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SYNOPSIS

A tracer gas technique for determining volumes and airflow rates in
multi-cell systems with a single tracer gas is considered. Tracer gas is
injected ‘in all cells simultaneously according to a cetain pattern and
the resulting tracer gas concentrations are recorded. We show how the
volumes and flow rates can be identified from the measurements using the
quadratic programming method. A characteristic of this method is that the
unknown model parameters, i.e. the volumes and flows, can be determined
subjected to given constraints. Accordingly we can utilize all known
information about the flow system and make sure that a found solution is
physically compatible with a flow system.

Different formulations of the mass balance relations are discussed and
a new method to overcame the difficulties to calculate the derivatives of
the tracer gas concentrations is proposed. The properties of the differ-
ent formulations such as the sensitivity to noise and the significance of
the sample period are exemplified by identifications on a simulated three
cell system.

LIST OF SYMBOLS

A the matrix V~ Q n by n
A matrix of measured data, see (3.4) mn by n
b vector of measured data, see (3.5) mn by 1
c(t) tracer gas concentration vector n by 1
&(t) derivatives of c(t) n by 1
D the matrix A(exp(AT )- I) n by n
E(x) expectation value of x

G matrix of constraints n_ by n
g vector of lower limits in the constraints nd by 1P
1 identity matrix 9

m number of samples

Mt number of subintervals of the interval of integration

n number of cells in the flow system

ng number of parameters in the LCP problem, see (3.22)

n_. number of constraints

ng number of parameters

p(t) tracer gas injection vector n by 1
Q flow matrix T n by n
Q the matrix A'A

q; ; flow to cell i from cell j

’Tigt interval of integration

T sample period

TE building time constant (inverse of air exchange rate)

t time

tk discrete time

u vector of Lagrange multipliers n_ by 1
v volume matrix gby n
v vector of Lagrange multipliers n_ by 1
X model parameter vector, see (3.1) P
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1 INTRODUCTION

Following the ideas suggested by Jensen (1986,1987b) we consider an
experiment where tracer gas is injected in all cells simultaneously using
_ a certain pattern in time, so that the influence of different tracer gas
inputs can be separated. Ideal mixing is assumed in each cell and the
flows are assumed to be constant and without time delays.

A large system of equations can be stated based on the mass balance
equations, measured tracer gas concentrations and tracer gas injections.
As the maodel is stated in continuous time the system of egautions is
linear 1in the model parameters, i.e. the unknown flows and volumes. which
are to be identified. There are also 1linear constraints on the model
parameters which must be fulfilled if the solution should be compatible
with a flow system. Important constraints are that all flows and volumes
must be non-negative. Because of these constraints the commonly used
least square identification method is not so useful in this case.

So far the linear programming (LP) method has been used, see Jensen
(1987b). This method permits constraints but, however, as the number of
measurements (m) increages the,demand for computer time and storage grows
very fast (approx. as m”~ and m“, respectively) and soon this may be a
serious limitation. This is certainly true on a PC based system.

In this paper some alternative methods to state and solve the identi-
fication problem are proposed. Especially we show that quadratic program-
ming (QP) has some attractive properties. The QP method has been used on
a number of simulated test experiments with a three cell system and with
different levels of measurement noise. It has proved to work well in
these tests.

lLike the LP method, the QP method makes use of the constraints of the
model parameters to qguarantee that the solution is a flow:'system. But,
and this is the main advantage, the dimension of the QP problem does not
depend on the number of measurements, but only on the number of model
parameters and constraints. In spite of a slightly more complicated solu-
tion, the savings in computer time and storage may become most consider-
able when the number of measurements increases.

2 MODELS FOR FLOW SYSTEMS

In this chapter we shall derive some different variations of the mass
balance relations which can be stated from measurement of a multi-cell
flow system. These models will be used in the next chapter when we show
how to compute the flows and volumes from given measurements.

Section 2.1 summarizes some basic facts about the mass balance equa-
tions for a flow system. This is a well-known model, see e.g. Sinden
(1978) for a more detailed treatment. A difficulty with the mass balance
is that it contains the time derivatives of the tracer gas concentra-
tions. The following sections deal with different ways to overcome this
problem. Since it is not suitable to use an ordinary discrete time model,
we show how to calculate the derivatives from measurements both approxi-
mately and exactly with an iterative model, see Section 2.3. Another way
to avoid the derivatives is to integrate the mass balance equations. In
this case, however, a new problem is how to compute the integral of the
tracer gas concentration. Again, this can be done approximately as well
as exactly by a model based method. This is described in Section 2.4,
Finally, in Section 2.5 we make a summing up of the models.
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2.1 The mass balance of a flow system

Consider a flow system with n cells. Each cell can be connected to the
other n-1 cells and to the exterior or the outside by flows through one-
way passages, see Figure 2.1

Figure 2.1 An example of a flow system

The parameters of the system are the volumes, denoted v., the flows
to and from the outside, denoted q . and q., respectively and the
interflows between the cells, where the flow to celf i from cell J is de-
noted q, .. The number of parameters is n volumes, n inflows, n out-
flows afd n(n-1) interflows or altogether n(n+2) parameters. Some of the
flows may, of course, be equal to zero. ‘

As the sum of flows into each cell must be equal to the sum of flows
out from the cell, it follows that n flows are dependent of the other
flows. Thus a general flow system with n cells has n(n+1) independent
parameters.

Provided that all flows are constant and without time delays, and that
the mixing in each cell is perfect the following mass balance equation
holds for each cell i, i=1,n

n
ve.(t) = ?ii qijcj(t)—qtici(t)+pi(t), iz1,n (2.1)

where c,.(t) denotes the tracer gas concentration in cell i at time ¢t,
éi(t) denotes the time derivative of c.(t) and p.(t) denotes the
tracer gas injection in cell 1i. A3 denotes the total outflow from
cell i.

The total outflow for each cell i can be written as

n

Api= 2= 954950 =1,n (2.2)
J#i :

and the equally large total inflow can be written as

n

9%e= = 93549, i=1,n (2.3)
J#i ,
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By using matrix notation, all the n mass balances in (2.1) can also be
expressed in a compact form ‘

Velt) =Qece(t) + p(t) (2.4)

Now, &(t), c(t) and p(t) are n by 1 vectors with the elements ¢,(t),
c.(t) and p.(t), i=1,n. V is an n by n diagonal volume matrix with
entries equal "to the volumes v.. § is an n by n flow matrix. The diag-
onal elements Q.. are equai to ~-q,. and the off-diagonal elements

. ii ti
Q, :» i#j are the 1interflows q, ;-
'JHowever, if a given model I8 the form (2.4) should be compatible with
a flow system the matrices V and Q must have the following properties,
(2.5)-(2.9). All the volumes and flows must be non-negative, that is

V. >0, i=1,n (2.5)
Q. >0, i#j A (2.6)

The total flows to/from each cell are positive. Consequently, the
diagonal elements in the flow matrix must be negative

Qij <0, i=j | (2.7)

From the equations (2.2) it follows that the sums of the rows of the
flow matrix equal the negative value of the inflows from the outside. As
all inflows must be non-negative it follows that

> Q5= -9

<0, i=1,n (2.8)
j .

iu —

In the same way the equations (2.3) state that the sums of the columns
of the flow matrix equal the negative value of the outflows to the out-
side. Hence, also the sums of columns must be non-positive

%: Qij = _quj_g 0, j=1,n (2.9)

These five constraints on the volume and flow matrices will play an
important role when we shall choose identification method.

2.2 The mass balance equations in discrete time

The most convenient way to work with a system of linear differential
equations, as our mass balances (2.4), is to transform it to a system of
difference equations. The difference equations only describe the vari-
ables at discrete sample instants. But provided that the inputs (i.e. the
tracer gas injections) are constant during the sample periods, this is an
exact description of the continuous time system at the sample instants.

It is very easy to make simulations with the difference equations, and
the methods to identify discrete time models are very well established,
see Jung (1987).

To obtain the mass balance in discrete time we shall first rewrite
(2.4) in a more common form

¢(t) = A c(t) + B p(t) (2.10)

where A and B are the n by n matrices
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v g (2.11)

-1

A

B=V (2.12)
The corresponding equation in discrete time is given by (see e.q.
Astrim (1985) for complete details or just integrate (2.10))

C(tk+TS) = Fe(t,) + Gp(tk) (2.13)

where c(tk) och p(t, ) are the sampled values of c(t) and p(t) at the
discrete = sample 1Instants t =t0+kTS, kzeooy=1,0,15... TS is the
sample period and F and G are n by n matrices given by

Fzexp(AT ) (2.14)
G:(exp(ATS)—I)A"18=(exp(ATS)—I)Q—1 (2.15)

In our case, however, the discrete time model is not an appropriate
model to identify. The reason is that the constraints on the flow matrix
Q (2.8) and (2.9) will not be linear after transformation to discrete
time, this is shown in detail in Jensen (1987a). As we cannot make use of
all the constraints we can neither guarantee that an identified model
will be compatible with a flow system. Of course, it may be compatible
this is easy to check afterwards but generally, we will not find a flow
system. Moreover, even if the identified model is a flow system, it is
hard to compute the diagonal matrix V from (2.14) and (2.15) as F and G
are filled matrices.

Since we cannot use the discrete time model we have to work with the
original time continuous model (2.4). The next two sections will treat
how to deal with the time derivative in this model.

Nevertheless, we will take advantage of the discrete time model in
the following sections when computing the derivative and integral of the
tracer gas concentration vector. It will also be used to simulate the
test example in chapter 4.

2.3 Computing the time derivatives of the tracer gas concentration
vector
The simplest but certainly not the most accurate method to estimate
the time derivative is to use a difference approximation. There are sev-
eral possibilities: forward, backward, forward/backward difference and so
on. The most useful method, see Jensen (1986), turns out to be the ordi-
nary forward difference

c(t)aﬁ(c(tk+TS) - c(tk))/TS (2.16)

If the sampled signal c(t, ) is measured without measurement noise
then the approximation becomes better the smaller the sample period is
chosen, But (2.16) is quite sensitive to noise and the error caused by
noise increases as the sample period is reduced. The final choice of
sampling period becomes a compromise between error from the approximation
and error from the noise.

As already mentioned, the derivative can also be computed exactly from
the discrete time model. To derive a formula for this, start from equa-
tion (2.13) and replace the matrices F and G with the expressions (2.14)
and (2.15), respectively. After subtracting both sides by c(tk) we get
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ot 4T )-e(t,) = (exp(AT_)-De(t, )+(exp(AT)-1)A7'p(t,)  (2.17)

Multiply this equation from the left by D, where D denotes the n by n
matrix

D = A(exp(ArS)-U'1 (2.18)
After reduction we obtain
D(c(tk+Ts)-c(tk)) = A c(tk) + B p(tk) (2.19)

Comparing this equation with (2.10) we recognize that the left side in
(2.19) equals c(t), i.e.

e(t,) = D(e(t, +T ) - elt,)) (2.20)

Notice that this formula is not an approximation but holdsféxactly the
same assumptions as provided for the discrete time model. A comment is
that theoretically the tracer gas injection p(t) thus must be constant
between the sampling instants. In practice, however, a more convenient
way is to inject the tracer gas by pulses. But these pulses must be suf-
ficiently small and equally spread over the sampling period. The meaning
of 'sufficiently small' in this context is possible to calculate, given a
discrete time model.

A difficulty with (2.20) is that D depends on A, see (2.]8). Since we
want to identify the flow and volume matrices, A(=V™ Q) is unknown
and so we cannot calculate the derivatives. 1

A solution of this problem is to start with D=IT as in the
forward difference approximation and identify a prelimigary model. With
this model we can calculate a new matrix D and a new better approximation
~of c(t,). Then we can identify a new model and the process proceeds
iteratively. The method will converge in a few steps if the sampling
period is not too long compared with the time constants of the system,
see examples in chapter 4.

The best numerical method to calculate D from (2.18) is to wuse the
following Taylor series expansion

- =1_ 2 4,y
TSD_(ATS)(exp(ATS)—I) _I-(ATS)/2+bn1(ATS) /2!—bn2(ATS) /4!
+bn3(ATS)6/6!-... (2.21)
where bni, i=1,2,... denotes the Bernoulli numbers.

From (2.21) it is clear that the matrix D is approaching IT -1
as the sample period T_ decreases. As a limit, the formula (2.20) will
turn into the forward difference (2.16) when T_ goes to zero.

The matrix D has the properties that the diggonal elements are a bit
greater than 1 while the off-diagonal elements are rather small and nega-
tive. This results in a somewhat higher sensitivity to noise in the model
based formula than in the forward difference formula. In both formulas
the noise sensitivity increases as TS decreases.
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2.4 The integrated mass balance

A common way to suppress noise is to integrate. Integrating the mass
balance (2.4) from the time t, to t +T, . yields

V(e(t +T, ) - ot ))=q C(t, )+P(t,) (2.22)

where C(tk) and P(t ) denote the integrals of c(t ) and p(t )
respectively

C(tk):\f c(t, +s)ds (2.23)
0

P(tk)=‘£ p(t, +s)ds=T, . p(t,) (2.24)

The last equality in (2.24) makes use of the assumption that the tracer
gas injection is constant during the interval of integration, T. nt*

The integral C(t, ) can be calculated approximately with tha" trapez-
01dal rule. Suppose that the interval of integration is subdivided in

m. /T 21 equal subintervals, then the integral is approximated
b§nt 1nt
Mint
C(t, )=T ?:g foe(t, +iT ) (2.25)

where the coefficients fozfm =1/2 and the others fi=1, i=1,n-1.
int
In this formula it is always advantageous to choose a short sampling
period in order to use many measurements and reduce the noise corruption.
The integral C(t, ) can also be determined exactly and this can be
done in several Elfferent ways. Since the discrete time model is valid
for every choice of the sample period as long as the input 1is constant,
we can exchange T in (2.13) for the time argument s, where QSQSTint
This gives . *

c(t,+s) = exp(As)c(t,) + (exp(As)-I)A™'B p(t,) (2.26)

and C(t, ) can be computed by integration of this expression as stated
in (2. 25) Let us call this method A.

In this approach we use the values of the constant tracer gas injec-
tions and the values of the tracer gas concentrations in the beginning of
the interval of integration in order to determine the tracer gas concen-
trations during the whole interval.,

An alternate approach is to use the concentrations at the end of the
interval instead of the values at the beginning of the 1nterval An equa-
tion expressing c(t, +s) as a function of p(t ) and c(t +T
can be derived in the following way. Multlply (2.13) %rom the left by
exp(—ATint) and use the equation to express c(t ) :
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)

C(Fk)zeXp(“ATint)C(t +Tint)-exp(_ATint)(eXp(ATint);I)A‘T el (2.27)

k

Substitute c(tk) in (2.26) with (2.27). After reduction we obtain

ety s)zexp(A(s-T;  ))e(t +rint)+<exp(A(s-Tint>)_1>A°’Bp(tk) 2,28

Now the integral C(tk) can be computed by integration of (2.28) as
well. This will be called method B.

With respect to noise reduction, however, it seems sensible to use the
concentration at both the beginning and the end of the interval. This can
be done in two ways. One is to integrate the mean value of c(tk+s) ex-
presed by (2.26) and (2.28). Let us call this method C. The other way is
to eliminate p(t ) from (2.26) by (2.28) and express c(t +s) from the
resulting equatlon, i.e., method D,

Now we have four possibilities A-D to calculate the integral C(t, )
and all of them hold exactly, provided that p(t, ) is constant during
the interval of integration and, of course, that there are no measurement
errors. In the presence of noise however, the four methods will behave
quite different. (For example we can notice that (2.28) is an extrapola-
tion backwards of a stable system, and this is an unstable process with
respect to disturbances in the initial value. On the other hand, (2.26)
is an extrapolation forward of a stable system and does not cause any
problem,

In Hedin (1989) the noise sensibility of the four methods are calcu-
lated in a simple case. It is shown that method C, i.e., integrating the
mean of c(t, +s) from (2.26) and (2.28), gives the best result provided
the interval of integration is reasonably small compared to the time
constants of the system.

Leaving methods A, B and D, we can perform the integration with method
C. After simple calculations this gives

C(tk)=_£ c(t +s)ds=R c(t, )+5 c(t +T, . )+T B p(t,) (2.29)

where R, S and T are n by n matrices given by

R:(eXp(ATint)-I)A‘1/2 (2.30)
S:(I~exp(-ATint))A—1/2 (2.31)
T=((exp(AT, )-exp(-AT, )A™'-2IT. )A™'/2 (2.32)

Foer the numerical calculations of R, S and T we can use the following
Taylor series expansions

R=(IT,  +AT, 2/2!+A2T. 3/3!+...)/2 (2.33)
S= (Ir1nt /2 +A2 Tin /3'- . )/2 (2.34)
_ 3

T=AT, . /3!+A Tint /5!+... - (2.35)
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The extension of (2.29) to the case with several subdivisions
(mm >1). of the interval of integration is easy to derive. Just ex-
chande T, for T_ in (2.29)-(2.35) and calculate the integral as
the sum 0? 1ntegrafs for each subdivision

1nt m1nt -1
C(t =R 3= c(t, )+S z:: c(t, )+ B p(t,) (2.36)
k=0

Notice from the equations (2.33)-(2.35) that when the number of samples
in each interval of integration is increasing, then the matrices R and S
will approach ITS/Z while T will approach AT /3! (or almost zero,
as T is a small number). Accordingly, the equations (2.29) and (2.36)
will approach the simple trapezoidal rule as T_ becomes small.

Like the model based estimation of the derivative this model based
estimation of the integral will be an iterative method as we do not know
the matrix A in advance. As a first estimation of the integral it is
natural to use the trapezoidal rule.

2.5 Summing up the models

In this chapter we have been engagaed with the problem of finding the
relations between tracer gas injections and the resulting tracer gas con-
centrations in a multicell flow system,

The fundamental model is the mass balance equations (2.4)

Ve(t) = Qe(t) + p(t)

To express the time derivative we have used two formulations of the
mass balance equations

Formulation 1 forward difference of é(tk)

V(e(t 4T )-e(t,))/T_= c(t, )+p(t,) (2.37)

Formulation 2 model based estimation of é(tk)

V D(e(t, 4T )-c(t, ))=0 o(t, J+p(t,) (2.38)
An alternative, where we avoid the time derivative, is to integrate
the mass balance equation. To obtain the integral C(t,) of c(t, ) we
. k k
have also used two formulations

Formulation 3 integrated mass balance with the trapezoidal rule

V(c(tk+Tint)-c(tk)):Q(c(tk)+c(tk+Tint))/2+Tintp(tk) (2.39)

Formulation 4 integrated mass balance with model based integration
of c(t,)
k

V(c(tk+Tint)—c(tk))=Q(R c(tk)+S c(tk+Tint)+TBp(tk))+Tintp(tk) (2.40)

If we have m samples with measurements of p(t ) and c(t,), k=1,m,
then the different formulations can be stated m-1 times. The m€asurements
are normally recorded at a constant sampling rate, but this is no demand.
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3 IDENTIFICATION OF MULTI-CELL FLOW SYSTEMS

In this chapter we address the identification problem: Given measured
values of the tracer gas injections, p(t, ), and the tracer gas concen-
trations c(t, ) in a multi-cell flow system, how could the volumes and
flow rates be determined?

The chapter is organized as follows. In Section 3.1 we show how to
state the measured data as an overdetermined system of equations.

Next, in Section 3.2, we show how this system of equations can be for-
mulated as an quadratic programming problem.

Finally, this QP problem is formulated as a linear complementary .prob-
lem (LCP) with Kuhn-Tucker conditions. The LCP problem is then solved
with Lemke's algorithm, see Section 3.3.

3.1 Formulation of the QP problem

First of all we notice that all four formulations of the mass balance
(2.37)-(2.40) have the same structure as the original mass balance (2.4).
Therefore, it is sufficient to show how to perform the identification by
using model (2.4) as if the measured data consist of c(t, ), c(t, ) and
p(t ), k=1,m. When we actually use one of the other four Fformulations,
we only have to modlfy the input data set to the identification routine.
For example, when using formulation 1 c(t ) should be exchanged for
(c(t, +T ) e(t, ))/T_ and so on.

Secondly, we ob8erve that the mass balances are not quite adapted to
identification since the known tracer gas concentrations and injections
are mixed with the unknown flows and volumes. Consequently, our first
task will be to rearrange the mass balance equations into the common form
Ax=b, where A is a matrix and b a vector which contains all known mea-
surements while x is a model parameter vector which contains all the un-
known flows and volumes that we want to identify.

Since all flows are not independent of one another, the model parame-
ter vector can be chosen in many ways, but comparing with (2.4) the fol-
lowing may be a natural choice

-{ Q vew Q
1 ~Qyp Qg ’
20 Qp1o-0ps ooy Qg (3.1)

oo n

v

x = (V
v

n’ Qn1’ QnZ’ e ’_an)

The vector x has a dimension of n_*1, where n_=n(n+1) equals the num-
ber of unknown parameters. P P

Remember that q,,<0 (equation (2.6)). By wusing a minus sign on
these elements in~ (3.1) all model parameters are made non-negative. Do
also note that the in and outflows to/from the outside are not included
in the model parameter vector, but they can easily be calculated with
(2.8) and (2.9), respectively.

Now, order the measured data in the following way: First form an m by
(n+1) wmatrix A, for each cell, i=1,n. Let the rows k=1,m in A con-
tain the Follow1%g measured data set From the k:th sample

(Ai)row k

= (éi(tk), - c1(tk),..., Ci(tk)”' S (t ) ), k= 2 m2>

Similarly, set up an m by 1 vector b for each cell, i=1,n. Let its
elements be given by
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(bi)row K = Pt ), k=1,m (3.3)

Now we can form,an mn by n_ block matrix A (do-not confuse with the

n by n matrix A:V’1Q), and anpmn by 1 bleck vector b with

A1 0 ... 0 o

A= |0° A, ... 0 (3.4)

{0 0" ... A_

F'b1

b=}{ .. (3.5) -
b

n

With this notation all mn mass balances can easily be written as
Ax=b (3.6)

As there are n_zn(n+1) unknown model parameters we need at least
m=n+1 samples iR order to identify the model parameters. If m>n+1, and
this is the common case, the system of equations (3.6) will be overdeter-
mined and cannot be exactly satisfied. Instead, our object becomes to
find a solution x that minimizes the norm |[r]| where r=Ax-b. Depending on
which norm we use, the problem can be solved by different methods.

Up to now the linear or 1. norm has been used. This leads to a lin-
ear programming (LP) probiem, see Jensen (1987b). But the computations
are greatly simplified if we instead use the Euclidean or 12 norm

I, =VEe® CR)
P

The problem can now be stated as a quadratic programming problem. Dis-
regarding the constraints (2.5)-(2.9) the problem can be stated

Minimize |lr]l, where r = A x -b (3.8)
2

The least square solution to (3.7) is given by the well-known normal
equations

ATa x = alb (3.9)

and x can be solved as
x = (AT~ 1 aTp (3.10)

Notice that matrix A has the dimension mn*n_, while matrix ATA has
the dimension n *n_ and thus it 1is not pdependent of the number of
samples, m. As itPisPdesired to use many samples in order to reduce the
influence of measurement errors, this is an important quality. This is
also a reason to prefer the (P solution to the LP solution, which deals
with the system of equations in its original form (3.6). However, as we
do not use the constraints it is not sure that the solution will corre-
spond to a flow system. For example, it may happen that a row sum of the
identified flow matrix is positive and thus one inflow would be negative,
which is physically impossible. Furthermore, it is unwise not to use all
the information that is known about the solution as this can help us to
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find a better solution. The appropriate solution is therefore to minimize -
Hrulz as above, but to do it subjected to the constraints which we
know™ must be fulfilled. This will be done with the QP approach in the
next two sections.

Before we discuss how to formulate the QP problem we shall do some
remarks about the normal equations and the choice of pattern for the tra-
cer gas injection.

The least square solution with the normal equations which is the basis
for the QP approach does not have the best of reputations from a. numeri-
cal point of view., This is certainly true when the tra?er gas concentra-
tions are highly correlated to each other. The matrix A'A will then be
near singular and the problem will be ill-conditioned. But even when
A'A is calculated, some numerical precision will be 1lost which cannot
be recovered. )

To obtain correct result in single precision, it is therefore necess-
ary to form and solve the normal equations in double precision. Because
of these reasons, other least square solutions as e.g. QR decomposition,
is often preferred to the simpler normal equations. But their solutions
will be more complicated when constraints are involved.

Fortunately, when identifying a flow system the demands for accuracy
are low. Since the measurement error of the tracer gas injections and
concentrations hardly can be lower than some per cent, i.e., uncertainty
in the second or third digit, then the normal equations seem to be accu-
rate enough.

However, it should be stressed that it is very important that the tra-
cer gas concentrations are not too similar to each other. Accordingly,
the choice of input sequence of the tracer gas injection is very import-
ant. The Pseudo Random Binary Signal (PRBS) sequence is frequently used
in process identification, see Jung (1987) and may be a good choice.
Characteistic for this is that the same sequence, but with different time
delays, can be used for all inputs. The mutually correlation between the
inputs will be as low (i.e., negative) as possible. To be able to choose
suitable parameters to the PRBS sequence, it is necessary to have a feel-
ing of the values of the searched parameters. Preferably, the amplitude
should be bigger, the bigger the volumes are, and the period should be of
the same magnitude as the time constants according to some rules.

3.2 The QP problem with constraints

We shall now write the overdetermined system of equations (3.6) and
its constraints in the standard formulation for a quadratic problem. The
constraints (2.5)-(2.7) can simply be written as

X > % (3.11)
where X is an n_ by 1 vector which elements all are zero. The 2n in-
equalitfes (2.8% and (2.9) are linear in the model parameter vector and

in matrix notation they are written (after multiplying with -1)
Gx>g (3.12)

where G is a 2n by n_ matrix and g is a 2n by 1 vector. Each rcow in G
describes one sum Bf rows or columns of the flow matrix and it consists
of n elements with the value +1 or -1 while all other elements are zero.
The vector g is the minimal permitted value, or just the lower limit, of
the sum. In (2.8)-(2.9) we suppose that the lower limit is zero but, of
course, if we e.g. know the value of an exhaust flow then the correspond-
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ing lower limit should be set to this value.

It is also easy to extend the number of linear constraints. Every new
constraint is written as an extra row of G and g. The row elements in G
define a linear combination of model parameters and the corresponding row
in g is its lower limit. For example, if we know that

Vit Vo2 Vi

this is written as

(@)

new Trow

(g) = v

new row min

(17 00... 10 0...0)

where the two '1' are placed in the same locations as V4 and Vo have
in x .

Inequalities which contain an upper limit must be converted by multi-
plying with -1, For example

v1 * VZ-S Vmax

is written as

V17 V2 2 Viax
and can then be treated in the same way as above.
Equality constraints are expressed by two inequalities. For example

V, + V, =V
1 2 sum

is written as

V, + V, >V
1 2 = "sum

> v

_V - \’I
1 2 <~ Tsum

To fix a model parameter x., to zero, it is sufficient to use the in-

?quality =Xy 20 since the inequality X3 20 already i1s given by
3.11).

An alternative to fix parameters is, of course, to replace the parame-
ter by its value in the mass balances. This will decrease the size of the
problem instead of increasing it but, on the other hand, it requires more
programming since it is not so easily described.

As seen, the rows of G have no restrictions such as they must be lin-
ear independent. But, naturally, there must not be any contradictory de-
mands. In that case a solution does not exist.

Assuming that besides (2.8)-(2.9) we wuse n_ extra inequality con-
straints, then G and g have the dimensions of n_by n_and n_ by 1
respectively, where n_=2n+n . 9 9

Finally, we shall Bewrité (3.8 ) so it fits to the standard form of
quadratic programming

T T T,T

rTe = (b=Ax)T(b-Ax) = b'b - b'Ax - x'A'b + x'A'Ax (3.13)

The first term is constant and can be disregarded in the minimizing. The
two following terms are equal and can be expressed by a single term.
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ntroduce the n_ by 1 vector c:-ZATb and the n_ by n_ matrix
Q=A"A (not to be cBnfused with the n by n flow mabrix QY.
Now the QP problem can be stated in its standard form

T

minimize: F(x)=c x+x Qx (3.14)
subject to

G

fviv

X249
x >0

The main difficulty when solving this QP problem is to know which con-
straints are binding and which are non-binding in the optimal solution.
If we had known all the binding constraints, these constraints could be
replaced by equality constraints and the other could be rejected. In this
case the solution had been given by the well-known method of Lagrange
multipliers. From the computational point of view this had only led to a
minor expansion of the normal equations.

* Kuhn and Tucker have developed an extension to the method of Lagrange
multipliers to deal with inequality constraints (see Appendix for a short
description). Using this the QP problem above can be transformed into an
algebraical problem which is easier to deal with.

3.3 The solution of the QP problem T

In the QP problem (3.14) all constraints are linear and as Q=A'A 1is
positive definite it follows that the object function is convex. Thus
there are no local minima and the Kuhn-Tucker conditions point out the
global one.

As we have two constraints in (3.14) there will be two sets, u and v,
of Lagrange multipliers. According to the Kuhn-Tucker condition (A.2)-
(A.5), the solution (x,u,v) must satisfy the following system of equa~
tions

AL xT(Q+QT) -d'G-v=0 (3.15)
Gx-g > 0
x 20
uT(Gx—g) =0
vTx =0
u >0
v >0

where u is an n_ by 1 vector of Lagrange multipliers for the n_ in-
equality constfaints and v is an n by 1 vector of Lagrange multiﬁliers
for the n_ constraints that the model parameter vector is non-negative,

If we introduce an n_ by 1 slack vector s > 0 then we can write
the first inequalities ds an equality -

Gx-g=s (3.16)
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The system of equations (3.15) can now be written

(3.17)

v Q+QT -GT X c
+
s G 0 u ~g |
subject to
vTx + sTu =0
v>0 , s20 , x>0 , w0

This can be written more compact by introducing the following symbols

M= _g+QT ‘gT} (3.18)
W= j;‘ (3.19)
- zj | (3.20)
q= ;;g] | (3.21)

where M is an R by No matrix with n =N N and w, z and g are
three R, by 1 veéctors. The solution of EhegQP problem will now be given
by the solution of the following problem, called

The linear complementary pivot problem:

Find the vectors w and z so that

w=Mza+gq . (3.22)
subject to
WTZ:D

This problem has been fully studied in the econometric literature during
the last 25 years. The basic method to solve (3.22) is called Lemke's
complementary pivot algorithm. This is an iterative method and provided
certain assumptions it will always find a solution, if there exists one.
Such an assumption that is applicable to our problem is that the matris M
is positive semi-definite, ;

From considerations of space we will not describe lemke's complement-
ary pivot algorithm in this paper but we refer to the main report Hedin
(1989) or rather, to the literature of mathematical programming, e.qg.
Balinsky and Cottle (1978) which also includes a number of further refer-
ences. To mention something about the solution of (3.22), we can observe
that from the constraints it follows that at least one of the two ele-
ments W, or z, is equal to zero for i=1,n. The solution thus consists
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of at most n_ non-zero elements in z and w. As there as well are n
equations in”(3.22), the system of equations may be possible to solve.

There are computer rtoutines published which perform Lemke's algorithm.
We have used one of them written by Ravindran (1972). This is a quite
uncomplicated program. The complete program listing is covered in about a
single sheet of paper. It has newly been revised to be up to date and has
proved to work well.

4 NUMERICAL EXPERIMENTS

In this chapter we shall test the identification method and its dif-
ferent formulations. Only a few of the simulated identifications will be
discussed in this paper. To make it easier to compare the results with
prior works, we shall use the same flow system, pattern of tracer gas
injection and initial conditions as in Jensen (1987b).

4.1 A simple testsystem
The simulated flow system consists of three cells with wvolumes and
flows as shown in Figure 4.1.

t t t
|P, (%) Ip, (*) [P, (t)
} - !
¥ 4 B /
vV =10 vV =20 vV =15
1 2 3
=1 =4
%1 9,
—_— D —
c (t t t
1( ) - cz() - c3()
9357 9537
I I l A
=3 =4 =7| =5 =5 =6
954 1qu1 Du lquz £ vquz

Figure 4.1 The simulated flow system. Units are arbitrary.

The volume and flow matrices are given by

0 0 0 -5 2 0
V= |0 20 0| ad Q= |1 -11 3
0 0. 15 0 4 -9

The three time constants TC.:v./q.t are 2.00, 1.82 and 1.67 time
units, respectively. o

The flow system has been simulated with the discrete time model (2.13)
The initial values were c(0)=(0.8, 1.1, 1.2) and the tracer gas injec-
tion in each cell has been varied as a very simple pseudo random binary
sequence. Figure 4.2 shows the tracer gas injections and the resulting
tracer gas concentrations during the first 30 time units. (In most cases
we will only use the first 15 time units).
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Figure 4.2 Tracer gas injections P (t)-p,(t) and the resulting
tracer gas concentrations c, (é) c.(t) in the
simulated three cell system. No méasurement noise.

The measurements of the tracer gas concentrations can also be simu-
lated with a random noise. The standard deviation, std, of the noise will
be chosen to 0.01, 0.02, 0.05 or 0.10, Setting for example 1 unit equal
to 100 ppm NO, means that std=0.01 corresponds to a measurement error
of 1 ppm. As the“standard deviations of c,.(t), ec¢,(t) and c,(t) are
about 0.59, 0.26 and 0.40 respectively, we can expéct the paraieters to
be best estimated in cell 1 according to the different signal to noise
ratios,

4,2 The criterion for the best model

There is no obvious criterion to compare different parameter estima-
tions. The loss functions or norms |r|l, which are minimized by the QP
routine do not help us as they cannot be compared. Especially we cannot
compare a LP with a QP solution by the norms. But, since the true parame-
ters are known it will be natural to compare any norm of the error Ax of
the model parameter vector

A = 1k - xi (4.1)
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where X denotes the estimated parameters and x the true parameters. A
minor modification from this has been done as the n parameters 4
have been exchanged by the 2n calculated in and outflows (q, an

). The underlying idea was to calculate the estimation error on
tHe primary physically parameters.

Depending on the norm chosen we will calculate the mean absolute error
(linear norm), maximum absolute error (maximum norm) and mean error and
standard deviation. (The two last mentioned come from the Eucledian norm
after the splitting ECAXE) = E4(Ax) + Var(Ax) ).

A weakness of the norm (4.1) is that it only takes the absolute errors
into account. This will lead to a quite too large influence on the abso-
lute norms from the big volumes. An alternative is to work with the norm
of the telative error

J(x = x)/x]i (4.2)

Also the norms of the relative errors will be calculated. Two of the
model parameters, and q<,,are equal to =zero. These parameters
will of course be exciuded when“the norms of (4.2) are calculated.

4.3 Simulated experiments

If there is no noise, then the model parameters can be determined ex-
actly with the model based formulations 2 and 4. The number of iterations
that is required will depend on how good the start solution is. The les-
ser the sample period is, the better the start solution will be.

In the presence of noise, however, we can no longer suppose to find
the correct model parameters. How large the estimation error will be de-
pends not only on the noise level but also on the formulation wused and
the choice of sample period. For the two integrated formulations it will
also depend on the choice of interval of integration. Tables 4.1 and 4.2
show the estimated parameters of the test system determined from the
simulated experiment in Figure 4.2, but at different noise levels. The
formulations 2 and 4, respectively, are used to express the mass balance
equations. At the lower noise levels, the advantages over the non-itera-
tive formulations 1 and 3 (not shown in this paper) are considerably but
at the higher noise levels the differences are small and for std=0.1, the
non-iterative formulations even give a somewhat better result. The latter
means that, at this noise level, the estimation of the matrices D and R,
S, T respectively, cannot be improved from the simple initial values.

Usually, a straightforward way to obtain better parameter estimations
is to use more measurements. Table 4.3 shows the estimated parameters at
the lower noise level, std=0.01, when the sample period is reduced from
TS:1 to 0.5, 0.2 and 0.1. However, the estimations get worse. Neither
i5 it possible to improve the estimations significantly by lengthening
the total experiment time. These unexpected results are due to the bias
of the estimation. In the main report, see Hedin (1989), the expected
bias is calculated in some simplified cases. It is shown that the bias is
increasing when the sample period is decreasing. It is also shown that
the bias is considerably higher in the estimation of the volumes than in
the estimation of the flows. Another finding is that the bias in the
estimation of the flows will not be lower, but higher, if the volumes are
known and fixed to their correct values. This surprising result is also
confirmed by simulated experiments.

A way to obtain better estimations that work, is to use formulation 3
or 4 with a sample period that is shorter than the interval of integra-
tion. Table 4.4 shows the estimations for formulation 4 when the interval
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Table 4.1 Experiment A0 A0 A0 A0

length : 15.0 15.0 15.0 15.0
sampling period 1.0 1.0 1.0 1.0
noise st.dev. : 0.01 0.02 0.05 0.10 .
Pafameters " true estimated estimated estimated estimated
qll -5.00 - =5.02 -5.03 -5.08 -5.18
ql2 2.00 1.99 1.99 1.98 1.97
- gl3 0.00 0.00 0.00 0.00 0.00
g21 1.00 1.02 1.02 0.91 0.61
qg22 -11.00 -11.05 -11.06 -10.96 -10.52
g23 3.00 3.01 3.01 3.01 2.94
g3l 0.00 0.00 0.00 0.00 0.10
g32 4.00 4.02 4.03 3.95 3.55
g33 -9.00 -9.02 -9.02 -8.99 ~-8.87
glu 3.00 3.02 3.05 3.11 3.21
q2u 7.00 7.02 7.03 7.04 6.98
q3u 5.00 4.99 5.00 5.04 5.22
qul 4.00 4.00 4.01 4.17 4.48
qu2 5.00 5.03 5.05 5.03 5.00
qu3 6.00 6.01 6.01 5.98 5.93
Vi 10.00 9.93 9.86 9.60 9.08
v2 20.00 20.05 19.76 17.17 10.90
v3 15.00 14.81 14.49 12.91 9.32
Estimation errors abs rel% abs rel% abs rel% abs rel%
mean error ~-0.01 0o -0.05 0 -0.34 -3 -1.05 -10
standard dev 0.06 1 0.15 1 0.88 6 2.67 19
max abs err 0.19 2 0.51 3 2.83 14 9.10 45
Table 4.2 mean abs err 0.03 1 0.08 1 0.39 4 1.18 13
Experiment A0 A0 A0 A0
length 15.0 15.0 15.0 15.0
sampling period 1.0 1.0 1.0 1.0
noise st.dev. 0.01 0.02 0.05 0.10 -
Parameters true estimated estimated estimated estimated
qll -5.00 -5.01. -5.03 -5.07 -5.14
ql2 2.00 1.99 1.98 1.95 1.89
ql3 0.00 0.00 0.00 0.00 0.00
g21 1.00 1.03 1.05 0.97 0.63
- q22 -11.00 -11.05 -11.10 ~11.14 ~10.56
g23 3.00 2.99 3.01 3.10 3.01
g3l 0.00 0.00 0.00 0.00 0.04
q32 4.00 4.02 4.04 4.01 3.71
qg33 -9.00 -9.02 -9.03 -9.04 -8.88
qlu 3.00 3.02 3.05 3.12 3.25
q2u 7.00 7.03 7.05 7.06 6.91
g3u 5.00 4.99 4.99 5.02 5.13
qul 4.00 3.98 3.98 4.10 4.47
qu2 5.00 5.04 5.08 5.17 4.96
qu3 6.00 6.02 6.03 5.93 5.86
vi 10.00 9.94 9.87 9.65 9.29
v2 20.00 20.07 19.74 16.83 10.07
V3 15.00 14.81 14.48 12.91 9.59
Estimation errors abs rel% abs rel% abs rel% abs rel%
mean error 0.00 0 -0.04 0 ~0.34 -2 -1.08 -9
standard dev 0.06 1 0.16 2 0.96 6 2.82 19
max abs err 0.19 3 0.52 5 3.17 16 9.93 50
mean abs err 0.04 1 0.08 1 0.42 4 1.20 13
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Table 4.3 Experiment AC A0 A0

length 15.0 15.0 15.0
sampling period 0.5 0.2 0.1 e
noise st.dev. 0.01 0.01 0.01
Parameters true estimated estimated estimated
gll -5.00 -5.04 -5.05 ~-5.16
gl2 2.00 2.05 2.09 2.31
ql3 0.00 0.00 0.00 0.00
g2l 1.00 1.02 0.85 0.58
g22 -~11.00 -11.00 -11.06 -11.07
q23 3.00 2.97 3.21 3.57
g31 0.00 0.01 0.20 0.51
g32 4.00 3.98 3.55 2.83
933 -9.00 -9.00 ~8.96 -8.90
qlu 3.00 2.99 2.96 2.85
q2u 7.00 7.01 7.00 6.93
g3u 5.00 5.01 5.21 5.56
qul 4.00 4.01 4.00 4,07
qu2 5.00 4.97 5.41 5.93
qu3 6.00 6.03 5.75 5.33
V1l 10.00 9.82 9.46 8.39
v2 20.00 19.64 15.84 10.13
v3 15.00 14.84 13.03 10.03
Estimation errors abs rel% abs rel% abs rel%
mean error -~0.04 0 -0.43 -4 =-1.07 -9
standard dev 0.11 1 1.17 9 2.82 23
' max abs err 0.36 3 4.16 21 9.87 49
Table 4.4 mean abs err 0.06 1 0.58 7 1.46 20
Experiment a0 A0 A0
length 15.0 15.0 15.0
sampling period 0.5/1.0 0.2/1.0 0.1/1.0 -~
noise st.dev. 0.01 0.01 0.1
Parameters true - estimated estimated estimated
qll -5.00 -5.03 -~5.02 ~-5.02
ql2 2.00 2.03 2.02 2.03
ql3 0.00 ’ 0.00 0.00 0.00
g21 1.00 1.03 1.01 1,02
gq22 -11.00 ~11.04 -11.00 =-311.02
q23 3.00 3.00 2.98 2.97
g31 0.00 0.01 0.00 0.00
gq32 4.00 4.04 4.02 4.01
g33 ~-9.00 -9.05 ~9.02 ~-9,02
glu 3.00 3.00 3.00 2,99
q2u 7.00 7.01 7.02 7.03
g3u 5.00 5.00 5.00 5.00
qul 4.00 3.99 4.01 4,00
qu2 5.00 4.97 4.96 4,97
qu3 6.00 6.05 6.05 6.05
Vi 10.00 2.89 9.93 9,93
v2 20.00 20.12 19.94 20.03
v3 15.00 14.92 14.90 14.92
Estimation errors abs relg abs rel% abs rel%
mean error 0.00 0 -0.01 0 0.00 0
standard dev 0.05 1 0.04 1 0.04 1
max abs err 0.12 3 0.10 1 0.08 2
mean abs err 0.03 1 0.03 1 0.03 1
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of integration is 1.0 and the sample period is 0.5, 0.2 and 0.1. In this
case the bias is not affected while the random error is reduced when more
measurements are used,

4.4 Comparison with linear programming

Most of the shown identifications have also been solved with the lin-
ear programming method. This has been easy to do as Lemke's algorithm can
also solve the LP problem, (see Hedin (1989)). The conclusions of these
identifications are that the differences between the QP and LP solutions
are surprisingly small. This is true, no matter what criterion is used,
linear, maximum or Eucledian. Even the bias seems to be approximately the
same. The great difference is instead the execution time required to sol-
ve the QP and LP problems. As mentioned earlier the dimension of the LP
problem will depend on the number of measurements. Stated as a complemen-

tary problem the dimension of the LP problem will be n_ = n +n +2mn
= 2nn(n+1)+2mn while the dimension of the corresponding &P probfemPwill
be only n_ = n +n_. The following table shows the cpu time when one

of the prboblem8 iB solved with the QP and LP methods, respectively.

QP method LP method
m n cpu time n cpu time
c c
(s) (s)
15 18 0.05 108 59
30 18 0.05 198 377
75 18 0.05 378 4383

When the number of measurements is increasing, then the cpu time for
the LP solution is increasing exponentially. The exponent has been calcu-
lated to 2.676. Taking the first case m=15 as a reference, this means

2.676

cpu time (m) = cpu time (15) (m/15) (4.3)

In other cases the exponent has been calculated to 2.6 - 2.9. This is
somewhat lower than 3 which is the expected value from a theoretical
point of view.

4.5 Concluding remarks

One of the objects of this paper was to see if the QP solution is com-
petitive with the LP solution. The conclusion is that it certainly is
competitive,

In contrast to the LP method, the QP method is fast enough to be used
in real-time applications even on a PC based system. Thus it is possible,
and advisable, to incorporate the identification procedure into the com-~
puter programs which control the tracer gas injections and measurements.
Now the identification can be done on-line and the estimated parameters
can be followed. The advantages of knowing the latest model is obvious.
It will give an immediate check that an experiment in progress is suffi-
ciently informative so the parameters can be determined. It will also
indicate when an experiment can be completed. A possibility may also be
to let the computer adapt the tracer gas injections to the actual flow
system. '

Other advantages of the QP method that may be mentioned is that it is
possible to estimate the error of the determined parameters. This is done
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by means of the covariance matrix. Further, it is easy to include differ-
ent weights of the measurements. This is done by computing Q as A'WA,
where W is a weight matrix. It is also easy to track slowly time varying
parameters. This is done by computing Q=A"A as a filtered sum of inputs

T
where f, the 'forgetting factor’', is a measure of how fast old data are
forgotten. It usually has a value close below one. A lower value glves a

faster tracking but a higher sensitivity to noise.

APPENDIX

Kuhn and Tucker have made an extension to the method of Lagrange mul-
tipliers to deal with minimizing problems with inequality constraints.
Consider the following problem

Minimize f(x) (A.1)
subject to '

gJ(X) _>_ D 9 j:17ng

According to the Kuhn-Tucker conditions, every optimal solution (x,u)
must fulfill the following necessary conditions

VE(x) - Zu Vg (x) = (A.2)
J

gj(x) _>_ 0 9 j=1,ng (An3)

ujgj(x) =0, j:j,ng (A.4)

uj >0, j:1,ng (A.5)

If all constraints are linear and the object function f(x) is convex,
then these conditions will also be sufficient for (x,u) to be the opti-
mal solution. In this case, there are no local minima and the conditions
(A.2)-(A.5) point out the global one.

For a detailed treatment of the Kuhn-Tucker conditions, see any text-
book in quadratic programming as e.g. Van de Panne (1975).

REFERENCES

Balinski, M.L., Cottle, R.W., 1978, Mathematical Programming Study 7.
Complementarity and Fixed Point Problems. (North-Holland Publishing Com-
pany). Amstecdam

Hedin, B., 1989, Identification of Multi-Cell Flow Systems by Quadratic
Programming. {in Swedish). (Lund Institute of Technology, Department of
Building Science). Report BKL 1989:14.

Jensen, L., 1986, A Method for Determination of Flows and Volumes in Flow

Systems by Tracer Gas Measurements. (in Swedish). (Lund Institute of
Technology, Department of Building Science). Report BKL 1986:17.

231



Jensen, L., 1987a, On Flow System Properties in Continuous and Discrete
Time. (Lund Institute of Technology, Department of Building Science).
Report BKL 1987:6(E).

Jensen, L., 1987b, Determination of Flows and Volumes in Multiple Cell
Systems. Paper to the Air Infiltration Review. (Lund Institute of Techno-
logy, Department of Building Science). Report BKL 1987:20(E).

Ljung, L., 1987, System Identification: Theory for the User. (University
of Linképing). Prentice-Hall Information and System Sciences Series,
Englewood Cliffs, New Jersey.

Ravindran, A., 1972, A Computer Routine for Quadratic and Linear Program-
ming Problems. Communications of the ACM, Vol.15, No.9, 1972, pp 818-820.

Van de Panne, C., 1975, Methods for Linear and Quadratic Programming.
North-Holland Publishing Company, Amsterdam.

Astrom, K.J., Wittemnmark, B., 1985, Computer Controlled Systems. Theory
and Design. Prentice-Hall Information and System Sciences Series.

232



