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ABSTRACT

This paper describes a procedure for deriving a dynamic
model of an air-conditioned room (space) by applying physical
laws to it. The room under controlis divided into five zones. The
dynamics of each zone can be described by a lumped-capacity
model, and a total of 15 linear differential equations can be
obtained. The model parameters derived from this procedure
can be numerically related to the overall heat transfer coeffi-
cients for the room, and the various significant time constants
associated with the room envelope. The numerical model can
be successfully reduced to a well-known first-order lag plus
deadtime system. Proportional-plus-integral (PI) controllers
must be designed by estimating deadtimes, time constants, and
gain constants of the system. Indoor temperature and relative
humidity may be maintained at setpoint values by an air-
handling unit using a PI control action. The PI parameters
must be carefully tuned to produce a less oscillatory response.
The tuning technique, using the partial model matching
method, is investigated from a practical viewpoint. A mathe-
matical model of the heating, ventilating, and air-conditioning
(HVAC) system, which consists of an air-conditioned room, an
air-handling unit, and PI controllers is developed. Simulation
results showing the closed-loop responses of indoor temper-
ature and indoor relative humidity are given. The controllable
regions on a psychrometric chart are established to demon-
strate the practical applicability of our simplified dynamic
model. This modeling procedure can be especially useful for
control strategies that require knowledge of the dynamic char-
acteristics of HVAC systems.
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INTRODUCTION

Successful design of control systems depends mainly on
amathematical model derived by control engineers to achieve
accurate control performance. The complexity of an HVAC
system, with distributed parameters, interactions, and multi-
variables, makes it extremely difficult to obtain an exact math-
ematical model to improve control quality.

The authors have proposed a modeling procedure for the
HVAC system taking the multivariable AR (autoregressive)
model into account by using experimental data (Kimbara et al.
1995). The effectiveness of the model was clarified by carry-
ing out actual control. However, some of the more important
questions were left open:

«  When the operating points of the indoor/outdoor tem-
perature and indoor/outdoor humidity change, different
models were obtained.

» The order of model generally tended to be very high
when evaluation of the model’s validity failed.

»  For the model derived from statistical approach, it could
not be explained how the model parameters correspond
to actual performance data of the building.

In recent years, a growing interest in the mathematical
modeling of HVAC systems has been seen. Many researchers
have reported room models developed through a theoretical
approach (Borresen 1981; Zaheer-Uddin and Zheng 1994;
Zhang and Nelson 1992; Crawford and Woods 1985; Shavit
1995; Nelson 1965). Their interests were centered on strate-
gies to represent the complete performance of a building and
to evaluate energy costs and thermal loads, etc. The mathe-
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matical models that include the interactions between a build-
ing, its occupants, control systems, and the external
environment are complex and constantly changing. Although
these models may be adequate for building design purposes,
none of them seems to give insightful results for a room model,
which has an important role in good control performance. This
paper discusses a simplified dynamic room model that takes
into account the energy and mass balances between room air
and the surrounding walls and explains why a control system
might not provide the desired performance.

The process of modeling a room involves the following
steps:

= Divide the air-conditioned room into several simplified
well-mixed zones (the indoor temperature and humidity
are the same throughout the zone).

*  Model the resulting zones by applying physical laws to
the ideal models.

*  Analyze the resulting model to determine its properties.

*  Reduce the order of the model if necessary so that it is
tractable to tune PI controllers.

= Simulate the physical model on a computer to show the
closed-loop responses.

» Establish the attainable (or controllable) regions on a
psychrometric chart.

This work leads to a better understanding of such thermal
properties as thermal capacities and heat transfer coefficients
on control performance. This simplified model provides a
theoretical foundation for more elaborate models to quantita-
tively evaluate the overall HVAC control systems.

SYSTEM DESCRIPTION

Figure 1 shows a schematic diagram of the typical VAV
(variable air volume) system considered in this study. Since
the VAV system is mainly a cooling system, our physical
model will be limited to the cooling mode. The major compo-
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Figure 1 Typical VAV system.

nents of the system are (1) an air-conditioned room, (2) an air-
handling unit, and (3) a fan and ductwork. The airflow rate to
the room is controlled by dampers and/or by fan speed control.

The room measures 2 m (L) by 2.5 m (W) by 2.5 m (H)
and is connected to the air-handling unit (control element),
which consists of a cooling water valve and a humidifier to
control indoor temperature and relative humidity. Air enters
the cooling coil at a given temperature, which decreases as the
air passes through the coil. The thermometer in the down-
stream side of the coil senses the temperature of the air leaving
the coil. Using the output from the sensor, the controller modi-
fies the openings of a control valve. This control valve changes
the chilled water flow through the cooling coil. The supply air
leaving the coil enters the humidifier, which generates vapor
to control indoor humidity. The hygrometer in the room senses
relative humidity and then is fed back to the controller. Using
this error signal, the controller produces a controlling input as
the flow rate of steam. These control units are collectively
referred to as an air-handling unit.

The room air is released continuously at the end of the
ceiling and drawn into the end of the floor. The airflow rate
from the air-handling unit to the room is 4 m*/min. The airflow
rate from the outdoor air inlet is 1 m*/min and the same rate is
usually exhausted into the outdoors. The thermal load in the
room consists of one resident only. Thus, there are three
control inputs, namely, the supply air temperature, the supply
air humidity, and the airflow rate, which can be changed
simultaneously in response to variable cooling loads acting on
the room. But the current analysis assumes that the supply air
temperature is fixed at 10°C. The outputs of interest are the
temperature and relative humidity in the room.

The interactions between every component must be
considered so that a change in any one input can be used to
influence the system outputs, such as indoor temperature and
relative humidity. With this as the motivation, we develop
zone models that describe the functional relationships
between appropriate inputs and outputs.

Zone Model

Since an air-conditioned room is a complex thermal
system, a completely theoretical approach to formulating a
model is impractical. A set of simultaneous partial differential
equations that describe the dynamic balance of energy and
mass within the room easily can come out to be intractable.
However, dividing this room into five small zones enclosed by
envelopes that are exposed to a certain outdoor condition is
reasonable. Figure 2 depicts five divisions of the room and five
zones—designated 1, 2, 3, 4, and 5—are noted.

The room description follows:
Walls and ceiling: foaming urethane 50 mm thick
Floor: concrete with 50 mm thick insulation

Window: glazing 0.5 m % 0.5 m * 3 mm thick
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Occupant: one person in the interior zone (zones 3, 4, and 5)

Equipment: lighting, 240 W bulb, and 1 KW heater (for distur-
bance inputs)

The following assumptions are made at the start:

1. The air of each zone is fully mixed. Thus, the dynamics of
each zone can be expressed in a lumped capacity model and
usually yield a rational transfer function.

2. The airflow between two zones is unilateral—the state of
the upstream zone is not affected by the state of the down-
stream zone.

3. Any other uncontrolled inputs, such as extreme weather
conditions, internal load upsets, and solar radiation, are
considered as disturbance inputs.

4. The density of air is considered to be constant, although the
density is a function of temperature and humidity.

5. The pressure losses across zones and in the mixing sections
are negligible.

The main reason for these assumptions is to obtain simple
models for treating the fundamental issues in control system
design. Here, based on these assumptions, typical heat and
mass flows within the room are shown in Figure 3.

Figure 3 Heat and mass flows within a room.
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We characterize zone models by three state variables:
indoor temperature 6;, wall temperature 6,,, and indoor abso-
lute humidity x; of zone i. The governing equations of zone
models can be derived by applying the principles of energy
and mass balance. By neglecting back currents among zones
and assuming perfect mixing for each zone, we lump the ther-
mal capacitance and the volume into five zones.

Heat balance of the air:
€8, = wo,— w8, +0,(8,,-9,)
8, = 50 —30 +0,(6,,~6))
Cy63 = gel +‘gez-ge3+a3(ew3-e3)+q(z) L)

; 7
Cby = ‘5"9, - :‘—"93 - %m +0,(8,,4—0,)

C,05 = 2o, + %0, - Yo, _wo, +0(6, .~ 0,)
6 4 2 ied
Heat balance of the wall:
CotOwt = (8, -6,,)+B;(8,-6,,)
Cu2bwz = 05(8,-6,,5) + B5(8—6,,5)
Cu3Ous = 03(85-6,,3) +B3(8,—6,,5) t @
CopaBua = 04(8,-8,,,) +B4(8)—8,4)
CysOws = 05(85=0,,5) +Bs(8y~0,,5) |
Mass balance of the water vapor:
Vpr = fxg=fx)
. Sk
szz = gxi - g.‘rz
Lo L Lo 1]
V;I} = Esxl = Exz— EIS + 'p-;p(f) L (3)
o K 5 TR
Vaxa = -3§x| = 4—"x3 - 1—2‘714
. 71,
stj 512—2313—5{1 +f615

where the dot (-) denotes the time derivative. In Equation 1,
the coefficients such as w/3, w/4, w/6, and 7w/12 can be deter-
mined by Kirchhoff’s current law: At every instant the amount
leaving must equal the amount entering.

Equation 1 states that the rate of change of energy in the
zone is equal to the difference between the energy supplied to
and removed from the zone, non-temperature-dependent heat
gain (g(1)), and the heat gain through the envelope, including
the warm air infiltration due to the inside-out temperature
differential. In Equation 2, the rate of change of energy in the
wall (C,,;8,,;) is equated to the heat gains through the wall
between the indoor air and the outdoor air. Similarly, Equation



3 states that the rate of change of moisture in the zone (¥x;)
is equal to the difference between the moisture added to and
removed from the zone. The room model shows that these
zones are unilaterally coupled by input signals w and f,. The
relative humidity (@) to be controlled in our system is given by
a complex function F(x, 8) of the absolute humidity (x) and the
air temperature () (ASHRAE 1989; Wexler and Hyland
1983).

Needless to say any other uncontrolled inputs (e.g., vari-
ations of weather conditions, intemnal load upsets, and solar
radiation, etc.) directly or indirectly affect the system dynam-
ics. The radiant energy from those will actually be absorbed in
the walls. Thus, extra terms might be added to Equations 1, 2,
and 3 if necessary. The addition of the above external thermal
influence, however, is seldom of interest in this paper.

By assembling Equations 1 through 3, the overall room
model can be easily obtained. All the actual values of the
parameters used in the computer simulation are listed in Table
1. The zone model equations may be combined to construct the
room model of interest. In order to derive the general form of
a first-order ordinary differential equation, let us consider the
first three equations of Equation 1. Taking the Laplace trans-
formation of three equations, the following algebraic equa-
tions can be obtained:

(Cys+w+0,)0,(s) = wO(s)+ 0,0, (s)

(Czs +2e 0{2)62(5) = 26,(5)+ 0,0,,,(5)

(635 e u3:eg(s) = 20,(5) + 20,(5) + 150,,5(s) + 0(s)
(C))

where L denotes the Laplace transform of a function of time,
written as L [842)] = ©(s), L [6,,,()] = ©,,(5), L [g()] = O(s),
and L [p()] = P(s). Similarly, these relations can be expanded
to all of Equations 1 through 3. Thus, the causal relationship
can be described graphically by the block diagram shown in

Zone 1 [B,] Zone2 |[f]
Gnrl .’ Gws i

TABLE 1
Summary of Significant Parameters
in the Development of a Room Model

Zone i 1 2 3 4 5
Ci 1.56 21.56 21.56 21.56
C 448 4.58 1.53 63.34 | 6334
V; 2.5
aB | 004 | 006 | 001 | 021 [ oz
Air-Handling Unit Humidifier
C; 1.56 Cy 0.052
v, 1.0 v, 05
o, 0.78 Oy 0.26

Figure 4. In this block diagram, the transfer functions are
defined by

—
Cursto+hy

W

1) = R T
,etc. (5)

i
Hl(s) Vls +f

Also, F in the blocks (Figure 4) represents the nonlinear
function F (x, 8). Note that there are two typical time constants
in each zone, namely,

Ci C

_ wl
and T, = al+Bl,EtC- (6)

fy= wt oy
T; denotes the air change rate in the room and T, results
in a time constant for the walls. Generally, T,,; has a much
larger value than 7; as discussed later.
From Figure 4, it should be noted that the signal-flow is
strictly unilateral—the condition at the output end of a zone

e

Figure 4 Block diagram of room model,
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has no feedback effect on the forward zone. Thus, the room
model can be called an open-loop structure. The thermal
models (the upper parts shown in Figure 4) interact in some
way with the mass flow models (the bottom parts), but the
former can be considered independent of the latter because of
unilateral coupling. :

Air-Handling Unit Model

Cooling Coil Model. For the purpose of modeling the air-
handling unit, it is assumed that the unit is full of air at supply
temperature and that air density is constant. The cooling water
at8;is supplied to the cooling coil and returns at a temperature
of 8, to the storage tank. By identifying the energy flows to
and from the air-handling unit, the energy balance can be
expressed by

Ca 9 s= _f.;.‘pwcw (eco el etf) +ay, (Ba - 9,&) +fspaca {esi = 9.9}‘ (7)

In Equation 7, the rate of cooling energy stored in the unit
is equated to the energy extracted by the cooling pipe and the
energy added to the unit via the return air from the room and
the surrounding outer surface of the unit. Note that two inputs,
[ (supply airflow rate) and f,_(cooling water flow rate) appear
in this equation. The mass balance equation on the water vapor
is

Vais :fs (xsf = xs)' (8)

Equation 8 states that the rate of change of moisture in the
unit is equal to the difference between water vapor added to
and removed from the unit. This implies that, by changing f,,
the mass flow rate to the room can be varied and that water
vapor can be stored in the unit.

Model of Airflow in the Duct System. The mass balance
equation in the mixing (outdoor air and retumn air) section is

x:if_; = xof;: +Ir-fr' (9)

The corresponding model equation for the energy balance
in the duct can be described by

wesx': W, 90+ Wy Br' (10)

The airflow rate from the outdoor air is considered 25%
of the total supply airflow rate. This ratio will be held constant
in this study. Note that the pressure losses and the heat losses
occurring in the duct are neglected for simplification.

Humidifier Medel. Humidification is a requirement in
some areas due to the very low humidity that exists in even a
cooling mode in winter. The humidifier is the most important
interface between the air-handling unit and the room. The
humidifier model is separated from the air-handling unit.
Since the supply air in the outlet of the unit is usually consid-
ered to be saturated vapor (@, is 100%) by cooling, the relative
humidity of the supply air cannot be controlled by the humid-
ifier in the same air-handling unit. This fact is critically impor-
tant to successful implementation of an air-handling unit.
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Simplifying this humidifier exposed to a certain outdoor
condition is reasonable.
Here, the energy balance can be expressed by

Cy0,=w (0,0, +0,(0,-86,). (11)

The second term on the right-hand side is the heat gain (or

loss) through the humidifier envelope, including the warm

infiltration due to the inside-out temperature differential.
The mass balance equation on the water vapor is

Vg = fs(xs—xd}+%)@. (12)

Note that in Equation 12, the rate of moist air produced in
the humidifier A(f) is a function of the indoor relative humidity
as one of control inputs. When the supply air becomes satu-
rated vapor (@, = 100%), the input 4(r) has no effect on the
output x(2).

Properties of Room Model
By assembling Equations 1 through 3, the overall room

model, viz.,

c%x=Ax+Bu+Cd (13)

was obtained, where x is a vector of the state variables, u is a
vector of the control inputs and 4 is a vector of the distur-
bances. x, u, and d for this room model are defined by

X = [91, - 95, Bws, X5 wuey IS]T
u=[f, ' (14)

d=[8y,q,p]"

where T denotes the transpose. The corresponding matrices 4,
B, and C can be easily found (Takahashi et al. 1972).

Assuming zero initial conditions, the matrix transfer
function is given by

G(s)=(sI- A)'B (15)
and the characteristic equation is
IsT—A] =0. (16)

Hence, using the parameters described in Table 1, a tenth-
order characteristic polynomial of the thermal model can be
found:

O+ 0y +0ps? + ...+ 0gs™+ 510 =0. a7

The location of these roots, which are called characteristic
poles, is depicted in Figure 5(a) where R, means the real part
and /,, means the imaginary part. A group of poles lying rela-
tively close to the origin makes the response decay very slow.
These long-term responses are due to the thermal dynamics of
the wall. On the other hand, all the remaining poles lying along
ahorizontal axis separate from the origin lead to fast responses



that decay rapidly with time. They represent the dynamics of
the room. As can be seen from Figure 5, the resulting time
constants for the wall (T,,;) are larger than those for the room
(T, by 5 to 100 times. The location of characteristic poles that
exclude the wall time constants is shown in Figure 5(b).
Neglecting the dynamics of the walls will give a very simple
and useful model for short-term responses. For control anal-
ysis, the simplified models will often be sufficient. Neglecting
the influence of the walls, the transfer function for the thermal
model can be reduced into fifth-order systems.

In the tuning control parameters to the dynamics of the
plant, which is described by a higher-order transfer function,
most plants are approximated by a first-order lag plus dead-
time system (Astorém and Hagglund 1995). The transfer
function comes to

K et
: T |
G(s) 1+ T (18)
where K,;, T,;, and L,; are the gain constant, the time

constant,and the deadtime, respectively. A systematic method
with which to determine K,,;, 7,,.and L, by using the param-
eters is given in the appendix.

The step responses due to a 1°C increase in the supply air
temperature are shown in Figure 6. The responses of zones 1
through 5 are marked according to their numbers. The lower
curves indicate the responses of the first-order lag plus dead-
time system. This approximation is found to be valid for our
thermal model.

SIMULATION RESULTS

To show some applications of the developed model,
several simulation runs are made for the exact physical model
expressed by Equations 1 through 12. The major parameters of
the zone models and air-handling unit used in this study are
given in Table 1.

Transient Response for an Uncontrolled System

First, the transient responses for an uncontrolled (open-
loop) system will be obtained to investigate system perfor-
mance. The environmental conditions assumed are:

w= f.c,pa=1.248 (kcal/min °C)
Supply air temperature:  8,=10°C

Supply air absolute humidity: x,= 0.008 (kg/kg (dry air))
Outdoor air temperature: 0,=32.5°C

Outdoor air absolute humidity: x,=0.0195 (kg/kg (dry air))

Supply heat energy rate:

Also, the initial conditions when ¢ = 0 are given by 8,(0)
=0,{0)=6,x;(0)=x,(fori=1,2, ..., 5).

Equations 1, 2, and 3 are a set of simple first-order differ-
ential equations subject to the initial conditions above. The
transient responses are illustrated in Figure 7, which shows
changes in the indoor temperature, the wall temperature, and

—t—t— Lo
10 08 -06 -04 -02 ol
R, -01
(a) Overall thermal system
0.1
e e =
10 -08 -06 -04 -02 ol "
R, -0.1

(b) Simplified model by neglecting the influence of walls

Figure 5 Location of poles of thermal model.
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Figure 6 Comparison of step responses for zones between
Equations 19 and 20.

the indoor relative humidity. Five zones—designated 1, 2, 3,
4, and 5—are noted in these figures.

As can be seen from Figure 7(a), for zones 1 and 2 the
temperatures rapidly reach steady-state values because of
small heat capacities. But for zones 3, 4, and 5, the responses
decrease very slowly depending on large thermal capacities of
zones and the cooling loads. It is evident from the results for
zones 4 and 5 that the responses are not only influenced by the
cooling loads but also by the thermal capacities of floors and
walls. Figure 7(b) shows the long-term responses, i.e., the
responses over a couple of hours or so due to the large thermal
capacities of the walls.

As shown in Figure 7(c), the relative humidities for zones
1 and 2 rise rapidly during the start-up time due to quick cool-
ing of supply air. At this time, the humidities for zones 3,4, and
5 decrease rapidly due to the thermal loads of a resident and
climb slowly following the decrease of the wall temperature.

Transient Response for a Controlled System

In order to maintain the indoor temperature and the indoor
relative humidity in desirable ranges, a PI control and I-P
control are introduced (see the appendix for a brief review of
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Figure 7 Transient responses of an open-loop system.

the PI and I-P controls). For practical considerations, such as
safety and energy savings, I-P control law is generally
preferred (Kasahara et al. 1997). The two types of control law
are shown schematically in Figure 8. Let us assume two
outputs, 8, and ¢4, for zone 3 (the central part of the room) as
controlled variables to maintain at desired values. For our
VAV system, the supply air temperature is assumed to be
constant. The control inputs that vary according to the control
actions are the supply airflow rate f, the supply air absolute
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Figure 8 Block diagrams of control algorithm.

humidity x,, and the water flow rate through the cooling coil
f,- For PI controls, the control inputs are given by

fi= kc.{(es—e,,ﬁ% I:,(es_ﬂr)d‘}’

1
h= kcz{(mr—q:;)+Ej’0(¢,—¢3}dr}, t (19)

_ 1
fc - k‘,}{(es - esr) * Fﬂj; (93_ esr)df}

where 0,, @, and 6,, are the setpoint values of the indoor
temperature, the indoor humidity, and the supply air temper-
ature. For I-P controls, the control inputs can be written simi-
larly,

1
fi= kc1{93+i—1_|':){93—9,)dr},

(20)

1
h = kd{—% +T—aj;(q>,—q:3)dr}, .

_ 1
f.= kﬂ{ﬁs+a J:. (as_e")dr}

4

where k,y, k5, and k_; = proportional gains and T};, T}, and Tj;
= integral times.

So-called reset windup can be a problem with PI and IP
algorithms above. If the controlled variable cannot be
controlled (a damper is wide open, for example) an error may
persist, causing the integral summation to increase or to
decrease to unreasonable values. To avoid this, the controller
locks the integrator at its present value whenever the control
output is at an extreme.

The setpoints values of the indoor temperature, the
indoor humidity and the supply air temperature are assigned
so that 8, = 26°C, ¢, = 50%, and 8, = 10°C.

The cutdoor air temperature €, as disturbance is assumed
to be sinusoidal, forcing input with amplitude 5°C and period
10 hours around 32.5°C. Given the same initial conditions, the
simulated transient responses are similar to the responses with



the constant outdoor temperature. Thus, the outdoor temper-
ature is fixed at 32.5°C.

Tuning of the control parameters is important, and it is
desirable to determine approximated values for these param-
eters from the simplified model. Control parameters can be
found by the partial model matching method (Kamimura et al.
1994) for the approximated transfer functions of zone models
given by

85(s) _ 25e72%
F(s) 1+370s°

X3(s) - 0.66e22% |
X(s)  1+29s°

(21)

O,(s) 15440145
F (s) 1+2.55

These time constants are given as a function of the supply
airflow ratef,. For simplicity in this study, these characteris-
tics are based on the fixed airflow rate (i.e., f, =2 m*/min) for
Equation 21. A detailed derivation of control parameters is
givenin the appendix. It should be noted that the transfer func-
tion to the absolute humidity x; can be well defined, but no
information regarding @5 can be obtained. Thus, final deter-
mination of the gain constant in Equation 21 can be made in
a trial-and-error by the simulation. The proportional gain k_,
must be reduced on the basis of this gain constant. The cases
with gain k_,/50,000 for control provide the stable responses.
Table 2 provides the results of having calculated the control
parameters by the partial model matching method.

Figure 9 shows the closed-loop responses to stepwise
changes in setpoints. This situation is exactly the same as the
start-up operation of an HVAC system. The zone temperature
©; settles to the setpoint temperature at 26°C. On the other
hand, the zone temperatures 0, and 85 decrease gradually due
to the very slow responses of the walls. The slight drops in 8,
and 0; after about ¢ = 100 minutes cannot be compensated in
this VAV system. It is interesting to note that except for zones
1 and 2 responses give a slow approach to the steady-state
values, without overshoot. The tuning technique is designed to
give a response with no overshoot. A considerable overshoot
and some oscillation before steady-state value is reached have
been judged to be undesirable for HVAC systems.

TABLE 2
Tuning Parameters for Pl and I-P Controllers

PI Action I-P Action
ko 2.5 2.8
Ty 37 (min) 11 (min)
ke 0.0015 0.0017
Ty 2.9 (min) 1.1 (min)
ke 0.0044 0.005
Ty 2.5 (min) 0.72 (min)

The relative humidity @4 settles to the setpoint value at
50%. It can be seen that there is some overshoot in the
response. This is due to the selection of k.. Larger than neces-
sary gain causes oscillations; smaller than necessary gain
makes the response slower.

It is important to recognize that the absolute control
inputs are a little high when comparing the I-P control to the
PI control. The I-P control algorithm is known to be a viable
strategy to prevent excessively large control input, but both the
proportional and the integral gains should be reduced until a
satisfactory response is achieved. When looking to the
responses of Figure 9, the overall response speed becomes
slower, but there is little difference in the overall response (6
and @, for example) between the PI control and the I-P control.
Simulated performance characteristics of the VAV system
with suitablely tuned PI parameters indicate satisfactory
performance, as shown in Figure 9.

Controllable Region on Psychrometric Chart

The psychrometric chart can be used to illustrate the
concept of “attainability” (or “controllability” in the control
engineering field). To examine the controllability of an HVAC
system, we ask the question, “Can the desired state of the air-
conditioned room be controlled by particular control inputs?”
This can be easily answered by our simulation program.

Many simulation results are made with various setpoint
values and constant outdoor conditions. If the final values of
05 and @4 on the psychrometric chart remain within prescribed
ranges (+0.2°C and £0.5%) around both setpoint values, as 0,
and @, this system can be judged to be controllable. Figure 10
shows four crucial regions with respect to the controllability,
marked as I, 11, 111, and IV. In region I, the system is control-
lable for both controlled variables 6 or @4. In region IV, both
6, and (5 cannot be controlled, whereas in regions II and III,
only 8 or @3 can be controlled directly.

The controllable region I can be formed by projecting
straight lines on the psychrometric chart. The highest temper-
ature of the controllable region can be determined by the
outdoor temperature because the setpoint value cannot be set
beyond the outdoor temperature for a cooling mode. These
lines—designated 1, 2, and 3—can be determined by the
capacity limits of VAV control elements.

First, the line 1 indicates the lowest possible temperature
due to the maximum airflow rate into the space. The relation-
ship between the steady-state values of the input f; and the
output 6, can be easily obtained by manual computation.
Although the variation in the wall temperature affects the
indoor temperature, it is unnecessary to accurately predict it.

Second, the line 2 can be estimated by the relationship
between the input p (the evaporation rate of a resident) and
the output x5 when the humidifier is not in operation (k = 0).
It should be noted that the output x; is calculated as a func-
tion of the input f, and f, is also a function of the output ;.
The nonlinear relation between x5 and 8; may be approxi-
mated by a linear (i.e., straight line 2) relation within the
error limit of 1%.
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Figure 9 Transient responses of a closed-loop system.
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Finally, the line 3 can be estimated similarly. The relation
between the supply air temperature in the humidifier 6; and
the supply airflow rate f, must be estimated when the humid-
ifier is operated at the maximum capacity (¢, = 100%). Note
that the humidifier does not always generate maximum power
(h=0.087 (kg/min)). By using 8, the absolute humidity x, for
saturated vapor can easily be found. The rate of moist air in the
humidifier 4 can be calculated by using x; and x,. Conse-
quently, the relation between x5 and 8; may be approximated
by a linear function within the error limit of 4%.

All the above simulations were made with the constant
outdoor temperature 6, and the constant supply air tempera-
ture 6, though in reality the outdoor temperature and thermal
loads change constantly. It is interesting to study the effect of
varying outdoor temperature and supply air temperature on the
controllable region. Figure 11 shows the controllable regions
with a changing outdoor temperature with 8, = 32.5+2°C and
a changing supply air temperature with 6, = 10£2°C. With a
controlled system, the variation in outdoor temperature has
little effect on the controllable region, though the outdoor
temperature more or less makes the upper limit of it. It is
impractical and unnecessary to accurately compensate for the
variation in outdoor temperature. This is exactly the purpose
of controls. On the other hand, a supply air temperature lower
than 10°C may cause the controllable region to expand, and a
temperature higher than 10°C will cause it to increase due to
a little amount of temperature rise in the humidifier. The vari-
able supply air temperature can alter the controllable region of
the air-conditioning system. Therefore, it is necessary to
approximately determine the optimum supply air temperature
by the dynamic characteristics of the system.

CONCLUSIONS
By making use of the physical principles of mass and

energy balance, a multizone room model has been developed
and tested as a VAV control system.
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Figure 11 Effects of ; and 6, on controllable region.

The primary features of this physical model are listed
below.

1. The room under control is divided into five zones, and the
dynamics of each zone is described by lumped-capacity
models and a total of 15 differential equations. Two typical
time constants involved in each zone are derived for the
room and the envelopes.

2. The model parameters derived from this procedure corre-
spond physically to the overall heat transfer coefficients and
the thermal capacitances of the room and the envelopes.

3. The systematic method is proposed to replace the higher
order system with a well-known first-order lag plus dead
time system. The control parameters using PI and I-P
control can easily be found for this type of model.

4. To evaluate characteristics of the model, several simulation
runs were made. The indoor temperature and the relative
humidity for zone 3 can reach the setpoint values in less
than about an hour. The transient responses using PI control

“ and I-P control are almost identical. Therefore, it may be
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concluded that there is no difference between these two
controls in this HVAC system.

5. The resulting system model is especially useful for estab-
lishment of the controllable regions on the psychrometric
chart.

Although the air-conditioned room is an important
element in an HVAC control system, the room often has been
assumed with a simple model, such as a first-order lag system,
in many application programs. It is, therefore, of significant
interest to look closely into room dynamics. The proposed
room model in this study provides a theoretical foundation for
more elaborate simulations of HVAC control systems. A more
detailed model will not only strengthen understanding of the
air-conditioned room but enable control engineers to evaluate
the overall VAV system.

NOMENCLATURE

C; = overall thermal capacitance of zone i (kcal/°C)

C,; = overall thermal capacitance of envelope i (including
walls, roofs, and floors) (kcal/°C)

Gy = overall thermal capacitance of air-handling unit
(keal°C)

C, = overall thermal capacitance of humidifier (kcal/°C)

oy = overall transmittance-area factor inside zone i
(kcal/min °C)

B; = overall transmittance-area factor outside zone i
(kcal/min °C)

o, = overall transmittance-area factor outside air-
handling unit (kcal/min °C)

Oy = overall transmittance-area factor outside humidifier
(kcal/min °C)

6; = indoor air temperature of zone i (°C)

6, = envelope (including walls, roofs, and floors)
temperature of zone i (°C)

0, = supply air temperature (in air-handling unit) (°C)

6, = supply air temperature (in humidifier) (°C)

0, = mixed air temperature at the inlet of air-handling unit
°C)

0, = outdoor air temperature (°C)

0, = supply water temperature to cooling coil (4 °C)

0., = return water temperature to storage tank (9°C)

¢, = specific heat of air (0.24 kcal’kg °C)

Gy = specific heat of cooling water (1.0 kcal’kg °C)

0, = density of air (1.3 kg/m®)

Py = density of cooling water (998.2 kg/m?)

c,p, = heat capacitance of air (0.312 keal/m® C)

¥ = supply airflow rate (4 m*/min)

I = water flow rate through cooling coil
(8x10 (m*/min)

f» = outdoor airflow rate (m’/min)

. = return airflow rate (m*/min)

h = rate of moist air produced in humidifier
(0.087 kg/min)

w = product of supply airflow rate and specific heat of air
(1.248 keal/min °C)

W, = product of outdoor airflow rate and specific heat of
air (kcal/min °C)

W, = product of return airflow rate and specific heat of air
(kcal/min °C)

q() = non-temperature-dependent heat gain (1.5 kcal/min)

p(f) = evaporation rate of a resident (0.00133 kg/min)

V; = volume of zone i (m°)

v, = volume of air-handling unit (m?)

V, = volume of humidifier (m?)

x; = indoor absolute humidity of zone i (kg/kg dry air)

X, = supply air absolute humidity (in air-handling unit)
(kg/kg dry air)

Xy = supply air absolute humidity (in humidifier) (kg/kg
dry air)

Xgi = return air absolute humidity at the inlet of air-
handling unit (kg/kg dry air)

X, = outdoor absolute humidity (kg/kg dry air)

0; = indoor relative humidity of zone i (%)
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APPENDIX

PARTIAL MODEL MATCHING METHOD OF
DETERMINING PID PARAMETERS

This is a systematic method with which to determine
control parameters without estimating roots in such a way that
the transfer function of a control system can be as equal to the
transfer function of a reference model as possible from the
setpoint to the controlled variable (Kitamori 1980).

As a reference model, this work adopts an equation
(called a denominator sequence representation), as shown
below, in accordance with the coefficient sequence of the
transfer function.

1

G5 =
i Oy + 0t O + 06252 + 01,6753 + .

(A-1)

In this equation, o is introduced as a scaling factor for
time. It is equivalent to the rise time of about 60% of the step
response of G,,(s). The response form of the coefficient vector
{a;} is given as follows:

{o;} = {1, 1, 0.5, 0.15, 0.03, 0.003, ... } for 10 % over-
shoot,
(A-2)
and

{o;} = {1, 1, 0.375, 0.0625, 0.0039, ... } for no over-

shoot)
(A-3)

A critically damped response has been selected because it
should be adequate for most HVAC applications. Thus, Equa-
tion A3 is adopted in this study.

To tune a PID controller, a sequence of parameters suit-
able to the transfer function of a controlled system is found as
a reference model. Each element in a control system needs to
be expressed as a quotient of polynominals in s.

If deadtime (L,,) is allowed, the plant transfer function is
approximated in the following equation according to the first-
or second-order Padé approximations (Truxal 1955):

12

1
1-zL.s
B"LPS - 21 4
1+§Lp$
or (A-4)
_1 L2
i 1 2Lps+ 12!'93
1 A2
1+ 2Lps+ lsz.s

Thus, the plant transfer function,

b otb s+b ,s2+...
G,(s) = 2l L (A-5)
a, : 2 a,s + ayys <+
is represented as a denominator sequence,
G,(s) = ' (A-6)

a6+a’ls+aész+... ‘

Here, ay', a;', a,', and a5' are obtained by calculation as in
Equation A6.

a; = apo/bpo,a(l -= {EP[ _bpla(')}/bpu
a, = {a,,- (bp]aa +bp2a(’))}/bpo (A-T7)
a; = {a,;-(b, (a5 + bpza(’, + bp3a’, )}/ by

PID Control Systems. This control structure is repre-

sented in the block diagram shown in Figure A1l. The control-
ler is given below.

_ 1 B r:0+c|.!r+c:2.s2
G (s) = kc[l g ds] = . . (A-8)
D
R 4 + c
= G{s) . G,(s) >
Figure A-1 PID control system.
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In this equation, ¢y = k/T}, ¢; =k, and ¢, = kT ; are repre-
sented. The transfer function of a closed-loop system is given
in Equation A9.

__G5)G,(s)

Wes) = 1+ G,(5)G,(s)

(A-9)
Cot o5+ ey52+eys?

cg+ (e +ap)s+(c, +ay)s?+(c;+ay)s?+...

When Equation A9 is equal to Equation A1, which can be
solved with respect to ¢, ¢}, ¢;, and c;, Equation A10 is
obtained.

" i 9
0 0|41
ey =i = —[—,—Gaz.
o a |
0 d
+ L4 ’
dgl|a
0)%
€y = —4 = —00,— +0%(0d—0) -
2 2 2
 [ag 0

a a' a’ a'
) 2 1
¢y = — = =00, +62(0F — 0ty)— + 63 (20,0, — 03 — o)
O la, a, LT ag

(A—lO)‘

The portions after ¢;, ¢,, and c; are eliminated, depending
on the I, PI, and PID actions. Therefore, the coefficient of the
corresponding term must be zero in Equation A10. For exam-
ple, if a PI action can be adopted, it can be seen from Equation
A10 that the value ¢, (of D action) must be 0. For this reason,
the following equations are obtained as equations satistying :

I action:
a;’'lay — oo, =0,
PI action:
ay'lay — 60pay lag +(0F - 03), (A-11)
and PID action:
as'lay’ — 00La, lay +0%(0 —as)a; fag'
+0°(20,05 — 03 —0,) =0.
D
R 4 + +yt e
—bo—>  ws - G.(9) >
L+ s %

Figure A-2 I-PD control system.

I-PD Control System. This control structure is shown in
the block diagram in Figure A2. If the main controller and the
feedback compensator are assumed to be

w
G.(s) = s

and
Fs)=fo+his,

the transfer function of the closed-loop system is given in the
following equation:

(A-12)

1
" 1+ F(s)G (s)
G,(s)Gp(s)
1
a‘ + a' by o7 : .
Okfos +]Tfls2 +%s3 +a—334

W(s) =

(A-13)

1+

B TP

When Equation A13 is equal to Equation Al, the follow-
ing equations are used:

o+ T+
aokfo -5, “tkfl = 0,02,
(A-14)

2 Cf.363, and

.
3

Therefore, the following parameters are obtained:

_ %% e
%ay’ 0y0% (A-15)
fo =Gk-—a6, and hH= ()Lzo'zk—a']

This I-PD system has proved effective for a disturbance
input (Kitamori 1980).

Example of Execution. To illustrate the computational
trials, the indoor temperature control is considered as an
example in the following.

—L.5
e F
B

Gpls) = 1+T,s

where K, = 2.5, T, =37, and L,=22.
The plant transfer function can be represented as the
following denominator sequence,

1
a5+a'|s+aész+ g

G,(s) =
: ; L
whereay’ = /K, a," = (L, + T,) /K, a; = ( 2+ Tp)Lp/Kp,
L T
= | B4+ B|12
and (6 + z)prKp.

PID Control. From approximations, the parameters in
Equation A10 are given as

o=137L,=3.03
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c0 = ay/o =0.132

a; ]
¢ = co[—,—caz = 5.027
a5 J

¢ = {;‘—E—U(:(Q:—{,:-!-cz{u%—uz)} =5344

Thus, PID parameters can be easily obtained as

k,= ¢, =5.027, T;= ¢,/cy = 38.08, and Ty = cy/e; = 1.063.

Similarly, for the PI mode, the parameters are
0 =595, c;=0.06728, c; = 2.498.

Thus, PI parameters can be found as

14

k.= 2.489 and T; = 36.99.

I-PD Control. Substituting plant parameters into Equa-
tion A15, we found the parameters for I-PD control to be

0343 %
o = 22 = 1757, k = —2 = 009962,
4“2 1130

fo=0k—ay =135, and f; = 0,0 k—a;" = —4.168.

It should be noted that a derivative action f; for the refer-
ence model with no overshoot cannot be found as a positive
number. Thus, the I-P control model must be adopted. We
found the parameters for I-P control to be

6=2%_ 1501, k= <L = 02512,
O3a, o,c?
and fo=ock—ay" = 2.843.



