spectral density of the longitudinal turbulent
componÈnr contribute to the predicrion of rhe dynamic
alongwind response ùf structures. The theory is a modified
lorm of that developed for a circular cylinder by Cooper and
Su rry[ I 6].

The assumption of a 'strip theory' relationship between
local drag and the local relative rclocity for a two-
dimensionãl bodyf18]'can be applicrl also lor a rhree-,
climensional body, by rcplacing the local drag rr,ith thi, nct, r

pressurc *hich is thc difference ol'prcssurcs on thc çrntlwartl
and leenárd surfaces of a structure. 'l'he net prcssure p(.v,:,t¡.
can be consitle'aéd to act through the structurc on thc.
rtlcalized surlace normal to the mean wind dircction as shur,r¡t ,

rn Fig. -1. ! '

/){r.--.r = 1ptìri\.--.i)Lr rfr.:.il l

r 1tl)l:)( '{r. 
_-. - l[i It. --. r I (,\ l I

' :''. ( I is thc rlltg coùffìcicnt rrn<J (,, rr thc nur.s e()cflicicnt,rrrrl hrrth.tre eon:tdcrcd to !¿rrv with posrtton.rnd thcrcduectl frequency ;:
. _l Blzl
' - 

L'(-- l

U'( r', --. ¡) : U(_r.. ;. ¡) -,j(r. _-. I I

is the relative ivind speed:

L'(-t. :. ¡ ) : Ll(-- ) + u(,r., --. ¡ t:

P(r. :, I ) : l¡rCr{ r', _-. 0)L':(:)

+ ¡r(-r(_r.. _-. ; )L- l: )u ( r,, :, I I

* t'ßl: l( rr ll,. :. ! )t¡( r, :. r t

- t,(-¿{l. --. s= )Lr (: l()( t,, :. I I

- pB(-- )(',, fi. ;, ( ),i( r., :, ¡ l. {A2l

cqualion lÂ21 ¡re not tlependcnt on rhc
ntlv thcv ¿trc crrrlritlcrctl lrs thc lrtl_
mlt\\ ¡tì tlìC !,!lu.rltr)tì ()1. rì.ìUtt()tì rrI thC
tniun¡c pitrt,,1-llte rlrlru rìet prc\srlrc
Lls.

Plt.:.ll .= t,C¿(r., _-.; lr¿{r.:.ll(-(:)

r/,8(:t('r,t r. --. -' )¡itr. _-.r I r \ ìl
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above into account. i .

l..ilt ' ) t.

4"(t ) + 2;;(2'rl" )4"(r ) + (2trl" ):q" u, = t ,: (44)

Now Sr"(/) can be defined as a Fourier transform of the

ruto-coriel¿ilion function of F"(t I as follows.

rvhere r¡, is the generalised displacement o[ the nth mode:

s--(/ ) ¡ 2 .Ì r,ft)e-i2't' ò¡ (49)

where

,, 
nr,(,r.) : E[F,,tr ì. F"(t + r t],, (Al0)

' Srubstitutine equaíion'iA8) into tAl0) and equation (Al0) into

iÄõ;lh; pã"¿r spectral densitv function o[ generalised force

of ihe r¡th,modg fr.. gÞn be computed[t7].

sF.(/) : z. i_. .J. l: j"'''' lj'''u,,,.,,, :

x { cÍ"(.r' r. : r !cf,(¡'2, :r ) + 2z¡lcl.(.t' r' : r )

' x Ci.(l:, z,l:'2nr" .rt'r,:r )Cl.(-r':':¿)

+ 4zT¡Ci"Llr,;r )Cl.(l:, z2 )l d-v,. d.t 2

x d:n d:, e-i2nl'dt' (All)

Since the cross-spectrum of the iurbulenl component ls glven

as

assuming the structural displacement to be uniform over its

rvidth: li(:)is the nth mode shape: /" is the r¡th natural

frequency;

lH lskt
.lf:: I | ¡'1't+pa(z)C-(-r',:.Olpj1:¡dld:;

Jo Jo

rn(:) is the mass oI struclure per unit surface area:

lH IBE c,(v. ,_. i )ü t: )r"¿ (: ) .v'-! + I I ô -' 
-- 

---OlO-''" -'" ' Jo Jo ' 2ll'"12x1"1

I, is the critical damping ratio of the structure of- nth mode:

and, F"(r) is the generalised force associated with the

tu rbulence.

fH fBt=t

f"ttl = | I p(.t', z, ¡)t¿,(:)d,r d--. (45)
Jo Ju

For the rnost lightly damped structures the cross-coupling

between modes is unlikely. Therefore' the porrer spectral

tlensity o[ the response So(/ ¡ can be rvritten as follows as a

solution of equation (A'l).

,i(r..--.¡) : ò(:.r) : I p,(,:)'q"(t)

S,,(/'): f r,i{=tlz"t/ rr\¡ {/ ) (46)

t^ll )l' : 
1-anz-¡1,^¡ç1ì-* /"'- r+;;: -l

i(j,lr.:lillì.:.rl

+( fi (r.:rrrtt.--.t lidt d: ('\l'll

S,,.,,(/) : 2 ,4,,.",1r1e-ì2"1'dr (412)

Now the generulised force ol Ihe irtlt Inode F"{t ¡ ern be

comptttetl hr .trh:titttttttg et¡ttaLitttt I \'ì l llìt(r l \l l'

frt il,r:r
F,rr¡ = | I lpc'll.--.-')Ü(:)r¡(r'.:.tl'' J,, .i',

+pCr,(¡.:.;lB(:lr¡{l':'r¡i¡r"f:trlr tl-- {'\71

ln cquatton (A?), F,(l) is cxpressetJ as a lunction of t antl Í'
but since l'or lightly dampetl slructurùs only the c()mponcnts

tll' ruspttnse in the n ncY ttrountl rc:u'
nance in I purticular lficancc. thcrsf(lrc

onl-v thc ctrrre:pttndi itntJ ('r, ncctl bc

takcn inttr account. can bc motlified

accordinglv.

rvhere

F"{t ¡ = 1,,'i,''

equation (All) can be rearranged using equàtron (Al2)'
namely,

t'H ,'H fBt=t fgt.l

s..r/ ) = 
.J" .|" .J" .|. t. .,,/)
x I C,i.(.r''''-' )CÍ.(-r':' : 1l + i21r-l

x [CÍ.(l r. :, )C,rr,(]':. :r ) - C.i, 
"(.r,. 

:, )C¿'"(,r'¿, :, ]]

+ -tzr¡'rC;.1_¡',, :, tCfi 
"{-r'2. 

--2 }i

x dr , dt 2 d:, d:r. (Al3)

lf C, and C,, are assumed to be const¡nt *ith l and have the

same pro{ìle uith :,

Ci"(--r )Cü.{--r )-Cl"(:r lC;.r--: ) = 0'

,l

Consequently-' Èquation (At3lcan be simplified, as'

sr"("/ ) :
1l ,'U fït=t fït:t

.t".l,,.l,, .l" 
s"'{/} 

;

'x 
I C|.( : ¡ )C'f.( :. ¡ - 1n:¡'Cli.t --' lC'i it =, ll

. ,lr, dr'¡ d:, d:¡. (Al4)

Ceneralll thc natulal wtnd ìs put a homoguncous turbulent
lltrrr a¡rd :() tlrc cross-\pcctrirl dun\it\ furtetirttr consists of rcal
und imlginur¡- parts. iloscrçr, stttcc the powcr spectrum of
thc gcncrnliscd forcc is a rcul [unctr.'n thc rcal p¿trt rof the
Lr (ì\\-\PùCtfurn {i C. tlìC e(,-\pcctrUtn I erlt hC tiikCn intO
irecount instcud o[.S,,,.,.( / I rn cquution t,\l.l).

For further sinrplification. rf thc rmaginary part or quad-
raturÈ c(ìnlp()nùnt ()[ [hc cro:\-\poctrum o[ longitutlinul turbu-
lenec is l.'tmlcd to bc ncclr!.lrhle tlìc r,r{ìt-e()hurctrcc bectrmes

itlcnticrtl \\ rtlì tlìc rlormitltrcti c( '-\pce U urn. I c

.'rl ,'rr ''flr:, fir': ,

Sr.t/I=.l,, 
.|,, J,, .l,, R''{/r\s'(/)'\''(/I

¡ lCt.(--r )C't"(:: t--t¡rr/ r(-;r.r--, l('û"(:¿)i

< tlr, dr'¡ d:, d:r. (Al5)

( j(r rr

('1, (i. : t

¡,( ,t r. :. :,, tt I i ll¿"1: l.

/,( v ( r . :. -,, rlll -- )/1,,1: I

- l^Bl:l
ú(:l

it
I

rr hcrc



¿rl=l= | s,Utdl
Jo

and from equâtion (46),

¿rrrl= f i u,^t=ti,,tt tl!sF,,U') 1.
J0 ¡= r

t84

which yiclds

J' 
t,...,0.- = i

For a tall building which has irs lundamental natural fre-
quency much greater than the peak frequency of the power
spectrum ol wind turbulence it should be suffìcient to con-
sidcr orrly the first two frequency modes oI vibration, i.e.
N=2.

The instantaneous maximum value of thç dynamic response
can be obtâined from the mean displacement and the r.m.s.
ralue in terms trl'a peak factor g: rvhich depends on a
probability distriburion[7], as.

Âru* : A+g. v'ò2. (Al7)

APPENDTX B: INTEGRATION OF A
POWER SPECTRAL DE}iSITY FUNCTION

All power spectral expressions referred to here--cquations
( l-4F--can be integrated with respect to the frequency from 0
to infinity and the ralue of the defìnite integral beöomes unit¡r
uhen those power spectral expressions are normalised by the
rariance oi the turbulent component. Then each constant (l
in those equations cqn be obtained. For

F('r¡: -l ' 
(Bl)

( I +.r-')b

the definite integral irom/:0 to infini¡l can be computed as
iollows. Let X - r'. hen

d.\' r¿s,, I d.r:(lxr,- l',d-\-.

Consequen' ,

Since it is known that

drl _t
(-l -'.,¡ - J"

,y-r¿-r'd
----dY. tB2I

r¿(l *.Y l'

i' j'-' f(nrtf t/¡,| -- --dr:
J, (l+r')''" " [(rr+r,

where f{ ) is a gamma [unction. irom equarion {l}1)

,¡-, = -(,,;l),

tl: . tÙ:h-

il+ü: h

rl

thcn cquation llìlt hcconrcs

i,
r(1,,)r(,t, -',,)

f'{ r }tl.r = ul'lhl
(tl4)

J. Kanda and R. Ro¡'les

Then the variance o[ the dynamic response can be obtained In the case of equation (l) a direct inregration is possible
as follows, without resort to gamma functions since it can be rewritten

as,

S,(/) k,9t xr:rrt : o, a-.¡¡l
and so,

(^ l6)

( 83)

Equation Sourcc
Pt¡s cr

cxponcnt /

;i

1 i' t, rtdr= t:\!.
¿r: Jo U.

su)d/: t =!t# j' ,r+ïFrd/
: ¡" .l' (t+ïr'd¡' :+ i:

dx3
ut ,: t'k'

hence

2
kt=3

By contrast equation {4) is in the form,

s,,(/ | k,2, t

(85)

d.r r

rl +TFt

( Bó)

ü, (t +.\l )s 
J/t

and

:/,,f
Consequently, by comparison with equarion tBl)

tr {' .,.., )d.v, : ¡

where rr = I and å :5 -lP. Then irom equation (B-t)

l'ublc B t

'I'he ralues [, corresponrling to the expressions in cquutions
{2 4f are obtuined from cquation l86] and are summarised in
T¿tble Bl together *ith thc rulue ol Ii, appropriate ro
equation {ll rvhich is rriren by equarion (851. Sinrilarly rhe
integral in equution ll9a)can bc *aluurcd for / : J. i.c.

i' dr, Fr llFrll| -, .'-'-,,;='i",,1"-':l.l19 {87)Jn {l+s;)'"ll+rl)r r ll-t:)

which is rcquircd in ortlcr to cstlblish 4..
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