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SYNOPSIS 

A t r a c e r  gas technique f o r  determining volumes and a i r f l o w  r a t e s  i n  
m u l t i - c e l l  systems w i t h  a s i n g l e  t r a c e r  gas i s  considered. Tracer gas i s  
i n j e c t e d  i n  a l l  c e l l s  simultaneously according t o  a c e t a i n  p a t t e r n  and 
the  r e s u l t i n g  t r a c e r  gas concentrat ions are recorded. We show how the  
volumes and f low r a t e s  can be i d e n t i f i e d  from the  measurements us ing  the  
quadrat ic  programming method. A c h a r a c t e r i s t i c  o f  t h i s  method i s  t h a t  t he  
unknown model parameters, i .e .  the volumes and flows, can be determined 
subjected t o  g iven const ra in ts .  Accordingly we can u t i l i z e  a l l  known 
in format ion  about the  f low system and make sure t h a t  a found s o l u t i o n  i s  
phys i ca l l y  compatible w i t h  a f low system. 

D i f f e r e n t  fo rmula t ions  o f  the  mass balance r e l a t i o n s  are discussed and 
a new method t o  overcome the  d i f f i c u l t i e s  t o  ca l cu la te  the  d e r i v a t i v e s  o f  
the  t r a c e r  gas concentrat ions i s  proposed. The p roper t i es  o f  t h e  d i f f e r -  
en t  formulat ions such as the  s e n s i t i v i t y  t o  noise and the  s i g n i f i c a n c e  o f  
the  sample pe r iod  are exempl i f ied  by i d e n t i f i c a t i o n s  on a s imulated th ree 
c e l l  system. 

LIST OF SYMBOLS 

A the ma t r i x  V-IQ 
A mat r i x  o f  measured data, see (3.4) 
b vector  o f  measured data, see (3.5) 

m 
n 

i n t  

t r a c e r  gas concent ra t ion  vec tor  n by 1 
d e r i v a t i v e s  o f  c ( t )  n by 1 
the  ma t r i x  A(exp(AT )-I)-' n by n 
expectat ion value o? x 
ma t r i x  o f  c o n s t r a i n t s  n by np 
vector  o f  lower l i m i t s  i n  the  cons t ra in ts  ng by 1 
i d e n t i t y  ma t r i x  9 
number o f  samples 
number o f  sub in te rva l s  o f  the  i n t e r v a l  o f  i n t e g r a t i o n  
number o f  c e l l s  i n  the  f low system 
number o f  parameters i n  the  LCP problem, see (3.22) 
number o f  c o n s t r a i n t s  
number o f  parameters 

p ( t )  t r a c e r  gas i n j e c t i o n  vector  

Q f low mat r i x  
4 the  ma t r i x  A A 

f low t o  c e l l  i from c e l l  j 
qiJ i n t e r v a l  o f  i n t e g r a t i o n  :int 

sample pe r iod  
TE b u i l d i n g  t ime constant  ( inverse o f  a i r  exchange r a t e )  
t t ime 

k d isc re te  t ime 

u vector  o f  Lagrange m u l t i p l i e r s  
V volume mat r i x  
v  vector  o f  Lagrange m u l t i p l i e r s  
x model parameter vector,  see (3.1) 



1 INTRODUCTION 

Fo l lowing the  ideas suggested by Jensen ( 1986,1987b) we consider an 
experiment where t r a c e r  gas i s  i n j e c t e d  i n  a l l  c e l l s  simultaneously us ing 
a c e r t a i n  p a t t e r n  i n  time, so t h a t  t h e  i n f l uence  o f  d i f f e r e n t  t r a c e r  gas 
i n p u t s  can be separated. I d e a l  mix ing  i s  assumed i n  each c e l l  and the 
f lows are assumed t o  be constant and wi thout  t ime delays. 

A l a rge  system o f  equations can be s ta ted  based on the  mass balance 
equations, measured t r a c e r  gas concentrat ions and t r a c e r  gas i n j e c t i o n s .  
As the  model i s  s t a t e d  i n  continuous t ime the  system o f  eqautions i s  
l i n e a r  i n  the  model parameters, i.e. t he  unknown f lows and volumes which 
are t o  be i d e n t i f i e d .  There are a l so  l i n e a r  c o n s t r a i n t s  on t h e  model 
parameters which must be f u l f i l l e d  i f  the s o l u t i o n  should be compatible 
w i t h  a f low system. Important c o n s t r a i n t s  are  t h a t  a l l  f lows and volumes 
must be non-negative. Because o f  these c o n s t r a i n t s  the  commonly used 
l e a s t  square i d e n t i f i c a t i o n  method i s  no t  so u s e f u l  i n  t h i s  case. 

So f a r  t he  l i n e a r  programming (LP) method has been used, see Jensen 
(1987b). This method permi ts  c o n s t r a i n t s  but,  however, as t h e  number o f  
measurements (m) i nc rea  es the  demand f o r  computer t ime and storage grows S 2 very f a s t  (approx. as m and m , respec t i ve l y )  and soon t h i s  may be a 
ser ious  l i m i t a t i o n .  Th is  i s  c e r t a i n l y  t r u e  on a PC based system. 

I n  t h i s  paper some a l t e r n a t i v e  methods t o  s t a t e  and solve t h e  i d e n t i -  
f i c a t i o n  problem are  proposed. Espec ia l l y  we show t h a t  quadra t ic  program- 
ming (QP) has some a t t r a c t i v e  proper t ies .  The QP method has been used on 
a number o f  s imulated t e s t  experiments with a th ree c e l l  system and w i t h  
d i f f e r e n t  l e v e l s  o f  measurement noise. It has proved t o  work w e l l  i n  
these tes ts .  

L i k e  the  LP method, the  QP method makes use o f  the  c o n s t r a i n t s  o f  the  
model parameters t o  guarantee t h a t  t h e  s o l u t i o n  i s  a f low~system.  But, 
and t h i s  i s  the  main advantage, the  dimension o f  the  QP problem does not  
depend on the  number o f  measurements, bu t  on ly  on the  number o f  model 
parameters and cons t ra in ts .  I n  s p i t e  o f  a s l i g h t l y  more complicated solu- 
t i o n ,  t he  savings i n  computer t ime and storage may become most consider- 
able when the  number o f  measurements increases. 

2 MODELS FOR FLOW SYSTEMS 

I n  t h i s  chapter we s h a l l  der ive  some d i f f e r e n t  v a r i a t i o n s  o f  t he  mass 
balance r e l a t i o n s  which can be s ta ted  from measurement o f  a m u l t i - c e l l  
f low system. These models w i l l  be used i n  the  next  chapter when we show 
how t o  compute the  f lows and volumes from given measurements. 

Sect ion 2.1 summarizes some basic f a c t s  about the  mass balance equa- 
t i o n s  f o r  a f low system. This i s  a well-known model, see e.g. Sinden 
(1978) f o r  a more d e t a i l e d  treatment. A d i f f i c u l t y  w i t h  the  mass balance 
i s  t h a t  i t  conta ins  the  t ime d e r i v a t i v e s  o f  t he  t r a c e r  gas concentra- 
t i ons .  The f o l l o w i n g  sec t ions  deal  w i t h  d i f f e r e n t  ways t o  overcome t h i s  
problem. Since i t  i s  no t  s u i t a b l e  t o  use an ord inary  d i sc re te  t ime model, 
we show how t o  c a l c u l a t e  the  d e r i v a t i v e s  from measurements bo th  approxi-  
mately and exac t l y  w i t h  an i t e r a t i v e  model, see Sect ion 2.3. Another way 
t o  avoid the  d e r i v a t i v e s  i s  t o  i n t e g r a t e  the  mass balance equations. I n  
t h i s  case, however, a new problem i s  how t o  compute the  i n t e g r a l  o f  the  
t r a c e r  gas concentrat ion. Again, t h i s  can be done approximately as w e l l  
as exac t l y  by a model based method. This i s  described i n  Sect ion 2.4. 
F i n a l l y ,  i n  Sect ion 2.5 we make a summing up o f  the  models. 



2.1 The mass balance o f  a f l ow  system -- ----- 
Consider a f l ow  system w i t h  n c e i i s .  Each c e l l  can be connected t o  the  

o ther  n- I  c e l l s  and t o  the  e x t e r i o r  o r  the  ou ts ide  by f lows through one- 
way passages, see F igu re  2.1 

F igure  2.1 An example o f  a f l ow  system 

The parameters of t he  system are the  volumes, denoted v . ,  t he  f lows 
t o  and from the  outside, denoted q . and q .  respec t i ve l y  and the  
i n t e r f l o w s  between t h e  c e l l s ,  where t h e  ?low t o  ceiY i from c e l l  j i s  de- 
noted qi.. The number o f  parameters i s  n volumes, n in f lows,  n out- 
f lows aAd n(n- I )  i n t e r f l o w s  o r  a l t oge the r  n(n+2) parameters. Some o f  the  
f lows may, o f  course, be equal t o  zero. 

As the  sum of f lows i n t o  each c e l l  must be equal t o  the  sum o f  f lows 
out  from the  c e l l ,  i t  fo l l ows  t h a t  n f lows are  dependent o f  the  o ther  
f lows. Thus a general  f l ow  system w i t h  n c e l l s  has n(n+l )  independent 
parameters. 

Provided t h a t  a l l  f l ows  are constant  and w i thout  t ime delays, and t h a t  
the  mix ing  i n  each c e l l  i s  per fec t  t he  f o l l o w i n g  mass balance equat ion 
holds f o r  each c e l l  i, i=l ,n 

v . P . ( t )  1 1  = E q .  .c .(t)-qtici(t)+pi(t), i= l ,n  
j f i  1J J 

where c .  ( t )  denotes the  t r a c e r  gas concent ra t ion  i n  c e l l  i a t  t ime t, 
Ci(t) aenotes the  t ime d e r i v a t i v e  o f  ci(t) and pi(t) denotes the  
t r a c e r  gas i n j e c t i o n  i n  c e l l  i. q t i  denotes the  t o t a l  ou t f l ow  from 
c e l l  i. 

The t o t a l  out f low f o r  each c e l l  i can be w r i t t e n  as 

= E q..+q q t i  jf i  i=l ,n 
j1 u i '  

and the  equa l l y  l a r g e  t o t a l  i n f l o w  can be w r i t t e n  as 



By us ing ma t r i x  no ta t ion ,  a l l  t he  n mass balances i n  (2.1) can a l so  be 
expressed i n  a compact form 

Now, 6 ( t ) ,  c ( t )  and p ( t )  are n by 1 vec tors  w i t h  t he  elements Ci(t), 
ci(t) and pi(t), i n .  V i s  an n by n diagonal volume m a t r i x  w i t h  
e n t r i e s  equal  t o  t h e  volumes v.. Q i s  an n by n f low matr ix .  The diag- 
onal  elements Qii are equai t o  -qti and the  o f f -d iagona l  elements 

Qij' i f j  are t h e  i n t e r  f lows qi . . 
However, i f  a g iven model ~d t he  form (2.4) should be compatible w i t h  

a f l ow  system the  mat r ices  V and Q must have t h e  f o l l o w i n g  proper t ies ,  
(2.5)-(2.9). A l l  t h e  volumes and f lows must be non-negative, t h a t  i s  

QijL09 i f j  

The t o t a l  f lows to/ f rom each c e l l  are p o s i t i v e .  Consequently, t he  
d iagonal  elements i n  the  f low mat r i x  must be negat ive 

From the  equations (2.2) i t  fo l l ows  t h a t  the  sums o f  the  rows o f  the  
f l ow  m a t r i x  equal t h e  negat ive value o f  t he  i n f l o w s  from t h e  outside. As 
a l l  i n f l o w s  must be non-negative i t  fo l l ows  t h a t  

I n  the  same way t h e  equations (2.3) s t a t e  t h a t  the  sums o f  t he  columns 
of t he  f low m a t r i x  equal t h e  negat ive value o f  the  out f lows t o  the  out- 
side. Hence, a l s o  t h e  sums o f  columns must be non-posi t ive 

These f i v e  c o n s t r a i n t s  on the  volume and f l ow  matr ices w i l l  p l ay  an 
important  r o l e  when we s h a l l  choose i d e n t i f i c a t i o n  method. 

2.2 The mass balance equations i n  d i s c r e t e  t ime 
The most convencent way t o  work w i t h  a system o f  l i n e a r  d i f f e r e n t i a l  

equations, as our mass balances (2.4), i s  t o  t ransform i t  t o  a system o f  
d i f f e rence  equations. The d i f f e rence  equations on ly  describe the  v a r i -  
ables a t  d i s c r e t e  sample i ns tan ts .  But  provided t h a t  the  i n p u t s  ( i .e.  t he  
t r a c e r  gas i n j e c t i o n s )  are constant du r ing  t h e  sample periods, t h i s  i s  an 
exact d e s c r i p t i o n  o f  t he  continuous t ime system a t  the  sample i ns tan ts .  

It i s  very easy t o  make s imula t ions  w i t h  t h e  d i f f e rence  equations, and 
the  methods t o  i d e n t i f y  d i sc re te  t ime models are  very w e l l  establ ished, 
see Jung (1987). 

To ob ta in  t h e  mass balance i n  d i s c r e t e  t ime we s h a l l  f i r s t  r e w r i t e  
(2.4) i n  a more common form 

where A and B are t h e  n by n mat r ices  



The corresponding equa t ion  i n  d i s c r e t e  t ime is given by ( s e e  e.g. 
Astrom (1985) f o r  complete d e t a i l s  o r  j u s t  i n t e g r a t e  (2 .10))  

where c ( t k )  och p ( t k )  a r e  t h e  sampled va lues  o f  c ( t )  and p ( t )  a t  t h e  
d i s c r e t e  sample I n s t a n t s  tk=to+kTs, k= ...,- l , O , l ,  ... . Ts is t h e  
sample per iod and F and G a r e  n  by n ma t r i ce s  given by 

I n  our ca se ,  however, t h e  d i s c r e t e  time model is not  an app rop r i a t e  
model t o  i d e n t i f y .  The reason is t h a t  t h e  c o n s t r a i n t s  on t h e  flow matr ix  
Q (2.8) and (2 .9)  w i l l  no t  be l i n e a r  a f t e r  t ransformat ion  t o  d i s c r e t e  
time, t h i s  is shown i n  d e t a i l  i n  Jensen (1987a). A s  we cannot make use o f  
a l l  t h e  c o n s t r a i n t s  we can n e i t h e r  guaran tee  t h a t  an i d e n t i f i e d  model 
w i l l  be compatible with a  flow system. Of course ,  it may be compatible 
t h i s  is easy t o  check a f t e rwards  but  gene ra l l y ,  we w i l l  not  f i n d  a  flow 
system. Moreover, even i f  t h e  i d e n t i f i e d  model is a flow system, i t  is 
hard t o  compute t h e  d iagonal  matr ix  V from (2.14) and (2.15) a s  F and G 
a r e  f i l l e d  mat r ices .  

S ince  we cannot use t h e  d i s c r e t e  time model we have t o  work with t h e  
o r i g i n a l  time cont inuous model (2.4).  The next  two s e c t i o n s  w i l l  t r e a t  
how t o  d e a l  with t h e  time d e r i v a t i v e  i n  t h i s  model. 

Nevertheless ,  we w i l l  t a k e  advantage of  t h e  d i s c r e t e  time model i n  
t h e  fol lowing s e c t i o n s  when computing t h e  d e r i v a t i v e  and i n t e g r a l  o f  t h e  
t r a c e r  gas  concen t r a t i on  vec tor .  I t  w i l l  a l s o  be used t o  s imu la t e  t h e  
test example i n  chap te r  4. 

2.3 Comput in- the  t ime d e r i v a t i v e s  - of  t h e  t r a c e r  gas  concen t r a t i on  ----- ---- 
v e c t o r -  - -- 

The s imp le s t  but  c e r t a i n l y  no t  t h e  most accu ra t e  method t o  e s t ima te  
t h e  t ime d e r i v a t i v e  is t o  use a  d i f f e r e n c e  approximation. There a r e  sev- 
e r a l  p o s s i b i l i t i e s :  forward, backward, forward/backward d i f f e r e n c e  and s o  
on. The most u se fu l  method, s ee  Jensen (1986),  t u r n s  ou t  t o  be t h e  ord i -  
nary forward d i f f e r e n c e  

I f  t h e  sampled s i g n a l  c ( t k )  is measured without measurement no ise  
then  t h e  approximation becomes b e t t e r  t h e  smal le r  t h e  sample per iod is 
chosen. But (2.16) is q u i t e  s e n s i t i v e  t o  no i se  and t h e  e r r o r  caused by 
noise  i n c r e a s e s  a s  t h e  sample per iod  is reduced. The f i n a l  choice o f  
sampling per iod becomes a  compromise between e r r o r  from t h e  approximation 
and e r r o r  from t h e  no ise .  

A s  a l ready  mentioned, t h e  d e r i v a t i v e  can a l s o  be computed e x a c t l y  from 
t h e  d i s c r e t e  time model. To de r ive  a  formula f o r  t h i s ,  s t a r t  from equa- 
t i o n  (2.13) and r ep l ace  t h e  ma t r i ce s  F and G with t h e  exp re s s ions  (2.14) 
and (2.15),  r e spec t ive ly .  Af te r  s u b t r a c t i n g  both s i d e s  by c ( t k )  we g e t  



M u l t i p l y  t h i s  equat ion from the  l e f t  by D, where D denotes the  n by n 
ma t r i x  

D = A (~X~(AT~) - I ) - '  (2.18) 

A f t e r  reduct ion  we ob ta in  

Comparing t h i s  equat ion w i t h  (2.10) we recognize t h a t  t he  l e f t  s ide  i n  
(2.19) equals c ( t ) ,  i.e. 

Not ice t h a t  t h i s  formula i s  no t  an approximation bu t  ho ldsrexact ly  the  
same assumptions as provided f o r  the d i s c r e t e  t ime model. A comment i s  
t h a t  t h e o r e t i c a l l y  t h e  t r a c e r  gas i n j e c t i o n  p ( t )  thus must be constant 
between the  sampling i n s t a n t s .  I n  prac t ice ,  however, a more convenient 
way i s  t o  i n j e c t  the  t r a c e r  gas by pulses. But these pulses must be suf-  
f i c i e n t l y  smal l  and equa l l y  spread over the  sampling period. The meaning 
o f  ' s u f f i c i e n t l y  smal l '  i n  t h i s  contex t  i s  poss ib le  t o  ca lcu la te ,  g iven a 
d i sc re te  t ime model. 

A d i f f i c u l t y  w i t h  (2.20) i s  t h a t  D depends on A, see (2.48). Since we 
want t o  i d e n t i f y  the  f low and volume matr ices, A(=V-  4) i s  unknown 
and so we cannot c a l c u l a t e  the  de r i va t i ves .  

A s o l u t i o n  o f  t h i s  problem i s  t o  s t a r t  w l t h  D=ITs - 1 as i n  the  
forward d i f f e rence  approximation and i d e n t i f y  a p re l im ina ry  model. With 
t h i s  model we can c a l c u l a t e  a new mat r i x  D and a new b e t t e r  approximation 
of c ( t k ) .  Then we can i d e n t i f y  a new model and the  process proceeds 
iteratively. The method w i l l  converge i n  a few steps i f  the  sampling 
pe r iod  i s  no t  t oo  long compared w l t h  the  t ime constants o f  t he  system, 
see examples i n  chapter 4. 

The best  numerical method t o  c a l c u l a t e  D from (2.18) i s  t o  use the  
fo l lowing Taylor s e r i e s  expansion 

where bni, i=1,2, ... denotes the  B e r n o u l l i  numbers. 

From (2.21) i t  i s  c l e a r  t h a t  t he  ma t r i x  D i s  approaching I T  
as the  sample pe r iod  T decreases. As a l i m i t ,  t he  formula (2.20) w s l l  
t u r n  i n t o  the  forward di fFerence (2.16) when Ts goes t o  zero. 

The mat r i x  D has the  p roper t i es  t h a t  t he  d iagonal  elements are  a b i t  
greater  than 1 wh i le  t h e  o f f -d iagona l  elements are r a t h e r  smal l  and nega- 
t i v e .  This r e s u l t s  i n  a somewhat h igher s e n s i t i v i t y  t o  noise i n  t h e  model 
based formula than i n  t h e  forward d i f f e rence  formula. I n  bo th  formulas 
the  noise s e n s i t i v i t y  increases as Ts decreases. 



2.4 The in teg ra ted  mass balance -- ---- 
A common way t o  suppress noise i s  t o  i n teg ra te .  I n t e g r a t i n g  t h e  mass 

balance (2.4) from the  t ime tk t o  tk+Tint y i e l d s  

where C( tk )  and P( tk )  denote the  i n t e g r a l s  o f  c ( t k )  and p ( t k )  
respec t i ve l y  

The l a s t  e q u a l i t y  i n  (2.24) makes use o f  t he  assumption t h a t  t he  t r a c e r  
gas i n j e c t i o n  i s  constant dur ing  t h e  i n t e r v a l  o f  i n teg ra t i on ,  T in t  * 

The i n t e g r a l  C ( t k )  can be ca l cu la ted  approximately w i t h  the  trapez- 
o i d a l  ru le .  Suppose t h a t  the  i n t e r v a l  o f  i n t e g r a t i o n  i s  subdivided i n  
m /T >I equal subintervals,  then the  i n t e g r a l  i s  approximated 
b$nt'Tint s - 

where the  c o e f f i c i e n t s  f =f =1/2 and the  o thers  fi=l, i=l ,"-I. 
O '"int 

I n  t h i s  formula i t  i s  always advantageous t o  choose a sho r t  sampling 
pe r iod  i n  order t o  use many measurements and reduce the  noise cor rupt ion .  

The i n t e g r a l  C ( t  ) can a l so  be determined exac t l y  and t h i s  can be 
done i n  severa l  h f f e r e n t  ways. Since the  d i s c r e t e  t ime model i s  v a l i d  
f o r  every choice o f  the  sample pe r iod  as l ong  as the  i n p u t  i s  constant, 
we can exchange T i n  (2.13) f o r  t he  t ime argument s, where O<s<Tint 

S - - 
This g ives 

and C( t  ) can be computed by i n t e g r a t i o n  o f  t h i s  expression as s ta ted  
i n  (2.23). L e t  us c a l l  t h i s  method A. 

I n  t h i s  approach we use the  values o f  the constant t r a c e r  gas i n j e c -  
t i o n s  and the  values o f  t he  t r a c e r  gas concentrat ions i n  the  beginning o f  
the i n t e r v a l  o f  i n t e g r a t i o n  i n  order t o  determine the  t r a c e r  gas concen- 
t r a t i o n s  dur ing  the  whole i n t e r v a l .  

A n  a l t e r n a t e  approach i s  t o  use the  concentrat ions a t  t he  end o f  the  
i n t e r v a l  i ns tead  o f  t he  values a t  t he  beginning o f  the  i n t e r v a l .  An  equa- 
t i o n  expressing c ( t  +s) as a func t i on  o f  p ( t k )  and c ( t  +T ) 
can be der ived i n  t k e  fo l l ow ing  way. M u l t i p l y  (2.13) frokntthe l e f t  by 
exp(-ATint) and use the  equation t o  express c ( t k )  



Subst i tu te  c ( t k )  i n  (2.26) with (2.27). A f t e r  reduc t ion  we o b t a i n  
" 

Now the i n t e g r a l  C(tk) can be computed by i n t e g r a t i o n  o f  (2.28) as 
we l l .  This w i l l  be c a l l e d  method B. 

With respect t o  no ise  reduct ion, however, i t  seems sensib le t o  use the  
concentrat ion a t  bo th  the  beginning and the  end o f  t he  i n t e r v a l .  Th is  can 
be done i n  two ways. One i s  t o  i n t e g r a t e  the  mean value o f  c(tk+s) ex- 
presed by (2.26) and (2.28). L e t  us c a l l  t h i s  method C. The o ther  way i s  
t o  e l im ina te  p ( t k )  from (2.26) by (2.28) and express c(tk+s) from the 
r e s u l t i n g  equation, i.e., method D. 

Now we have four  p o s s i b i l i t i e s  A-D t o  c a l c u l a t e  the  i n t e g r a l  C(tk) 
and a l l  o f  them h o l d  exact ly ,  provided t h a t  p ( t k )  i s  constant dur ing  
the  i n t e r v a l  o f  i n t e g r a t i o n  and, o f  course, t h a t  there  are no measurement 
er rors .  I n  the  presence o f  noise however, t he  four methods w i l l  behave 
q u i t e  d i f f e r e n t .  (For example we can n o t i c e  t h a t  (2.28) i s  an extrapola- 
t i o n  backwards o f  a  s tab le  system, and t h i s  i s  an unstable process w i t h  
respect t o  disturbances i n  the  i n i t i a l  value. On the  o ther  hand, (2.26) 
i s  an ex t rapo la t i on  forward o f  a  s tab le  system and does n o t  cause any 
problem. 

I n  Hedin (1989) the  noise s e n s i b i l i t y  o f  t he  four  methods are calcu- 
l a t e d  i n  a simple case. It i s  shown t h a t  method C, i.e., i n t e g r a t i n g  the  
mean of c(tk+s) from (2.26) and (2.28), g ives  t h e  best  r e s u l t  provided 
the  i n t e r v a l  o f  i n t e g r a t i o n  i s  reasonably smal l  compared t o  the  t ime 
constants o f  t he  system. 

Leaving methods A, B and D, we can perform the  i n t e g r a t i o n  w i t h  method 
C .  A f t e r  simple c a l c u l a t i o n s  t h i s  g ives  

where R, S and T are n  by n matr ices g iven by 

For the  numerical c a l c u l a t i o n s  o f  R, S  and T we can use the  fo l l ow ing  
Taylor se r ies  expansions 



The extension o f  (2.29) t o  the  case w i t h  severa l  subd iv is ions  

("".in >I) o f  the  i n t e r v a l  o f  i n t e g r a t i o n  i s  easy t o  der ive.  Just  ex- 
chan$e Ti f o r  T i n  (2.29)-(2.35) and c a l c u l a t e  the  i n t e g r a l  as 
the  sum o? i n t e g r a h  f o r  each subd iv i s ion  

Not ice from the  equations (2.33)-(2.35) t h a t  when the  number o f  samples 
i n  each i n t e r v a l  o f  i n t e g r a t i o n  i s  increasing,  en the  mat r ices  R and S 9 w i l l  approach ITs/2 wh i le  T w i l l  approach ATs /3! ( o r  almost zero, 
as Ts i s  a smal l  number). Accordingly, t he  equations (2.29) and (2.36) 
w i l l  approach the  simple t rapezo ida l  r u l e  as T becomes small .  

L i k e  the  model based es t imat ion  o f  t he  dersvat ive  t h i s  model based 
es t imat ion  o f  t he  i n t e g r a l  w i l l  be an i t e r a t i v e  method as we do n o t  know 
the ma t r i x  A i n  advance. As a f i r s t  es t imat ion  o f  t he  i n t e g r a l  i t  i s  
n a t u r a l  t o  use t h e  t rapezo ida l  r u l e .  

2.5 Summing up t h e  models ---- 
I n  t h i s  chapter we have been enqaqaed w l t h  the  problem o f  f i n d i n q  the  

r e l a t i o n s  between t r a c e r  gas i n j e c t i o n s  and t h e  r e s u l t i n g  t r a c e r  gas con- 
cen t ra t i ons  i n  a m u l t i c e l l  f low system. 

The fundamental model i s  the  mass balance equations (2.4) 

To express the  t ime d e r i v a t i v e  we have used two formulat ions o f  t he  
mass balance equations 

Formulat ion 1 forward d i f f e rence  o f  6( t k )  -- 

V(c(tk+Ts)-c(tk))/Ts=Q c( tk )+p( tk )  (2.37) 

Formulat ion 2 model based es t ima t ion  o f  6 ( t k )  - 

An a l t e r n a t i v e ,  where we avoid t h e  t ime de r i va t i ve ,  i s  t o  i n t e g r a t e  
the mass balance equation. To ob ta in  the  i n t e g r a l  C(tk) o f  c ( t k )  we 
have a l so  used two formulat ions 

Formulat ion 3 i n teg ra ted  mass balance w i t h  the  t rapezo ida l  r u l e  -- 

Formulat ion -- 4 i n teg ra ted  mass balance w i t h  model based i n t e g r a t i o n  
o f  c ( t k )  

I f  we have m samples w i t h  measurements o f  p ( t  ) and c ( t k ) ,  k = l  ,m, 
then the  d i f f e r e n t  formulat ions can be s ta ted  m-1 kimes. The measurements 
are normally recorded a t  a constant sampling ra te ,  bu t  t h i s  i s  no demand. 



3 IDENTIFICATION OF MULTI-CELL FLOW SYSTEMS 

I n  t h i s  chapter we address the  i d e n t i f i c a t i o n  problem: Given measured 
values o f  the  t r a c e r  gas i n j e c t i o n s ,  p ( t k ) ,  and the  t r a c e r  gas concen- 
t r a t i o n s  c ( t k )  i n  a m u l t i - c e l l  f low system, how cou ld  the  volumes and 
f l ow  r a t e s  be determined? 

The chapter i s  organized as fo l lows.  I n  Sect ion 3.1 we show how t o  
s t a t e  the  measured data  as an overdetermined system o f  equations. 

Next, i n  Sect ion 3.2, we show how t h i s  system o f  equat ions can be fo r -  
mulated as an quadra t ic  programming problem. 

F i n a l l y ,  t h i s  QP problem i s  formulated as a l i n e a r  complementary prob- 
lem (LCP) w i t h  Kuhn-Tucker condi t ions.  The LCP problem i s  then solved 
with Lemke's a lgor i thm, see Sect ion 3.3. 

3.1 Formulat ion o f  the  QP problem - ----- 
F i r s t  o f  a l l  we n o t i c e  t h a t  a l l  f ou r  fo rmula t ions  of the  mass balance 

(2.37)-(2.40) have the  same s t r u c t u r e  as the  o r i g i n a l  mass balance (2.4). 
Therefore, i t  i s  s u f f i c i e n t  t o  show how t o  per form the  i d e n t i f i c a t i o n  by 
us ing  model (2.4) as i f  the measured data cons i s t  o f  c ( t  ), c ( t  ) and 
p(  t ), k = l  ,m. When we a c t u a l l y  use one o f  t he  o ther  four  kormulakions, 
we kon ly  have t o  modify t he  i n p u t  data s e t  t o  t he  i d e n t i f i c a t i o n  rou t ine .  
For example, when us ing  f o r m u l a t ~ o n  1 E ( t k )  should be exchanged f o r  
(c (  t k + ~ s ) - c ( t k )  ) / T ~  and so on. 

Secondly, we observe t h a t  the mass balances are  n o t  q u i t e  adapted t o  
i d e n t i f i c a t i o n  s ince  the  known t r a c e r  gas concent ra t ions  and i n j e c t i o n s  
are mixed w i t h  the  unknown f lows and volumes. Consequently, our f i r s t  
task w i l l  be t o  rearrange the mass balance equat ions i n t o  the  common form 
Ax=b, where A i s  a m a t r i x  and b a vec tor  which conta ins  a l l  known mea- 
surements wh i l e  x i s  a model parameter vector  which conta ins  a l l  the un- 
known f lows and volumes t h a t  we want t o  i d e n t i f y .  

Since a l l  f lows are  n o t  independent o f  one another, the  model parame- 
t e r  vector  can be chosen i n  many ways, b u t  comparing w i t h  (2.4) the  f o l -  
lowing may be a n a t u r a l  choice 

The vector  x has a dimension o f  n *I, where n =n(n+l) equals the  num- 
ber  o f  unknown parameters. P P 

Remember t h a t  Qii<O (equat ion (2.6)). By us ing  a minus s i g n  on 
these elements i n  (3.1) a l l  model parameters are made non-negative. Do 
a l so  note t h a t  the  i n  and out f lows to/from the  outs ide  are  n o t  inc luded 
i n  the  model parameter vector ,  b u t  they can e a s i l y  be c a l c u l a t e d  w i t h  
( 2 . 8 )  and (2.9), respect ive ly .  

Now, order  t he  measured data i n  the  f o l l o w i n g  way: F i r s t  form an m by 
(n+l )  m a t r i x  A f o r  each c e l l ,  i=l ,n. L e t  the  rows k = l  ,m i n  A .  con- 
t a i n  the  f o l l o w i h g  measured data s e t  from the  k : th  sample 

1 

S i m i l a r l y ,  s e t  up an m by 1 vector  b f o r  each c e l l ,  i = l , n .  L e t  i t s  
i 

elements be g iven by 



Now we can form an m n  by n b lock ma t r i x  A (do no t  confuse w i t h  the  
n by n mat r i x  A=v-'Q), and anPmn by 1 b lock vec tor  b w i t h  

With t h i s  n o t a t i o n  a l l  mn mass balances can e a s i l y  be w r i t t e n  as 

As there are n =n(n+l) unknown model parameters we need a t  l e a s t  
m=n+l samples i g  order  t o  i d e n t i f y  the model parameters. I f  rn>n+l, and 
t h i s  i s  the  common case, the  system of  equations (3.6) w i l l  be overdeter- 
mined and cannot be e x a c t l y  s a t i s f i e d .  Instead, our ob jec t  becomes t o  
f i n d  a s o l u t i o n  x t h a t  minimizes the  norm ljrll where r=Ax-b. Depending on 
which norm we use, the  problem can be solved by d i f f e r e n t  methods. 

Up t o  now the l i n e a r  o r  1 norm has been used. This leads t o  a l i n -  
ear programming (LP) see Jensen (1987b). But the  computations 
are g r e a t l y  s i m p l i f i e d  i f  we ins tead  use the Eucl idean o r  l2 norm . 

The problem can now be s ta ted  as a quadrat ic  programming problem. Dis- 
regarding the  c o n s t r a i n t s  (2.5)-(2.9) the  problem can be s ta ted  

Minimize /I131 12 where r = A x -b 

The l e a s t  square s o l u t i o n  t o  (3.7) i s  g iven by the well-known normal 
equations 

and x can be solved as 

x = ( A ~ A ) - '  ~~b 

T Not ice t h a t  ma t r i x  A has the  dimension mn*n , whi le  ma t r i x  A A has 
the  dimension n *n and thus i t  i s  no t  Pdependent o f  the  number o f  

P P samples, m. As i t  i s  des i red  t o  use many samples i n  order t o  reduce the  
in f luence o f  measurement er rors ,  t h i s  i s  an important  q u a l i t y .  This i s  
a l so  a reason t o  p r e f e r  the  QP s o l u t i o n  t o  the  LP so lu t ion ,  which deals 
w i t h  the system o f  equations i n  i t s  o r i g i n a l  form (3.6). However, as we 
do n o t  use the  c o n s t r a i n t s  i t  i s  n o t  sure t h a t  the  s o l u t i o n  w i l l  corre-  
spond t o  a f low system. For example, i t  may happen t h a t  a row sum o f  the  
i d e n t i f i e d  f low m a t r i x  i s  p o s i t i v e  and thus one i n f l o w  would be negative, 
which i s  p h y s i c a l l y  impossible. Furthermore, ~t i s  unwise no t  t o  use a l l  
t he  in format ion  t h a t  i s  known about the  s o l u t i o n  as t h i s  can he lp  us t o  



f i n d  a  b e t t e r  s o l u t i o n .  The app rop r i a t e  s o l u t i o n  is t h e r e f o r e  t o  minimize 
~ ~ r ~ ~ 1 2  a s  above, but  t o  do it sub jec t ed  t o  t h e  c o n s t r a i n t s  which we 
know must be f u l f i l l e d .  This  w i l l  be done with t h e  QP approach i n  t h e  
next  two s e c t i o n s .  

Before we d i s c u s s  how t o  formulate  t h e  QP problem we s h a l l  do some 
remarks about t h e  normal equa t ions  and t h e  choice  o f  p a t t e r n  f o r  t h e  t r a -  
c e r  g a s  i n j e c t i o n .  

The l e a s t  square  s o l u t i o n  with t h e  normal equa t ions  which is t h e  b a s i s  
f o r  t h e  QP approach does  no t  have t h e  b e s t  o f  r e p u t a t i o n s  from a  numeri- 
c a l  po in t  o f  view. This  is c e r t a i n l y  t r u e  when t h e  t r a y e r  g a s  concentra- 
t i o n s  a r e  h igh ly  c o r r e l a t e d  t o  each o t h e r .  The mat r ix  A A w i l l  t hen  be 
n  a r  s i n g u l a r  and t h e  problem w i l l  be i l l - cond i t i oned .  But even when 'i A A is c a l c u l a t e d ,  some numerical p r e c i s i o n  w i l l  be l o s t  which cannot 
be recovered. 

To o b t a i n  c o r r e c t  r e s u l t  i n  s i n g l e  p r e c i s i o n ,  it is t h e r e f o r e  necess- 
a ry  t o  form and s o l v e  t h e  normal equa t ions  i n  double p rec i s ion .  Because 
of  t h e s e  reasons,  o t h e r  l e a s t  square  s o l u t i o n s  a s  e.g. QR decomposition, 
is o f t e n  p r e f e r r e d  t o  t h e  s impler  normal equa t ions .  But t h e i r  s o l u t i o n s  
w i l l  be more complicated when c o n s t r a i n t s  a r e  involved. 

Fo r tuna t e ly ,  when i d e n t i f y i n g  a  flow system t h e  demands f o r  accuracy 
a r e  low. S ince  t h e  measurement e r r o r  o f  t h e  t r a c e r  gas  i n j e c t i o n s  and 
concen t r a t i ons  hard ly  can be lower t han  some per  c e n t ,  i .e. ,  unce r t a in ty  
i n  t h e  second o r  t h i r d  d i g i t ,  then  t h e  normal equa t ions  seem t o  be accu- 
r a t e  enough. 

However, it should be s t r e s s e d  t h a t  it is very important  t h a t  t h e  t r a -  
c e r  g a s  concen t r a t i ons  a r e  no t  t o o  s i m i l a r  t o  each o the r .  Accordingly, 
t h e  choice  o f  i npu t  sequence of  t h e  t r a c e r  g a s  i n j e c t i o n  is very import- 
an t .  The Pseudo Random Binary S igna l  (PRBS) sequence is f r equen t ly  used 
i n  process  i d e n t i f i c a t i o n ,  see Jung (1987) and may be a  good choice.  
C h a r a c t e i s t i c  f o r  t h i s  is t h a t  t h e  same sequence, but  with d i f f e r e n t  time 
de l ays ,  can be used f o r  a l l  i npu t s .  The mutually c o r r e l a t i o n  between t h e  
i n p u t s  w i l l  be a s  low ( i . e . ,  nega t ive )  a s  pos s ib l e .  To be a b l e  t o  choose 
s u i t a b l e  parameters  t o  t h e  PRBS sequence, it is necessary t o  have a  f e e l -  
i ng  o f  t h e  va lues  o f  t h e  searched parameters.  P re fe r ab ly ,  t h e  amplitude 
should be b igge r ,  t h e  bigger  t h e  volumes a r e ,  and t h e  per iod should be o f  
t h e  same magnitude a s  t h e  time c o n s t a n t s  accord ing  t o  some r u l e s .  

3.2 The QP problem with c o n s t r a i n t s  - -- 
We sha1.f now w r i t e  t h e  overdetermined system o f  equa t ions  (3.6)  and 

its c o n s t r a i n t s  i n  t h e  s tandard  formulat ion f o r  a  quad ra t i c  problem. The 
c o n s t r a i n t s  (2.5)-(2.7) can simply be w r i t t e n  a s  

where xo is an n  by 1  vec to r  which elements  a l l  a r e  zero.  The 2n in- 
equalities (2.8y and (2.9) a r e  l i n e a r  i n  t h e  model parameter vec tor  and 
i n  mat r ix  n o t a t i o n  they  a r e  w r i t t e n  ( a f t e r  mu l t i p ly ing  with -1) 

where G is a  2n by n  matr ix  and g  is a  2n by 1  vec tor .  Each row i n  G 
d e s c r i b e s  one sum g f  rows o r  columns o f  t h e  flow matr ix  and it c o n s i s t s  
of  n  e lements  with t h e  value +I o r  -1 while a l l  o t h e r  e lements  a r e  zero.  
The vec tor  g  is t h e  minimal permi t ted  value,  o r  j u s t  t h e  lower l i m i t ,  of  
t h e  sum. I n  (2.8)-(2.9) we suppose t h a t  t h e  lower l i m i t  is ze ro  b u t ,  o f  
course ,  i f  we e.g.  know t h e  value of  an exhaust  flow then  t h e  correspond- 



i n g  lower l i m i t  should be s e t  t o  t h i s  value. 
I t  i s  a l s o  easy t o  extend t h e  number o f  l i n e a r  cons t ra in t s .  Every new 

c o n s t r a i n t  i s  w r i t t e n  as an e x t r a  row o f  G and g. The row elements i n  G 
de f i ne  a l i n e a r  combinat ion o f  model parameters and the  corresponding row 
i n  g i s  i t s  lower l i m i t .  For example, i f  we know t h a t  

t h i s  i s  w r i t t e n  as 

(G)new row = ( I  

(9)new row = v m i n  

w h e r ~  the  two ' 1 '  a re  p laced i n  the same l o c a t i o n s  as vl and v have 
i n  x . 2 

I n e q u a l i t i e s  which con ta in  an upper l i m i t  must be converted by m u l t i -  
p l y i n g  w i t h  -1. For example 

i s  w r i t t e n  as 

and can then be t r e a t e d  i n  the  same way as above. 
E q u a l i t y  c o n s t r a i n t s  are expressed by two i n e q u a l i t i e s .  For  example 

i s  w r i t t e n  as 

-vl - " > -v 
2 - sum 

To f i x  a model parameter x, t o  zero, i t  i s  s u f f i c i e n t  t o  use the  i n -  
e q u a l i t y  -x >O s ince  the  i n e 4 u a l i t y  xi >O a l ready i s  g iven by 

i - - 
(3.11). 

An alternative t o  f i x  parameters i s ,  o f  course, t o  replace t h e  parame- 
t e r  by i t s  value i n  t h e  mass balances. This  w i l l  decrease the  s i z e  o f  the  
problem ins tead  o f  i nc reas ing  i t  but ,  on the  o ther  hand, l t  requ i res  more 
programming s ince i t  i s  no t  so e a s i l y  described. 

As seen, t he  rows o f  G have no r e s t r i c t i o n s  such as they must be l i n -  
ear independent. But, n a t u r a l l y ,  t he re  must n o t  be any con t rad i c to ry  de- 
mands. I n  t h a t  case a s o l u t i o n  does n o t  e x i s t .  

Assuming t h a t  besides (2.8)-(2.9) we use n e x t r a  i n e q u a l i t y  con- 
s t r a i n t s ,  then G and g have the  dimensioas o f  n by n and n by 1 
respec t i ve l y ,  where n =2n+n . 9 P 9 

F i n a l l y ,  we s h a l l  gewr i tg  (5.8 ) so i t  f i t s  t o  t he  standard form o f  
quadra t ic  programming 

The f i r s t  term i s  constant  and can be disregarded i n  the  minimizing. The 
two f o l l o w i n g  terms are  equal and can be expressed by a s i n g l e  term. 



T 
in t roduce t h e  n by 1 vector  c=-2A b and the  n by n ma t r i x  

Q=A A (no t  t o  be cgnfused w i t h  the  n by n f low m a b i x  Q!?. 
Now - the QP problem can be s ta ted  i n  i t s  standard form 

T T minimize: f (x )=c  x+x Qx 

sub jec t  t o  

The main d i f f i c u l t y  when so lv ing  t h i s  QP problem i s  t o  know which con- 
s t r a i n t s  are b ind ing  and which are non-binding i n  the  opt imal  so lu t ion .  
I f  we had known a l l  t he  b ind ing const ra in ts ,  these cons t ra in ts  could be 
replaced by e q u a l i t y  c o n s t r a i n t s  and the  o ther  could be re jected.  I n  t h i s  
case the  s o l u t i o n  had been given by the  well-known method o f  Lagrange 
m u l t i p l i e r s .  From the  computat ional p o i n t  o f  vlew t h i s  had on ly  l e d  t o  a 
minor expansion o f  t he  normal equations. 

Kuhn and Tucker have developed an extension t o  the  method o f  Lagrange 
m u l t i p l i e r s  t o  deal  w i t h  i n e q u a l i t y  c o n s t r a i n t s  (see Appendix f o r  a shor t  
descr ip t ion) .  Using t h i s  the  QP problem above can be transformed i n t o  an 
a lgebra i ca l  problem which i s  eas ier  t o  deal  w i th .  

3.3 The s o l u t i o n  o f  t he  QP roblem -- T 
I n  the  QP problem ( 3 . ~ 6 1 ~ c ~ s t r a i n t s  are l i n e a r  and as Q=A A i s  

p o s i t i v e  d e f i n i t e  i t  fo l l ows  t h a t  the  ob jec t  f unc t i on  i s  convex. Thus 
there  are no l o c a l  minima and the  Kuhn-Tucker cond i t i ons  p o i n t  ou t  the 
g l o b a l  one. 

As we have two c o n s t r a i n t s  i n  (3.14) there w i l l  be two sets, u and v, 
o f  Lagrange m u l t i p l i e r s .  According t o  the Kuhn-Tucker cond i t i on  (A. 2)- 
(A.5), the s o l u t i o n  (x,u,v) must s a t i s f y  the  f o l l o w i n g  system o f  equa- 
t ions  

where u i s  an n by 1 vector  o f  Lagrange m u l t i p l i e r s  f o r  the  n i n -  
e q u a l i t y  constqa in ts  and v i s  an n by 1 vec tor  of Lagrange m u l t i j l i e r s  
for  t he  n c o n s t r a i n t s  t h a t  t he  mode? parameter vector  i s  non-negative. 

I f  we Yntroduce an n by 1 s lack vector  s - > 0 then we can w r i t e  
the  f i r s t  i n e q u a l i t i e s  8s an e q u a l i t y  



The system of equa t ions  (3.15) can now be w r i t t e n  

s u b j e c t  t o  

This  can be w r i t t e n  more compact by in t roduc ing  t h e  fol lowing symbols 

where M is an n  by nc matr ix  with n  =n i-n and w ,  z and q a r e  
t h r e e  n  by 1  vgc tors .  The s o l u t i o n  g f  ?heg4p problem w i l l  now be given 
by t h e  go lu t ion  o f  t h e  fol lowing problem, c a l l e d  

The l i n e a r  co&ementary p ivo t  problem: -- -.- -- -- 
Find t h e  v e c t o r s  w and z s o  t h a t  

s u b j e c t  t o  

This  problem has  been f u l l y  s t u d i e d  i n  t h e  econometric l i t e r a t u r e  dur ing  
t h e  l a s t  25 years .  The b a s i c  method t o  s o l v e  (3.22) is c a l l e d  Lemke's 
complementary p i v o t  a lgori thm. This  is an i t e r a t i v e  method and provided 
c e r t a i n  assumptions it w i l l  always f i nd  a  s o l u t i o n ,  i f  t h e r e  exists  one. 
Such an assumption t h a t  is app l i cab l e  t o  our  problem is t h a t  t h e  m a t r i s  M 
is p o s i t i v e  semi-def in i te .  

From c o n s i d e r a t i o n s  of  space we w i l l  not  de sc r ibe  Lemke's complement- 
a ry  p ivo t  a lgor i thm i n  t h i s  paper but  we r e f e r  t o  t h e  main r e p o r t  Hedin 
(1989) o r  r a t h e r ,  t o  t h e  l i t e r a t u r e  o f  mathematical programming, e.g. 
Balinsky and C o t t l e  (1978) which a l s o  i nc ludes  a  number of  f u r t h e r  r e f e r -  
ences .  To mention something about t h e  s o l u t i o n  o f  (3.22),  we can observe 
t h a t  from t h e  c o n s t r a i n t s  it fol.lows t h a t  a t  l e a s t  one o f  t h e  two e l e -  
ments w. o r  z is equa l  t o  ze ro  f o r  i = l , n .  The s o l u t i o n  t h u s  c o n s i s t s  

1 i 



of a t  most n non-zero elements i n  z and w. As there  as w e l l  are n 
9 equations i n  (3.22), t he  system o f  equations may be poss ib le  t o  solve. 9 

There are computer rou t i nes  publ ished which per form Lemkels algori thm. 
We have used one o f  them w r i t t e n  by Ravindran (1972). This i s  a q u i t e  
uncomplicated program. The complete program l i s t i n g  i s  covered i n  about a 
s i n g l e  sheet o f  paper. I t  has newly been rev i sed  t o  be up t o  date and has 
proved t o  work we l l .  

4 NUMERICAL EXPERIMENTS 

In  t h i s  chapter we s h a l l  t e s t  t he  i d e n t i f i c a t i o n  method and i t s  d i f -  
f e ren t  formulat ions. Only a few o f  t he  s imulated i d e n t i f i c a t i o n s  w i l l  be 
discussed i n  t h i s  paper. To make i t  eas ier  t o  compare the  r e s u l t s  w i t h  
p r i o r  works, we s h a l l  use the  same f low system, p a t t e r n  o f  t r a c e r  gas 
i n j e c t i o n  and i n i t i a l  cond i t i ons  as i n  Jensen (1987b). 

4.1 A simple t e s t z s t e m  --- - - - 
The simulated f low system c0nsist.s o f  th ree c e l l s  w i t h  volumes and 

f lows as shown i n  F igu re  4.1. 

F igure  4.1 The simulated f low system. U n i t s  are a r b i t r a r y .  

The volume and f low matr ices are g iven by 

The th ree t ime constants TCi=v./qit are 2.00, 1.82 and 1.67 t ime 
u n i t s ,  respect ive ly .  1 

The f low system has been simulated with t v e  d i s c r e t e  t ime model (2.13) 
The i n i t i a l  values were c(0)=(0.8, 1.1, 1.2) and the  t r a c e r  gas i n j e c -  
t i o n  i n  each c e l l  has been va r ied  as a very simple pseudo random b inary  
sequence. F igure  4.2 shows the  t r a c e r  gas i n j e c t i o n s  and t h e  r e s u l t i n g  
t r a c e r  gas concentrat ions dur ing  the  f i r s t  30 t ime u n i t s .  ( In most cases 
we w i l l  on ly  use the  f i r s t  15 t ime u n i t s ) .  



Figure 4.2 Tracer gas i n j e c t i o n s  pl(t)-p ( t )  and the  r e s u l t i n g  
t r a c e r  gas concentrat ions c (2) -c3( t )  i n  the  

1 s imulated th ree c e l l  system. No measurement noise. 

8. 

The measurements o f  the  t r a c e r  gas concentrat ions can a l so  be simu- 
l a t e d  w i t h  a random noise. The standard dev ia t ion ,  std, o f  the  noise w i l l  
be chosen t o  0.01, 0.02, 0.05 or  0.10. S e t t i n g  f o r  example 1 u n i t  equal 
t o  100 ppm NO2 means t h a t  std=0.01 corresponds t o  a measurement e r r o r  
o f  1 ppm. As the  standard dev ia t ions  o f  c l ( t ) ,  c 2 ( t )  and c j ( t )  are 
about 0.59, 0.26 and 0.40 respect ive ly ,  we can expect the parameters t o  
be best  est imated i n  c e l l  1 according t o  the  d i f f e r e n t  s i g n a l  t o  noise 
r a t i o s .  

* * 

A a 

4.2 The c r i t e r i o n  f o r  t he  best  model -- 
There i s  no obvious c r i t e r i o n  tocompare d i f f e r e n t  parameter estima- 

t i ons .  The l o s s  func t ions  o r  norms llrll, which are minimized by the QP 
rou t i ne  do n o t  he lp  us as they cannot be compared. Espec ia l l y  we cannot 
compare a LP w i t h  a QP s o l u t i o n  by t h e  norms. But, s ince the  t r u e  parame- 
t e r s  are  known i t  w i l l  be n a t u r a l  t o  compare any norm o f  the  e r r o r  A x  o f  
the model parameter vector  

Q 10 28 tine t 30 



A 

where x denotes  t h e  es t imated  parameters  and x t h e  t r u e  parameters.  A 
minor modi f ica t ion  from t h i s  ha s  been done a s  t h e  n parameters  q  
have been exchanged by t h e  2n c a l c u l a t e d  i n  and out f lows  (qiu a  &A 
q i ) .  The u r~de r ly ing  idea  was t o  c a l c u l a t e  t h e  e s t i m a t i o n  e r r o r  on 
the primary phys i ca l l y  parameters.  

Depending on t h e  norm chosen we w i l l  c a l c u l a t e  t h e  mean a b s o l u t e  e r r o r  
( l i n e a r  norm), maximum abso lu t e  e r r o r  (maximum norm) and mean e r r o r  and 
s t anda rd  dev ia t i on .  (The two 1 st mentioned come from t h e  Eucledian norm 

2 2 a f t e r  t h e  s p l i t t i n g  E ( b x  ) = E ( A x )  + Var (Ax)  ). 
A weakness o f  t h e  norm (4.1) is t h a t  it only t a k e s  t h e  a b s o l u t e  e r r o r s  

i n t o  account.  This  w i l l  l e ad  t o  a  q u i t e  t o o  l a r g e  i n f luence  on t h e  abso- 
lu te  norms from t h e  b i g  volumes. An a l t e r n a t i v e  is t o  work wi th  t h e  norm 
of  t h e  r e l a t i v e  e r r o r  

Also t h e  norms o f  t h e  r e l a t i v e  e r r o r s  w i l l  be c a l c u l a t e d .  Two o f  t h e  
model parameters ,  q  and q j l , a r e  equa l  t o  zero.  These parameters  
w i l l  o f  course  be excluded when t h e  norms o f  (4 .2)  a r e  c a l c u l a t e d .  

4.3 Simulated experiments  -- - 
I f  t h e r e  is no noise .  then t h e  model parameters  can be determined ex- 

a c t l y  with t h e  model based formula t ions  2 and 4. The number o f  i t e r a t i o n s  
t h a t  is requi red  w i l l  depend on how good t h e  s t a r t  s o l u t i o n  is. The l e s -  
s e r  t h e  sample per iod  is, t h e  b e t t e r  t h e  s t a r t  s o l u t i o n  w i l l  be. 

I n  t h e  presence o f  no i se ,  however, we can no longer  suppose t o  f i nd  
t h e  c o r r e c t  model parameters.  How l a r g e  t h e  e s t i m a t i o n  e r r o r  w i l l  be de- 
pends no t  only on t h e  no i se  l e v e l  bu t  a l s o  on t h e  formulat ion used and 
t h e  choice  o f  sample per iod.  For t h e  two i n t e g r a t e d  formula t ions  it w i l l  
a l s o  depend on t h e  choice  o f  i n t e r v a l  o f  i n t e g r a t i o n .  Tables  4.1 and 4.2 
show t h e  e s t ima ted  parameters  o f  t h e  test  system determined from t h e  
s imula ted  experiment i n  Figure 4.2, bu t  a t  d i f f e r e n t  no i se  l e v e l s .  The 
formula t ions  2 and 4,  r e spec t ive ly ,  a r e  used t o  exp re s s  t h e  mass balance 
equa t ions .  A t  t h e  lower no ise  l e v e l s ,  t h e  advantages over t h e  non-itera- 
t i v e  formula t ions  1 and 3 (no t  shown i n  t h i s  paper)  a r e  cons iderab ly  but  
a t  t h e  h igher  no i se  l e v e l s  t h e  d i f f e r e n c e s  a r e  smal l  and f o r  s td=0.1,  t h e  
non - i t e r a t i ve  formula t ions  even g ive  a  somewhat b e t t e r  r e s u l t .  The l a t t e r  
means t h a t ,  a t  t h i s  no i se  l e v e l ,  t h e  e s t ima t ion  o f  t h e  ma t r i ce s  D and R ,  
S, T r e s p e c t i v e l y ,  cannot  be improved from t h e  s imple i n i t i a l  values .  

Usual ly ,  a  s t r a igh t fo rward  way t o  ob t a in  b e t t e r  parameter e s t ima t ions  
is  t o  use more measurements. Table 4 .3  shows t h e  es t imated  parameters  a t  
t h e  lower no i se  l e v e l ,  s td=0.01,  when t h e  sample per iod  is reduced from 
Ts=l t o  0.5, 0.2 and 0.1. However, t h e  e s t i m a t i o n s  g e t  worse. Neither 
is it p o s s i b l e  t o  improve t h e  e s t i m a t i o n s  s i g n i f i c a n t l y  by lengthening 
t h e  t o t a l  experiment t ime. These unexpected r e s u l t s  a r e  due t o  t h e  b i a s  
of  t h e  e s t ima t ion .  In  t h e  main r e p o r t ,  see Hedin (1989),  t h e  expected 
b i a s  is c a l c u l a t e d  i n  some s i m p l i f i e d  cases .  I t  is shown t h a t  t h e  b i a s  is 
inc reas ing  when t h e  sample per iod is decreasing.  I t  is a l s o  shown t h a t  
t h e  b i a s  is cons iderab ly  h igher  i n  t h e  e s t ima t ion  of  t h e  volumes than i n  
t h e  e s t i m a t i o n  o f  t h e  flows. Another f i nd ing  is t h a t  t h e  b i a s  i n  t h e  
e s t ima t ion  of  t h e  f lows w i l l  no t  be lower, bu t  h igher ,  i f  t h e  volumes a r e  
known and f i x e d  t o  t h e i r  c o r r e c t  values .  This  s u r p r i s i n g  r e s u l t  is a l s o  
confirmed by s imula ted  experiments.  

A way t o  o b t a i n  b e t t e r  e s t ima t ions  t h a t  work, is t o  use formulat ion 3 
o r  4  wi th  a  sample per iod  t h a t  is  s h o r t e r  t han  t h e  i n t e r v a l  o f  i n t eg ra -  
t i o n .  Table 4.4 shows t h e  e s t ima t ions  f o r  formulat ion 4 when t h e  i n t e r v a l  



Table 4.1 

Table 4.2 

Experiment A0 A0 A0 A0 
length 15.0 15.0 15.0 15.0 
sampling period 1.0 1.0 1.0 1.0 
noise st.dev. 0.01 0.02 0.05 0.10 + 

Parameters true estimated estimated estimated estimated 

Estimation errors abs rel% abs rel% abs rel% abs rel% 
mean error -0.01 0 -0.05 0 -0.34 -3 -1.05 -10 
standard dev 0.06 1 0.15 1 0.88 6 2.67 19 
max abs err 0.19 2 0.51 3 2.83 14 9.10 45 
mean abs err 0.03 1 0.08 1 0.39 4 1.18 13 

Experiment A0 A0 A0 A0 
length 15.0 15.0 15.0 15.0 
sampling period 1.0 1.0 1.0 1.0 
noise st.dev. 0.01 0.02 0.05 0.10 .+3 

Parameters true estimated estimated estimated estimated 

Estimation errors abs rel% abs rel% abs rel% abs rel% 
mean error 0.00 0 -0.04 0 -0.34 -2 -1.08 -9 
standard dev 0.06 1 0.16 2 0.96 6 2.82 19 
max abs err 0.19 3 0.52 5 3.17 16 9.93 50 
mean abs err 0.04 1 0.08 1 0.42 4 1.20 13 



Table 4 . 3  Experiment 
length 
sampling period 
noise st.dev. 

Parameters true estimated estimated estimated 

Estimation errors abs rel% abs rel% abs rel% 
mean error -0.04 0 -0.43 -4 -1.07 -9 
standard dev 0.11 1 1 . 1 7  9 2 . 8 2 2 3  

Table 4.4 max abs err 0.36 3 4.16 2 1  9.87 49 
mean abs err 0.06 1 0.58 7 1.46 20 

Experiment A0 A0 A0 
length 15.0 15.0 15.0 
satapling period 0.5/1.0 0.2/1.0 0.1/1.0 *- 
noise st-dev. 0.01 0.01 0.C1 

Parameters true estimated estimated estimated 

Estimation errors abs rel% abs rel% abs rel% 
mean error 0.00 0 -0.01 0 0.00 0 
standard dev 0.05 1 0.04 1 0.04 1 
max abs err 0.12 3 0.10 1 0.08 2 
mean abs err 0.03 1 0.03 1 0.03 1 



o f  i n t e g r a t i o n  i s  1.0 and the  sample pe r iod  i s  0.5, 0.2 and 0.1. I n  t h i s  
case the  b i a s  i s  no t  a f f e c t e d  wh i le  the  random e r r o r  i s  reduced when more 
measurements are used. 

4.4 C~mp~ar ison w i t h  l i n e a r  programming - ---- -- 
Most o f  the  shown i d e n t i f i c a t i o n s  have a l so  been solved w i t h  t he  l i n -  

ear programming method. This has been easy t o  do as Lemke's a lgor i thm can 
a l so  solve the  LP problem, (see Hedin (1989)). The conclusions o f  these 
i d e n t i f i c a t i o n s  are t h a t  t he  d i f f e rences  between the  QP and LP so lu t i ons  
are  s u r p r i s i n g l y  small. This i s  t rue,  no matter  what c r i t e r i o n  i s  used, 
l i n e a r ,  maximum o r  Eucledian. Even the  b i a s  seems t o  be approximately the  
same. The great  d i f fe rence i s  i ns tead  the  execut ion t ime requ i red  t o  so l -  
ve t h e  QP and LP problems. As mentioned e a r l i e r  t he  dimension o f  the  LP 
problem w i l l  depend on the  number o f  measurements. Stated as a  complemen- 
t a r y  problem the  dimension o f  the  LP problem w i l l  be n = n +n +2mn 
= 2n+n(n+1)+2mn whi le  the  dimension o f  the  corresponding GP prob?emPwill 
be on ly  nc = n +n . The fo l l ow ing  t a b l e  shows the  cpu t ime when one 
o f  t he  problemi i g  solved w i t h  the  QP and LP methods, respect ive ly .  

PA---.----- -- 
QP method LP method 
n cpu t ime 

C 
n cpu t ime 

( s )  
C 

( s )  

When the  number o f  measurements i s  increasing,  then the  cpu t ime f o r  
the  LP s o l u t i o n  i s  increas ing exponent ia l ly .  The exponent has been calcu- 
l a t e d  t o  2.676. Taking the  f i r s t  case m=15 as a  reference, t h i s  means 

cpu t ime (m) = cpu t ime (15) (m/15) 2.676 
(4.3) 

I n  other  cases t h e  exponent has been ca lcu la ted  t o  2.6 - 2.9. This i s  
somewhat lower than 3  which i s  the  expected value from a t h e o r e t i c a l  
p o i n t  o f  view. 

4.5 Concluding remarks ------ 
One o f  t he  ob jec ts  o f  t h i s  paper was t o  see i f  the QP s o l u t i o n  i s  com- . . 

p e t i t i v e  w i t h  the  LP so lu t i on .  The conclus ion i s  t h a t  i t  c e r t a i n l y  i s  
competi t ive. 

I n  cont ras t  t o  the  LP method, the  QP method i s  f a s t  enough t o  be used 
i n  rea l - t ime app l i ca t i ons  even on a  PC based system. Thus i t  i s  possib le,  
and advisable, t o  incorpora te  the  i d e n t i f i c a t i o n  procedure i n t o  the  com- 
puter  programs which c o n t r o l  the  t r a c e r  gas i n j e c t i o n s  and measurements. 
Now the i d e n t i f i c a t i o n  can be done on- l ine  and the  est imated parameters 
can be followed. The advantages o f  knowing the  l a t e s t  model i s  obvious. 
I t  w i l l  g i ve  an immediate check t h a t  an experiment i n  progress i s  s u f f i -  
c i e n t l y  in format ive  so the  parameters can be determined. It w i l l  a l so  
i n d i c a t e  when an experiment can be completed. A p o s s i b i l i t y  may a lso  be 
t o  l e t  the  computer adapt the  t r a c e r  gas i n j e c t i o n s  t o  the  a c t u a l  f low 
system. 

Other advantages o f  the  QP method t h a t  may be mentioned i s  t h a t  i t  i s  
poss ib le  t o  est imate the  e r r o r  o f  the  determined parameters. Th is  i s  done 



by means o f  the  covariance matr ix .  Fur ther ,  l t  i s  easy t o  i nc lude  d i f  e r -  f 
ent  weights o f  t he  measurements. Th is  i s  done by computing Q as A WA, 
where W i s  a weight matr ix .  It i s  a l so  e s t o  t r a c k  s lowly t ime vary ing  ' I ' Y  
parameters. This i s  done by computing Q=A A as a f i l t e r e d  sum of  i n p u t s  

+T ) = P a ( t k )  + ( 1 - f ~ ~ ~  T ~ t  Q(tk s 
k k  

where f, the  ' f o r g e t t i n g  f a c t o r ' ,  i s  a measure o f  how f a s t  o l d  data are 
forgot ten.  It usua l l y  has a value c lose below one. A lower value g ives a 
fas te r  t r a c k i n g  b u t  a h igher  s e n s i t i v i t y  t o  noise. 

APPENDIX 

Kuhn and Tucker have made an extension t o  the  method o f  Lagrange mul- 
t i p l i e r s  t o  deal  w i t h  min imiz ing problems w i t h  i n e q u a l i t y  const ra in ts .  
Consider the  f o l l o w i n g  problem 

Minimize f( x) 
sub jec t  t o  

( A .  1) 

According t o  the  Kuhn-Tucker condi t ions,  every opt imal  s o l u t i o n  (x, u )  
must f u l f i l l  t he  f o l l o w i n g  necessary cond i t i ons  

(A. 3)  

I f  a l l  c o n s t r a i n t s  are l i n e a r  and the  ob jec t  f unc t i on  f ( x )  i s  convex, 
then these cond i t i ons  w i l l  a l so  be sufficient for  (x,u) t o  be the  o p t i -  
mal so lu t i on .  I n  t h i s  case, there  are no l o c a l  minima and the  cond i t ions  
(A.2)-(A.5) p o i n t  ou t  t he  g loba l  one. 

For a d e t a i l e d  treatment o f  the  Kuhn-Tucker condi t ions,  see any t e x t -  
book i n  quadrat ic  programming as e.g. Van de Panne (1975). 
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