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Abstract
The numerical evaluation of room air movement is made by systecmatic discretization of spacc and the
dependcnt variables. This makes possiblc to replace the governing differential equations with simple
algebraic equation. The dynamic modcl of the temperaturc is bascd on the cnergy balance cquation,
considcring a given flow field. The (cmperature in a given control volume depends on the temperatures of
its corresponding neighbours. This form of the model is not appropriatc for control thcory. However, it is a
lincar time-invariant differential equation system with respect to time which can be represented as a set of
first order diffcrential equation. The model becomes a continuos-time discrete-space system. An important
advantage of this form is that the numerical intcgration method becomes a free choisc. This system can be
wrillen in matrix or state-space form. The way in which this form can be achicved is presented in this

paper. f

1. Introduction

The numcrical models of heat transfer, Muid flow, and other related processes can be achicved when the
laws governing these processcs have been cxpressed in mathematical form, generally in terms of
differential cquations [4). The individual equations express a certain conscrvation principlc.

The dynamic model of the temperature is based on the cnergy balance equation. In its most general form,
the cnergy cquation contains a farge number of influcnces. For a stcady low velocity flow, with negligible
viscous dissipation, the cncrgy cquation can be writien as:

%(ph) + div(pVh) =div(k grad (8)) + S, (1)

where h is the specific cnthalpy, k is the thermal conductivity, 6 is the temperature, S is the volumetric

rate of heat gencration and Vis the velocity. The term div(k grad (8)) represents the influence of
conduction heat transfer within the fluid, according to Fouricr law of conduction. For idcal gases and for
solids and liquids:

c grad(6)=grad(h) (2)

where c is the constant-pressure specific heat. The cnergy equation becomes:




%(ph) +div(pVh) = div(f grad (h)) +S,

If ¢ is constant, then:
h=cH

which leads to:

i(pe) +div(pV0) = div(f grad (e)) S
ot c ¢

The convection is created by fluid flow. In this
paper the solution for temperature is considered in
the presence of a given flow field (i.e. given
velocity components and density). The flow ficld
may be from expcriment, bc given as an analytical
solution or calculated by computational (luid
dynamics (CFD) computer programs. The origin of
the flow field information is not relcvant here.

For an easicr formulation, a solution in a (wo
dimensional space is given. This space is the
vertical planc (x, z), since therc are many situations
in which the three dimensional problem may bc
reduced to a two dimecnsional problem in the
vertical plane [S]. In fact, the solution in threc
dimensional space is similar and can be ecasily
obtained.

The model will be considered in continuous time
and discrete space. This means that the derivate in
time is considered continuous dcrivatc and the
derivate in spacc is discretized. Thus, cquation (5)
becomes an ordinary differential cquation with
respect to time.

The formulation of the discretized equation from.
the differential equation follows the finite volume
method presented in [1] and [4]. A computational
grid is used with the temperature to be evaluated
given discrete values at the grid points. A
staggercd grid is used for the velocity componcnts.
The velocity components are given for the points
that lie on the faces of the control volume. In the
grid convention shown in Figurc 1 and Figure 2, x
increases from W (west) to E (east) and z increascs
from L (low) to H (high). The dashed lincs
represent the faces of the control volume. They are
denoted by w, e, I, h for west, east, low and high
respectively.

(3)

(4)

(5)

7
P, o

Figurc 1 The control volume for a two
dimensional ccell

Figure 2 The grid for a two dimensional field

Integrating equation (5) over the control volume it results:
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The discretization of equation (6) rcquires the
application of a finite difference schcme. The L Oxu : Ox
upwind difference scheme or the donor cell method :
is considered here. In this scheme, the value of 6 at PO BXuy | BXe Oe
the control surface (i.e. w, e, [, h surfaces) is taken
as the value of upstream node point:
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0,=0 for u,>0; 0,=0, for u,<0; (7)

T

-_..x_..

and similarly for 6,,, 6,, and 6,. Using the notation
I[A]l to denote the greater of A and 0, the first right
term of equation (6) may be writtcen: Figure 3 Grid points for x direction

_pc[(ue), ~ W9, (#0), ~(w), ] _
Ax Az

(8)
pc[-;—x(i[uw]le w1, 10 ~}{u, )16 +H[-u,)I0 E)] + pc[i—z (1w, 110 L —1[~w, 16 —I[w}, 110 H[-w}, 116 ), )}

The second and the third right terms of cquation (6) may be written as (scc Figure 3):

a0 20
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FG—GW) and (9)
Ax Ax

¢ Ox, v ox,

ae) ( ae)
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Az Az

where indexes W, E, L, H represent the valucs in the West, East, Low and High neighbour control
volumes, respectively.

With:
Ax Ax Ax  Ax

6x¢=8x¢—+axc+=_2_+TE, wa:&w_+8):w+=—2—+—zl; (10)
Az Az Az Az

8z, =8z,_+98z,, =7+—ZA; 8z, =8z_ +8z), =—2—+—2!“—;

The diffusion coefficients at the control surfaces are represented by:
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L,=f@Ty) T,=f(C, Tg) Ty=yu5, Oy = f(T, T) (11)
Diffcrent functions f{.) are proposed in literaturc. Let us assume the functions:
'+ Ty C+Ig r+I, r+r,
= o RS M= v Th= ; 12
» 2&@3@5&‘:’*—“ 2 2 Ty B
Then,
(rg_e) _(rg_e) I{ Dpal’ r,+T
X/, X/, +
=L Letl g, _g)-w* (g,
Ax Ax\ Axp + Ax Axy +Ax
(13)
[I,g_e) -(Faa_e) 1( ,+T T+ T
z z + +
h e Lf Il g _gy-Tt*l g_4,)
Az Az\ Az, + Az Az + Az
With the notation:
d .
—6=0 14
7 (14)
the discrete form of equation (6) is then:
0= i(l[uw]le w (-4, 10 -[u, 16 +H[-u,)l6 ) +-A1—(I[w, 16, —I[-w, 110—1[w,, 118 +H[-w, 116 ;; ) +
Z
(15)
I Iy +T r 3 5
+_1._ _E_+_r;_(9E _9)__£_(9 _gw) + 1 ﬂ_(eu _9)__L~Lr_(e _eL)
pch AXE+AX AxW + Ax pCAZ AZI,+Ax AXL+Ax
2. Correction term in energy balance equation
If the mass balance on the control volume is not respected, that is:
Ax(w; —w,)+ Az(u, —u,)#0 when p = constant, (16)

then a correction term should be introduced. This term may be seen as a flow in an additional direction in
space, orthogonal on the axes of the given space In a two dimensional space (x,z) this direction may be y,
so that:

AxAy(w; —wp) + AxAz(vg — v, ) + AzAy(u,, —u,) =0 (17)
or:

U, =W, Vi—V, W —wW,

o + e + 'Az =0 (18)

where s and n are indexes for the south and north surfaces respectively.
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Considering that there is no diffusion in this new fictitious direction of space, equation (15) becomes:

=Xlx-(l[uw]lew-l[—u,,]|e-|[u,]|e+|[-u,]|eg)+Z‘;(l[v, 110 g —1[—u, )10 —1[u, 10+ [—u, 10 y ) +

+ALZ(|[W,]|6 L =w, 110 [w, JI8+H[-w, 116 ;) + -

1 I+ Iy +T 1 Iy +I' T, +T
—— | —E—— (0 -0)-———(0-6 St o gy totl
+pCAx(AxE+Ax(eE ) AZ‘W'*'AX(G W)J+PCAZ(AZH+AX(9H 9) Axy, + Ax(e eL))

Considering the temperaturcs bcing equal along the new direction and putting:

ue - U, +wh—-wl

v 20
Ax Az (20)

equation (19 ) becomes:

=Xlx-(l[uw]leW—I[—uw]le—l[u,]leﬂl—ue ]|6,,_-)+—Al—(|[w, 110, ~I{—w, 101 [w, 110 H[~w, I8, ) +
¥4

1 Ig+IT Iy +T
—~——(0;-0)————(0-6 21
pch(AxE+Ax( ) Axw+Ax( w)}L @0

1 I+ I, +0C
%pcAz(AzZ+Ax( - )— e (e -0 ))+v(-)

In equation (21) the term v0 is the correction term for the unbalanced mass shown in equations (16) and
7.
With the notations:

aw=l[u,,]|+ I Fosl @)
Ax  pcAx Axy +Ax

P I[—u, )l 2 1 T+ 23)
Ax pcAx Axy + Ax

w1 T+ 24)
Az pcAz Azy + Az

_lewgdl 1 my T -
Az pCAZ AZ” + Az
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_ )l Im) =wdl Mw)l 1 T+ 1 Ty +T

Ax Ax Az Az pcAx Axg +Ax  pcAx Axy + Ax

1 Ty+l” 1 T, +T Ug — Uy  Wa =W

T pcAz Azy +Az pchz Az, +4z Ax Az (26)
=—(ay ‘+c.1E +ap +ay)

equation (21) may be written as:

6 =ab +a,0, +agfg+ab, +a,0y 27)

Equation (27) rcpresents a continuos-time discrete-space model of the room temperature in the air
conditioned rooms. If the system (27) is discretized using Euler mcthod, the rclation between the
cocfficients practically obcys the rule of cocfficicnts stated in [4].

3. State space representation

The model expressed by equation (27) may be put in the slate-space representation:

{X = Ax+Bu 28)

y=Cx+Du

where the vectors u, x, and y are:

e the states x, which are the temperatures in cach control volumc;

e the inputs u, which are the limit conditions and other independent variables which change the states;

e the outputs y, which are, usually, the temperature of interest (for example, where the measuring
device is located).

and matrices A and B express the cocfficients from equation (27). On the other hand, matrices C and D

have no direct counterparts in cquation (27), since cquation (27) rcpresents only the first cquation of

system (28).

To obtain the slale-space representation, the matrix of temperature should be written as a vector and the

matrices of cocfficients A and B should be modificd accordingly. The matrices C and D are separate cases.

3.1 Temperatures matrix and the
state vector z 4

It is easy to obtain the state vector from the
temperatures matrix. The matrix x is all the clements
of 6 regarded as a single column ( Figure 4 ). However,
a border of zeros is added to the matrix 6. This border
is very useful as it allows a simpler formulation of the
changes in order to obtain A and B matrices [2]. In
Figure 4, a very simple example is considcred. The ! 4 7 10
order of elements in Figure 4 is rathcer oddly becausc a
resembles with the discretized space is considered [3].
Having a border of zero’s, it means that in fact only the |Figure 4 Two dimensional grid and

cells denoted by numbers 5 and 8 are part of the initial |the order ol clements in the state vector
system. The zero border makes the temperatures matrix

v

|
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circular, so thal the western neighbour of the first column is the last column, the eastern neighbour of the
last column is the first colu.an, the lower ncighbour of the first row s the last row and the higher
ncighbour of the last row is the first row. For example, the conuol volumes 70, /1, 12 have the control
volumes /, 2, and 3, as casicrn neighbours, respectively; the lower neighbours of control volumes 7, 4, 7,
and /0 are the conurol volumes 3, 6, 9, and /2, respectively. The state vector, for this example is:

931 e32 933 934

T
92l e22 923 624 (—)[911 e21 931 9]2 e22 e32 613 e23 933 614 e24 634]

911 e12 613 914

3.2. Matrix A

The matrix A represents the coefficients which connect the temperature in a control volume with the

temperature in the neighbouring control volumes (W, E, L, H).

The a coefficients will be on the first diagonal of matrix A. The first term a6 of equation (27) may be

written as:
a; .6y, a a
31 Ay
a3 9y
4 an
a1 an
34034
ayy
. (121
; ay,

where ®* is the element-by-clement product of the arrays [3]. The unspecified elements of matrices are

Zero.

The aw coefficients will be on the -m diagonal, m becing the number of rows of temperature matrix. Since
the first m elements of vector x are zero and the corresponding aw cocfficients are zero, only the -m

diagonal is neccssary.

a3
ax
a3

a

iy 031 03, 633 6
ay [**021 65 63 6y ©
a4 0,, 6;; 8,3 6y,
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awn-Own

Q210 way Qw31 Aw3z Awsz  Twag 03, 03 63 063
Ay Gwz Awzs Awa |*7|024 By 6 B o
. Awir Awiz Aw1z  Qwia 0,5 8, 6, B3
ay3a-O wia
| . . . . aw1l |
. . w2
. . . aw3y
aw12 . . f ‘ '
. Ay ‘ ‘ ;
. Awaz
w13
. . . aw23
. w33
: : ; Awia :
. . . Aw a4
L : J Aw3q :
The ag cocfficicnts are trcated analogous. They are on the m diagonal.
The a, and ay take advantage of the zcro border of matrix of temperatures:
L S ap31 AQra; GQriz g 021 025 B33 Oy
a8 12 ar21-81) o
© | A A e [*¥0n 6, 653 By
. arn Q2 Aus ALig 03, 03 63 034
ar34-9 134 ar34-6 24
[ . am ; 1[6n
ary 02
arn . 63
0 C 3] . 01,
. aro ; 3 : 04,
; : . Q. . . 3 3 M 01,
' 0 ari3 0,5
¥ : z arx ’ 023
i ) g 4 . ary : " i 613
a 3 : 0 ’ . apa| 614
4 . . a4 024
| - g . ‘ : ap3q - | 034

Since ayy; = apiz = aus = aug = 0, the cocfficicnts a, arc put on the -7 diagonal of matrix A, starting with

the second coefficient, i.e.: a;;.
The coefficients ay; are treated in the samc way. They are on the +1 diagonal of the matrix.
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Roughly, matrix A has thc cocfficicnls a, an, a;, ag, aw on the diagonal 0, +/, -1, +m and -m,
respectively. The prccise form of matrix A is:

-

ay @ . ag . . . ; . . . . W
A 9 Ay . gy . . . . . '
Ay 43 Qs . an
aw12 . ari2 42 Ay . ag12
aw22 . Q2 A3 Ay . agn
A=l ? . aw32 . a3  A4yn  Qyxn . %P) . . . (29)
. . Awys . any Gz Qs . aga .
aw23 . Ar23 Q3 Ay . ag
(I%E] . A3z Azz Ay . g3y v
Aw14 . aria Q4 Qg
Awa4 . Araa Q24 Apg
| ‘ ; 3 : - : . Awia ; Ap3q Ay |
3.3. Matrix B

This matrix contains the cocfficients of the inputs. As the inputs arc the temperatures of the walls, usually
these coefficients are the hcat convection cocfficicnts. However, in air conditioned rooms, inputs are also
the tempcratures in the control volumes where the air is introduced in the room and the internal heat
sources. For these control volumes, the corresponding cocfficients in matrix A should be put to zcro and
their valucs should be given to corresponding elements in B matrix [2].

3.4. Matrix C

This matrix expresses thc conncction between the temperature in the control volumes (which are the states
of the system) and the outputs. It simplc contains /'s as the cocfficicnts of the temperaturcs of interest.

3.5. Matrix D

This matrix rcpresents a direct feed through the system (i.c. the outputs arc not delayed relatively to the
inputs as they depend on the inputs at the same time). In this paper, the D matrix is identicilly null.

4. Conclusions

The dynamic of the temperaturcs in the air conditioned rooms, as derived from the cnergy balance
equation, may be written in continuos-time discrete-space form. Then this form can ¢ casily put in slate-
space representation. Adding a border of zcros Lo the initial system, discretized in space, matrix A in the
spacc-state rcprescnlation becomes a quint diagonal matrix, as it bas only five non-zero giagonals. Matrix
A has the clements on the diagonals 0, +1, -1, +m, and -m. Somc of these clements arc put Lo zero in
matrix A and their valucs are given Lo clements in matrix B.  The matrix C simply connects the
temperaturc in the points of intcrest Lo the output.

It is obvious that the dimension of the system incrcases considerable. If the discretized space has [*n
control volumes, matrix A becomcs an [*n rows by [*n columns one. For psual systems, matrix A can
easily reach size of thousands by thousands. Howcver, this matrix is a sparse matrix (i.e. it contains a lot
of null elements). In fact matrices B and C are also sparse. Taking advantages of this fact, the memory
needed for the space-state rcpresentation, although larger then the initial one, is no longer a problem [2].
Although it seems cumbersome, representing the system in the state-spage is very convenient for the
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analysis of the system. In fact, the state-space modcls are widely used in control theory. Writing the
system in a condensed matrix form makes it possible an easicr manipulation of the model, with all the
benefits of this. Furthermore, the state-space representation can be casily modified in other
representations: transfer function, zero-pole-gain or partial fractions. Practically, this representation
allows the analysis and simulation of the system with all the tools available in MATLAB software.

The continuos-time form of the dynamic modecl allows any numerical intcgration method to be choosen.
This freedom of choice is useful as numerical intcgration methods like predictor-corrector or Euler may be
desired in different applications.
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