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Evaluating Age from Arbitrary Forms of Injection 
Functions of Tracer 
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Abstract The age of the air in a room is normally determined 

either from a pulse response or from a step change response (up 
or down). There are a certain number of problems involved in 

applying these two theoretical models, especially those associ
ated with the duration of the injection, which must either be infi

nitely short or infinitely long. A hybrid method that consists of 
injecting a known quantity of tracer for a given time offers the 
advantages of both methods. The equation for calculating age is 
exact, regardless of the type of flQw considered, and is derived 
from the expressions already established for a pulse response to 
which a correction is included to account for the tracer generation 

function. If a rectangular pulse is used for the injection, the solu
tion is particularly simple. 
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Nomenclature 
ri Age of the air at any given point 

<e Age of the air measured in the exhaust 
<r> Room mean age of the air 
e Air exchange efficiency 
c(t) Signal of measured concentration 
C(t) Concentration signal after conditioning 
µ<i! ith order moment of C(t) 
X(t) Concentration signal obtained for a pulse 

p�� ith order moment of a pulse response X(t) 
E(t) Injection function 
'I'm ith order moment of E(t) 
Y(t) Signal obtained for an injection E(t) 
n Duration of an injection 

Concept of Age and Air Exchange Efficiency 
Stemming from the research carried out in the area of 
chemical reactor engineering (Danckwerts, 1953; Viller
maux, 1982), the concept of age has been in use since 
the 1980s (Sandberg, 1981) to evaluate the performance 
of general ventilation systems. The age of the air (or 
the time elapsed since it entered in the room) at a given 
point in the room (r;), or more particularly in the ex
traction system ( <e), can be measured using a tracer. A 
comparison of the internal ages can be used to identify 
stagnant zones (Roulet, 1991). It is possible to estimate 
the mean age of the air in the room (<r>), as well as 

the air exchange efficiency (e=-'-e-) (Sandberg and 
2 <r> 

Sjoberg, 1983; Niemela, 1992). This efficiency character
izes the type of air exchange in the room; a value of 
100% indicating a piston type flow; more than 50% in
dicating a tendency to displacement; and less than 50% 
indicating the existence of shortcircuiting between the 
air inlet and outlet. 

Age Measurement - Practical 
Considerations 
Ages are calculated by recording the concentration re
sponse to an injection of tracer. Until now, equations 
for these calculations have only been established for 
pulse and step change injection modes (see upper part 
of Table 1). These different methods, each of which has 
its particular advantages and drawbacks, have been 
examined in comparative studies (Sutcliffe and Waters, 
1990; Breum, 1992; Roulet and Cretton, 1992; Jung and 
Zeller, 1994), and the conclusions differ on certain as
pects. 

Not to mention the inevitable problems of mixing 
tracer and non-controlled air entries, step change 
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Table 1 Expressions for calculating ages 

Method of 
Injection 

Values calculated from 1d;)= J C(t) · tidt 
0 

Ager; Function 
C(t) ( r, if extraction) 

Spatial average of ages in the room 
<r> 

Pulse c(t) µ(I) 
Jl(O) 

t 
in this case µ is µP" 

0 

Step-up 

0 

Step-down 

t 
0 

c(t) 1-

c(oo) 

c(t) 
c(O) 

Given injection Jf(t) 
function E(t) of 
known form for 

c(t) lf/(1) µ(!) - - µ<Ol 
lf/(0) 

µ(O) 
interval [O,n) 
and zero 
elsewhere O n 

with 
lfl<i!='f JI; £(11)du 

Rectangular li(t) 
pulse of 
duration N: 
c(t)=cst for 
interval [O,n) 
and zero O n 

elsewhere 

c(t) 

modes (up or down) seem to be the most reliable on 
account of the smoothed signal associated with the 
integrating effect of a continuous injection. The ab
sence of any sudden variations limits the errors intro
duced during the numerical integration steps, an effect 
which is even more important when the sampling fre
quency is relatively low. On the other hand, these 
methods are costly in terms of time and tracer, and 
require a stable tracer generator. 

Pulse injections have practical limitations. As it is 
not easy to predict the maximum concentration that 
will be observed, and in order to avoid saturating the 
analyser, the quantity of tracer used is usually reduced, 
meaning that the acquired signal is low in amplitude. 
In the case of tracers that can only be detected at high 
concentrations it is necessary to inject large quantities, 
which requires the use of either a high flow rate flow
meter or a volumetric buffer. Even if the exact quantity 
of tracer injected is not required to calculate the age 
distribution, it is needed to obtain other information 
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such as transfer coefficients. However, these values 
will always be highly uncertain if the tracer pulse is 
generated for only a very short time with a flowmeter. 

In this context, the advantages of a hybrid method 
combining both step and pulse injections are obvious. 
Such a method would allow a quantity of tracer to be 
generated for a given time without reaching a steady 
state. It would then be possible to use a reasonable 
amount of tracer to measure the concentrations with 
sufficient accuracy and, above all, to have a good idea 
beforehand of the maximum level of concentration that 
will b� obtained (close to that obtained with a step 
change, the value of which can be estimated using the 
ventilation flow rate). 

An Alternative to "Pulse" and 
"Step Change" Methods 
The aim of this work is to present an alternative to the 
"pulse" and "step change" methods used for evalu-



X(t) 

Fig. 1 Pulse response 

ating the ages of air. The method proposed here is easy 
to implement, and can be used to perform this evalu
ation by means of an injection of finite duration (IFD) 
and of any known form. The calculations associated 
with this method are based on those already estab
lished for a pulse response, but do not require the use 
of the delicate deconvolution stage (Demoment, 1993; 
Max, 1972) needed to deduce the pulse response from 
the response to an IFD. A pulse response can be used 
to perform a detailed analysis of the air flow pattern 
when using, for example, the Residence Time Distri
bution model (Olander et al. 1995), but is not essential 
for age evaluation based on calculating the moments 
of the distribution (see upper part of Table 1). 

Outline of the Method 
If X(t) is the pulse response (see Figure 1), the re
sponse, Y(t), to an IFD, E(t), can be evaluated by ex
ploiting the properties of linear systems (addition, 
multiplication by a constant, and invariance to tem
poral translation). To do this, E(t) is considered as re
sulting from a series of pulses, Ek, of different ampli
tudes, and Y(t) is thus the weighted summation of the 
time-shifted responses X(t) (see Figure 2). This oper
ation is nothing more than the convolution of X(t) by 
E(t). 

If, for reasons of mathematical stability, it is decided 
not to perform the deconvolution of Y(t) by E(t) to ob-

Evaluating Age from Arbitrary Forms of Injection Functions of Tracer 

tain the X(t) required for the calculation of the mo
ments, the problem is thus to find an expression to cal
culate the moments of X(t). 

It is possible to do so from the moments of Y(t) by 
using the expression: 

Y(t)= L Ek X (t-k) 
k 

The calculation of the moments 

f Y(t) ·ti dt 
0 

then takes the form: 
� 

L Ek J x (t-k) . ti dt 
k 0 

By choosing this last form it is possible to introduce the 
moments of X(t). Indeed, transforming the integration 
variable t'=t-k allows the integral: 

� 

f X(t-k) · t; dt 
0 

to be written as: 

f X(t') · (t' +k)i dt' 
-k 

Furthermore, since X(t) is zero for every time t<O, this 
latter integral is equivalent to: 

� 

J X(t') · (t' +kY dt' 
0 

Finally, if we develop (t' + k)i, we obtain a combination 
of the moments of X(t). 

This short demonstration proves that it is possible 
to establish a relationship between the moments of 
Y(t) and those of X(t). The development that follows 
uses this same approach in a more complete way. 
The equations used to take an IFD into account were 
developed from the mathematical equation that de
fines the operation of the convolution of two signals. 
Amongst other things, this operation can be used to 
obtain the response of a linear system to a given in-

E(t) Succession of pulse 
responses 

Y(t)= LEkX(t-k) k 

Fig. 2 Evaluation of the response to an IFD 
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put, based on the knowledge of its pulse response. 
This mathematical tool can be used to define the mo
ments of the pulse response· as a function of the mo- . 
ments of the IFD and the moments of the response of 
a system to this IFD. The knowledge of the moments 
of the pulse response can then be used to determine 
the age of the air. 

Derivation of the Equations 
The response Y(t) of a linear system to an input signal 
E(t) can be obtained through the convolution of the 
pulse response X(t) and the input function. 

t 

Y(t)=E(t)@X(t)= f E(u). X(t-u)du (1) 
0 

The pulse response of a real system satisfies the follow
ing conditions: 

X(t)=O if t�O (2) 

and 

(3) 

which will be replaced by X(t)=O if t> T for a suffi
ciently large T. 

For the case studied here, where the injection is per
formed for a given period, the function E(t) is defined 
as: 

E(t)=O if t�O (4) 

E(t)=O if t>n where n represents the duration of the 
injection. (5) 

This last equation is used to reduce equation {l) in 

n 
Y(t)= J E(u) · X(t-u)du (6) 

0 

since, in this case: 

t 

J E(u) · X(t-u) · du=O 
n 

From equations (3) and (6), it can be stated that Y(t)= 
O if t>T+n (7) 

As is the case for a pulse response, it is possible to 
evaluate the ith order moments (from 0 to 2) of the re
sponse Y(t). 

� 

µ<il= f Y(t) · ti dt 
0 

Equation (7) can be used to show that: -
f Y(t) · ti dt=O 

T+n 
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(8) 

and to simplify equation (8) to: 
T+n 

µU>= f Y(t) ·ti dt 
0 

It can be observed that in order to evaluate µCil, if 
X(t)=O from time T, it is necessary to record Y(t) for a 
period T+n. 
Then, using equation (6), we obtain: 

T+n n 

µCil= J ti (f E(u) · X (t-u)du)dt 
0 0 

and after rearrangement and permutation of the inte
grals: 

n T+n 
µ<il= f E(u) ( J ti· X(t-u)dt)du 

0 0 
If we then replace the integration variable t by t' +u, 
the equation can be written: 

n T+n-u 
µ(;)= J E(u) ( J (t' +u)i · X(t')dt')du 

0 -u 

For the sake of simplicity, the dummy variable t' can 
T+n-u 

be called t once again. The integral J ... can be sep-
-u 0 T T+n-u 

arated into three components J ... , J... J .... Firstly, 
-11 0 T 0 

equation (2) shows that the quantity J ... X(t)dt is al-
-u 

ways zero and, secondly, from equation (3) that 
n t+n-u 
J ( J ... X(t)dt) du is also zero since the t involved in 
0 T 
the calculation of this integral are always greater than 
T. The equation can thus be written in the form: 

µ<il=£ E(u) (£u+u);·X(t)dt) du 

Using the equation to calculate the order moments 0, 1 
and 2 of Y(t) leads to the appearance of the terms: 

T T T 
J X(t)dt, J t X(t)dt, J t2 X(t)dt 
0 0 0 

which are the moments of the pulse response X(t) and 
h

. 
h ·11 f t (O) (l) (Z) w ic we w1 re er o as µP"' µP"' µp11 · 

Hence, we can write: 
ll 

µC0>=µ��U E(u)du 
0 
n 11 

µc1>=pWf E(u)du+µ��U uE(u)du 
0 0 
n n n 

µC2>=µ��l fE(u)du+2µ��lfuE(u)du+µ��lf µ2 E(u)du 
0 0 0 

Similarly, the moments 0 at 2 of the injection function 
E ( t) will be ref erred to as lf/<0>, lf/(1 l, lf/<2> 
Hence, we can write 



µ(0) = µh'!J 1/1(0) 

µ<1>:: µW lfl<o> + µh�] lf/<1> 

µ(2) = µ(2) 11,(0) + 2µ(1) 111(1) + µ(O) 111(2) pu r pu r ptt r 

And it can be deduced that: 

1 µ(0)=-µ(0) pu lfl(O) 

µ(2)=- µ(2)_2'!__ µ<ll+ 2 L - '!____ µ(O) 1 [ (1) ( ( (1) )2 (2)) ] 
pu 1/1(0) 1/1(0) 1/1(0) 1/1(0) 

Knowledge of the moments of the pulse response 
can then be used to determine the age of the air using 
the equations defined for a pulse response (see 
Table 1). 

Results 
The calculation of the ages from an injection E(t) of any 
known form and duration n can be performed using 
the following expression: 

1/1(1) 
µ(l) __ µ(O) 

µClJ lf/(O) 
r;=9'<55 (O) µP" µ 

1PL2_lfl
<
_
1>
/l<l)+ ( 2 (-lf/<_1> ) 2 - _'1'

<
_
2> ) p<o

> 

<r>= 1 Pp2> =! __ _ lfl_ <_ o> _____ 'l'_<o_> __ lfl_ < _o> __ 

2 p(l) 2 11'(1) pu 
Jl(l) __ p(O) 

lfl(O) 

Even if the form of the function can be chosen, it 
should be borne in mind that one must be able to do 
so with the tracer generator available. If the shape of 
the function is imposed, it must be known for the en
tire duration of the injection. 

This latter case is one where the age measurement 
is performed using a tracer generator that delivers a 
variable flowrate. An example of such an application 
is a generator based on the evaporation of a liquid 
where the measurement from a pulse injection is not 
easy (tracer cannot be stored for a massive injection) 
and where the time needed to achieve stable oper
ation and the autonomy of the generator could pre
vent the use of a step change method. In this case, 
the injection function could be obtained by continu
ous weighing. 

In a more common situation, where the tracer gener
ation can be programmed, the most realistic injection 
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function is the constant rate injection. In addition to 
this case, which will be discussed below, ramp, tri
angular, and other functions are possible, but their use
fulness remains to demonstrate given the higher costs 
that their implementation might entail. 

In the case of a constant injection, E(t)=b, 

n2 n3 
we obtain ,,,<o)=b · n 111(1>=b · - 111<2)=b · -

'I' 
, 

'I' 2 , 
'I' 3 

and hence: 

r; 

and 

µ(O) 

n2 
µ(2)_nµ(l)+-µ(O) 

1 6 <r>=--------
2 n µ(l) __ µ(O) 

2 

It can be seen that if n�O, the ages tend to the values 
described for a pulse injection. 

Table 1 presents the expressions used to calculate the 
age of air: the upper part deals with the conventional 
methods whereas the lower part covers the methods 
presented in this paper. 

Conclusion 
The new method presented in this paper offers a num
ber of undeniable practical advantages both for the 
generation of a tracer and the measurement of its con
centration. It is possible to generate the tracer for a fix
ed duration, and to account for any possible generation 
instabilities. The quantity of tracer used and the injec
tion duration can be adapted to make the most of the 
measurement devices. The additional numerical oper
ations that need to be carried out do not have any fi
nancial impact on the measurements since the use of 
computers is already required for applying conven
tional methods. 

In a number of cases, employing this new method 
could improve measurement accuracy. Therefore, the 
evaluation of measurement uncertainties should be 
examined in more detail in a future study. In the case 
of tracer generation at a constant rate, the optimal 
value of the "room time constant/injection duration" ratio 
as a function of the performance capabilities of the 
equipment used is an essential feature. 

In addition, this method is of great interest when the 
tracers used do not have the flexibility of tracer gas. 
Finally, the concept of age is not limited to the study 
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of ventilation, and these results could be applied to 
other fields. 
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