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1 .  INTRODUCTION 

Although infiltration of outside air across the 
envelope of a building has been considered of prime 
interest in relation to energy conservation and indoor 
air quality, it also important to understand the way in 
which air moves between zones within a building. A 
knowledge of the air movement pattern enables the 
transfer of pollutants or heat to be determined. In 
order to achieve this, a number of experimental methods 
have recently been developed, using either single or 
multiple tracer gases. (See, for instance, references 
19296,799) 0 

It is important in any method to assess the confidence 
which can be placed in the resulting flow rates. This 
paper discusses methods for analysing and evaluating 
errors arising from measurements made using three 
tracer gases. The test data presented are taken from a 
programme of measurements to determine the infiltration 
rates and air interchange between three zones of a 
mehanically ventilated experimental house. The full 
programme is designed to investigate the effect of 
operating the mechanical ventilation system and the use 
of internal doors, as well as meteorological factors. 

2. THE TEST HOUSE 

The house was built on site at Garston in 1978 as a 
'low energy' test house, and incorporates a high 
standard of insulation and a mechanical ventilation 
system with an air to air heat exchanger for heat 
recovery. The elevations and floor plans are shown in 
Figures 1 and 2. 

The mechanical ventilation system supplies fresh air 
via ducting to the three bedrooms and the living room. 
Stale air is similarly extracted from the bathroom, 
downstairs toilet, kitchen dining area and from the 
cooker hood. 



s u p p l y  and e x t r a c t  f  ow r a t e s  h a v e  been  measured  t o  3 a p p r o x i m a t e l y  8 1 m  / h r  t o  t h e  bedrooms and 
3 / h r  t o  t h e  l ounge .  The i n d i v i d u a l  e x t r a c t  r a t e s  

have  n o t  b e e n  measu red ,  and a r e  e s i m a t e d  t o  be 
a p p r o x i m a t e l y  i n  t h e  r a t i o  1:3 f rom t h e  ba throom 
u p s t a i r s  and f rom b o t h  k i t c h e n  and t o i l e t  d o w n s t a i r s .  
The t o t a l  s u p p l y  and e x t r a c t  r a t e s  a r e  i n  b a l a n c e .  

3. INJECTION STRATEGY 

F o r  t h e  p r e s e n t  p u r p o s e s  t h e  h o u s e  was n o t i o n a l l y  
d i v i d e d  i n t o  t h r e e  z o n e s ;  t h e  g round  f l o o r ,  f i r s t  f l o o r  
and l o f t  s p a c e ,  c a l l e d  z o n e s  1, 2  and  3 r e s p  c t i v e l y .  3 Zones 1 and  2  have  a  nomina l  volumes o f  9 7 . 5 1 ~  . The 
l o f t  s p a c e ,  which  i s  common t o  a l l  t h r e e  h o u s e s  and 
e x t e  d s  a c r o s s  t h e  whole  t e r r a c e ,  h a s  a  volume of  3 260m . 
Three  t r a c e r  g a s e s ,  C O 2 *  N20 and  SF6 were  u s e d ,  
one i n i t i a l l y  d i s t r i b u t e d  t h r o u g h o u t  e a c h  zone .  C02 
was i n j e c t e d  t o  a  t a r g e t  o f  2000-5000ppm i n  t h e  g round  
f l o o r ,  N 0  t o  200ppm i n  t h e  f i r s t  f l o o r ,  and SF6 t o  
e i t h e r  5 6  o r  2OOppm i n  t h e  l o f t .  These  c h o i c e s  were 
d e t e r m i n e d  by t h e  a v a i l a b l e  a n a l y s e r s ,  d e s c r i b e d  below. 

T r a c e r  g a s  was d e l i v e r e d  t o  e a c h  zone v i a  s i n g l e  4mm I D  
n y l o n  t u b e s .  I n  zone  1 t h i s  t h e n  b r anched  i n t o  each  
room and t h e  h a l l .  T h e r e  were  s i m i l a r  n e t w o r k s  f o r  
zones  2  and  3 .  

The t r a c e r  g a s  d e l i v e r e d  by e a c h  b r a n c h  was d i s p e r s e d  
t h r o u g h  f a n s ,  and t h e  d e l i v e r y  r a t e  a d j u s t e d  w i t h  
n e e d l e  v a l v e s .  Fans  were  u s e d  d u r i n g  i n j e c t i o n  t o  a i d  
mix ing  o f  t r a c e r  g a s  w i t h i n  each  zone .  These  c o n s i s t e d  
o f  p a i r s  b lowing  i n  o p p o s i t e  d i r e c t i o n s ,  l o c a t e d  on t h e  
t h r e s h o l d s  o f  e ach  room and a l o n g  t h e  l o f t  s p a c e .  I n  
a d d i t i o n ,  o s c i l l a t i n g  d e s k  t o p  f a n s  were  p l a c e d  i n  t h e  
c e n t r e  o f  e a c h  room. 

I n j e c t i o n  t i m e s  f o r  e a c h  t r a c e r  we re  e s t a b l i s h e d  by 
t r i a l  and e r r o r .  These  were  a l l  l e s s  t h a n  one minu t e .  
The m i x i n g  f a n s  were  s w i t c h e d  o f f  f i f t e e n  m i n u t e s  a f t e r  
i n j e c t i o n .  



4. SAMPLING OF T R A C E R  GASES 

The a n a l y s e r s  u s e d  were  two c o n t i n o u s  o u t p u t ,  d u a l  
c h a n n e l ,  n o n - d i s p e r s i v e  i n f r a r e d  i n s t r u m e n t s  by Leybold  
He raeus .  C h a n n e l s  were  d e d i c a t e d  t o  a n a l y s i s  o f  e i t h e r  
one  o f  SF6,  N20 o r  C02. Depending  on t h e  u n i t  
u s e d ,  SF6 a n a l y s l s  was on e i t h e r  a  200ppm o r  a  50ppm 
r a n g e ,  and  i n j e c t i o n  t i m e s  were  a l t e r e d  a c c o r d i n g l y .  

A i r  s a m p l e s  we re  drawn f rom e a c h  zone  v i a  a  n e t w o r k  o f  
t u b i n g ,  which  e x a c t l y  m i r r o r e d  t h e  i n j e c t i o n  n e t w o r k .  
Thus s a m p l e s  f r o m  e a c h  l o c a t i o n  w i t h i n  a  zone  were 
b l e n d e d  b e f o r e  p a s s i n g  back  t o  t h e  a n a l y s e r s .  I n  
a d d i t i o n ,  a  s i n g l e  l i n e  r a n  t o  o u t s i d e  t o  o b t a i n  a  
r e f e r e n c e  l e v e l  f o r  e a c h  t r a c e  a n a l y s i s .  Two f u r t h e r  
' f l y i n g  l e a d s '  were  u s e d  t o  o b t a i n  i n d i v i d u a l  g round  
and f i r s t  f l o o r  room s a m p l e s .  I n  t h i s  way t h e  e v e n n e s s  
o f  i n i t i a l  c o n c e n t r a t i o n  l e v e l s  w i t h i n  e a c h  zone  c o u l d  
be  c h e c k e d ,  and t h e  t r a c e r  i n j e c t i o n  r a t e  s e t  
a c c o r d i n g l y .  

The t o t a l  o f  s i x  sample  l i n e s  were  t h e n  b r o u g h t  back  t o  
i n d i v i d u a l  s o l e n o i d  v a l v e s ,  which  were  u n d e r  t h e  
c o n t r o l  o f  a n  I T T  D i r e c t o r  m i c r o p r o c e s s o r  u n i t .  T h i s  
u n i t  was programmed t o  c o n n e c t  e a c h  s amp le  l i n e  i n  t u r n  
t o  t h e  two a n a l y s e r s .  The c o n c e n t r a t i o n s  o f  t h e  t h r e e  
t r a c e r s  p r e s e n t  i n  e a c h  s amp le  were  r e c o r d e d  on 
c a s s e t t e s  by a  d a t a  l o g g e r  u n i t ,  u s i n g  a n  a r b i t r a r y  
s c a l e  of  0 - 200 u n i t s .  The d a t a  were  l a t e r  
t r a n s c r i b e d  u s i n g  a n  o f f - l i n e  compu te r .  A s h e m a t i c  
l a y o u t  o f  t h i s  s y s t e m  i s  shown i n  F i g u r e  3 .  

T e s t s  began  by s w i t c h i n g  o f f  t h e  m i x i n g  f a n s  and  by 
s t a r t i n g  t h e  s a m p l i n g  s y s t e m .  Each t e s t  c o n t i n u e d  f o r  
t h i r t y  m i n u t e s .  

5. T H E O R Y  

The t h e o r e t i c a l  b a s i s  f o r  d e r i v i n g  v e n t i l a t i o n  and 
i n t e r z o n e  a i r f l o w  r a t e s  f rom measu remen t s  o f  m u l t i p l e  
t r a c e r s  i s  d e t a i l e d  i n  R e f e r e n c e  1. It  was shown how 
i n  t h e  ' d e c a y  method '  t h e  c o n s e r v a t i o n  o f  t r a c e r  g a s  i n  
a  zone ( k )  c a n  be w r i t t e n  i n  t h e  form:  

where  t h e  c o r r e s p o n d i n g  e l e m e n t s  a r e ,  r e s p e c t i v e l y :  



w h e r e  b ( i k )  i s  t h e  K r o n e c k e r  d e l t a ,  a n d  t h e  o r d e r  o f  
t h e  m a t r i c e s  i s  e q u a l  t o  t h e  number  o f  z o n e s ,  n .  The 
m e a s u r a b l e  q u a n t i t i e s  a r e :  

V 
( k )  

= t h e  vo lume  o f  z o n e  ( k )  

C = t h e  c o n c e n t r a t i o n  o f  t r a c e r  ( i )  
i j i n  z o n e  ( j )  

C 
i ( k )  

= t h e  t i m e  d e r i v a t i v e s  o f  t h e  
c o n c e n t r a t i o n s  C 

i ( k )  

w h i c h  a r e  u s e d  t o  s o l v e  f o r  t h e  unknowns:  

S 
( k )  

= t h e  t o t a l  o u t f l o w  o f  a i r  f r o m  z o n e  ( k )  

'i 
= t h e  f l o w  f r o m  z o n e  ( i )  t o  z o n e  ( j )  

a n d  s u b s e q u e n t l y  a l s o  f o r  t h e  i n f i l t r a t i o n  (QOi) a n d  
e x f i l t r a t i o n  (QiO) t e r m s .  

E q u a t i o n  ( 1 )  c a n  b e  r e p l a c e d  by  n ( n + l )  s i m u l t a n e o u s  
e q u a t i o n s  d e s c r i b i n g  t h e  mass  b a l a n c e  o f  n  t r a c e r s  a n d  
a i r ,  i n  t e r m s  o f  n ( n + l )  unknown e x c h a n g e s  b e t w e e n  n  
z o n e s  a n d  t h e  o u t s i d e .  T h i s  i s  c o n s i d e r e d  l a t e r  i n  
S e c t i o n  1 1 ,  a n d  A p p e n d i x  B .  

I t  w i l l  b e  n o t e d  t h a t  i n  o r d e r  t o  s o l v e  t h e  e q u a t i o n s  
i n  t h e i r  p r e s e n t  f o r m ,  t h e  i n p u t  d a t a  r e q u i r e  t h e  
' s l o p e s q  o f  t h e  C i . ( t )  c u r v e s  t o  b e  e s t a b l i s h e d  f o r  
e a c h  t r a c e r  i n  e a a h  z o n e .  T h i s  w i l l  be  r e f e r r e d  t o  a s  
t h e  G r a d i e n t  Me thod .  An a l t e r n a t i v e  a p p r o a c h  i s  t o  
i n t e g r a t e  t h e  m a s s  b a l a n c e  e q u a t i o n s  t h r o u g h o u t  w i t h  
r e s p e c t  t o  t i m e ,  o v e r  some p e r i o d r .  T- m i g h t  b e  c h o s e n  
t o  b e  t h e  w h o l e  d u r a t i o n  o f  t h e  t e s t  f o r  e x a m p l e .  The 
f l o w  m a t r i x  r e m a i n s  u n a f f e c t e d ,  b u t  t h e  e l e m e n t s  o f  [ A ]  
a n d  {B) become:  

? 

w h e r e  



J:ij 
. d t  = t h e  a r e a  u n d e r  t h e  c u r v e  C .  ( t )  

o f  t h e  t r a c e r ( i )  r e c o r d e a J i n  
zone  ( j ) ,  o v e r  t h e  p e r i o d T *  

O C i ( k )  
= change  i n  c o n c e n t r a t i o n  o f  t r a c e r  ( i )  

i n  zone  ( k )  o v e r  t h e  d u r a t i o n T ,  

T h e r e  w i l l  be  a  ' s m o o t h i n g  e f f e c t '  on  t h e  d a t a  by  u s i n g  
t h e  e q u a t i o n s  i n  t h i s  i n t e g r a t e d  fo rm.  T h i s  w i l l  b e  
r e f e r r e d  t o  a s  t h e  I n t e g r a l  Method. 

6 .  D A T A  ANALYSIS 

F o r  t h e  G r a d i e n t  Method t h e  c o n c e n t r a t i o n s  and 
d e r i v a t i v e s  a t  a  s i n g l e  t i m e  p o i n t  were  o b t a i n e d  f rom 
t h e  c o n c e n t r a t i o n  p r o f i l e s  p l o t t e d  on  a  s e m i l o g a r i t h m i c  
s c a l e .  A s t r a i g h t  l i n e  was drawn t h r o u g h  d a t a  p o i n t s  
l o c a l  t o  t h e  s p e c i f i e d  t i m e .  The d e r i v a t i v e  was t h e n  
computed f rom t h e  c o n c e n t r a t i o n  a t  t h a t  t i m e ,  on t h e  
l i n e  f i t ,  and t h e  s l o p e  o f  t h e  l i n e .  

F o r  t h e  I n t e g r a l  Nethod t h e  c u r v e s  were  i n t e g r a t e d  
n u m e r i c a l l y  o v e r  a  s p e c i f i e d  p e r i o d  u s i n g  a  s i m p l e  
t r a p e z o i d a l  method.  The o v e r a l l  c h a n g e s  i n  
c o n c e n t r a t i o n  o v e r  t h i s  p e r i o d  were  a l s o  n o t e d .  

The d a t a ,  i n  e i t h e r  t i m e  d e r i v a t i v e  o r  t i m e  i n t e g r a l  
f o r m ,  were  t h e n  u sed  t o  s o l v e  f o r  t h e  f l o w s  by 
c o m p u t e r ,  u s i n g  t h e  Gauss  e l i m i n a t i o n  method.  I t  i s  
p o s s i b l e  f o r  s m a l l  n e g a t i v e  v a l u e s  t o  be  computed;  
t h e s e  h a v e  no p h y s i c a l  i n t e r p r e t a t i o n  3n  t h e  p r e s e n t  
c o n t e x t .  A l e a 3 t  s q u a r e s  p r o c e d u r e  a d v o c a t e d  by 
Penman a n d  R a s h i d  was a v a i l a b l e  t o  c o n s t r a i n  t h e  
s o l u t i o n s  t o  h a v e  p o s i t i v e  v a l u e s .  F o r  t h e  p u r p o s e s  o f  
e r r o r  a n a l y s i s ,  t h i s  was n o t  u s e d .  

7. E R R O R  ANALYSIS 

The a ims  o f  t h e  d a t a  a n a l y s e s  i n  t h e  f o l l o w i n g  S e c t i o n s  
a r e  f i v e f o l d :  

1 .  t o  d i s c u s s  p r o c e s s s i n g  by t h e  G r a d i e n t  Method and 
I n t e g r a l  Method 



2 .  t o  e v a l u a t e  t h r e e  schemes  o f  e r r o r  a n a l y s i s ,  ba sed  
on v e c t o r  norms ,  p e r t u r b a t i o n ,  and  d i f f e r e n t i a t i o n ,  
r e s p e c t i v e l y  

3 .  t o  d i s c u s s  t h e  r o l e  o f  r e c o n s t r u c t e d  c o n c e n t r a t i o n  
p r o f i l e s  i n  v a l i d a t i n g  s o l u t i o n s  

4.  t o  compare  t h e  p e r f o r m a n c e  o f  t h e  schemes o f  e r r o r  
a n a l y s i s  a g a i n s t  o t h e r  p u b l i s h e d  d a t a .  

5 .  t o  e s t a b l i s h  c o n f i d e n c e  l e v e l s  i n  t h e  f l ow  
s o l u t i o n s  

A 1 1  e r r o r  e s t i m a t e s  a r e  b a s e d  on t h e  f l u c t u a t i o n s  i n  
t h e  c o n c e n t r a t i o n  p r o f i l e s ,  wh ich  r e p r e s e n t  z o n a l  
a v e r a g e s  i n  t h e  s e n s e  t h a t  t h e y  a r e  measu remen t s  of  
p h y s i c a l l y  b l e n d e d  a i r  s a m p l e s .  These  f l u c t u a t i o n s  
were  t a k e n  t o  a p p r o x i m a t e l y  a v e r a g e  +/-I l o g g e r  u n i t s .  
I n  t h e  t i m e  i n t e g r a t i o n  p r o c e d u r e ,  s a y  o v e r  N p o i n t s ,  
t h e  e r r o r  was assumed t o  sum i n  p r o p o r t i o n  t o  1 / 0 ,  t o  
t a k e  some a c c o u n t  o f  t h e  " s m o o t h i n g '  e f f e c t .  Over t h i s  
p e r i o d  t h e  n e t  change  i n  c o n c e n t r a t i o n  o f  t r a c e r  was 
e s t i m a t e d  t o  be  a c c u r a t e  w i t h i n  + / - 2  u n i t s  i n  t h e  zone 
o f  s e e d i n g ,  and I u n i t  e l s e w h e r e .  E r r o r s  i n  
d e r i v a t i v e s  u s i n g  t h e  G r a d i e n t  Method were  e s t i m a t e d  
v i s u a l l y .  

8. AIRFLOW RESULTS 

F i g u r e  4 shows t h e  c o n c e n t r a t i o n  p r o f i l e s  o f  C O  
r e c o r d e d  i n  T e s t  1 .  The r e c o n s t r u c t e d  c u r v e s  a r e  a f s o  
shown a n d  a r e  d i s c u s s e d  i n  S e c t i o n  13. The d a t a  
e x t r a c t e d  f o r  p r o c e s s i n g  by t h e  I n t e g r a l  Method a r e  
g i v e n  i n  T a b l e  1 ,  and  f o r  p r o c e s s i n g  by t h e  G r a d i e n t  
Method i n  T a b l e  2 .  

F o r  T e s t s  1 a n d  2 ,  s o l u t i o n s  were  o b t a i n e d  u s i n g  t h e  
I n t e g r a l  Method o v e r  t h i r t y  m i n u t e s  ( I  d a t a )  and 
f i f t e e n  m i n u t e s  ( I  d a t a ) ,  and t h e  GradTsn t  Method 
a t  e l e v e n  m i n u t e s  Q ? a p s e d  t i m e  ( G  , d a t a )  and a t  f i v e  
m i n u t e s  ( G  d a t a ) .  These  a r e  l i s l e d  i n  T a b l e  3 f o r  
T e s t  1 ,  2nd i n  T a b l e  4 f o r  T e s t  2 .  The mean and 
s t a n d a r d  d e v i a t i o n s  were  c a l c u l a t e d  f o r  t h e s e  
s o l u t i o n s .  F o r  T e s t  1 t h e s e  a r e  l i s t e d  i n  T a b l e  5.  
The G s o l u t i o n s  were  d i s c o u n t e d  f o r  r e a s o n s  
d i s c u s z e d  below.  



Where a  p a r t i c u l a r  c o n c e n t r a t i o n  p r o f i l e  d e p a r t s  
s i g n i f i c a n t l y  f rom a  smooth c u r v e ,  t h e n  i t  i s  v e r y  
d i f f i c u l t  t o  measu re  a n  a p p r o p r i a t e  d e r i v a t i v e .  I n  
T e s t  1 a  low e s t i m a t e  o f  t h e  d e c a y  r a t e  o f  N20 i n  t h e  
l o f t ,  a t  f i v e  m i n u t e s ,  l e d  t o  v a l u e s  b e i n g  computed f o r  

:a2 t Z n Q 2 0  
wh ich  were  a p p r o x i m a t e l y  50% l o w e r  t h a n  

e s u l t s .  S i m i l a r  d i s c r e p e n c i e s  a r e  a p p a r e n t  
i n  t h e  G I ,  r e s u l t s  o f  T e s t  2. 

The p rob l em a r i s e s  b e c a u s e  a  c u r v e  was f i t t e d  o v e r  a  
l i m i t e d  number o f  d a t a  p o i  t s  o n l y .  O t h e r  r e s e a  c h e r s  8 Ti  anson son, I r w i n  and Howarth  , and P r i o r  e t  a 1  ) 
have  u s e d  p r o c e d u r e s  which  e n t a i l  a t h e o r e t i c a l  c u r v e  
b e i n g  f i t t e d  t o  t h e  whole  o f  t h e  d a t a .  However, i t  i s  
n o t  a l w a y s  p o s s i b l e  t o  f i t  a n  a p p r o p r i a t e  c u r v e ,  and 
t h e s e  p r o c e d u r e s  a r e  n o t  w i t h o u t  p rob l ems .  I t  i s  
s u g g e s t e d  t h a t  r e p e a t e d  s o l u t i o n  a t  s e v e r a l  t i m e  p o i n t s  
would b e  a n  improvement  on t h e  method p r e s e n t e d  h e r e ,  
p e r h a p s  u s i n g  f i n i t e  d i f f e r e n c e  t e c h n i q u e s  t o  o b t a i n  
t h e  g r a d i e n t s .  

S o l u t i o n s  o b t a i n e d  u s i n g  i n t e g r a t i o n  a r e  n o t  s u b j e c t  t o  
s u c h  l a r g e  v a r i a t i o n s .  I n  T e s t s  1 a n d  2 ,  t h e  s o l u t i o n s  
o b t a i n e d  by i n t e g r a t i o n  e x h i b i t e d  l e s s  v a r i a t i o n  a b o u t  
t h e  mean. 

9. T H E O R Y  OF ERROR ANALYSIS USING VECTOR A N D  M A T R I X  
NORMS. 

A p r o c e d u r e  f o r  t h e  r i g o r o u s  e r  o  a n a l y s i s  o f  m a t r i x  
p r o c e s s e s  i s  g i v e n  by Wilkinson"'. The f o l l o w i n g  i s  
a  b r i e f  summary o f  t h i s  p r o c e d u r e ,  which  i s  p r e s e n t e d  
more f u l l y  i n  Appendix  A .  

Use i s  made o f  v e c t o r  and  m a t r i x  norms.  The norm g i v e s  
a n  a s s e s s m e n t  o f  t h e  s i z e  o f  a  v e c t o r  o r  m a t r i x .  The 
( i n f i n i t y ' )  norm, IIX11, o f  a  v e c t o r  {x) i s  i n t e r p r e t e d  
a s  t h e  modulus  of  t h e  l a r g e s t  e l e m e n t .  C o r r e s p o n d i n g  
t o  t h i s  v e c t o r  norm, t h e  m a t r i x  norm A i s  d e f i n e d  a s  
t h e  maximum row sum of  t h e  m o d u l i i  o f  t h e  e l e m e n t s .  

Wi th  r e f e r e n c e  t o  e q u a t i o n  1 ,  p e r t u r b a t i o n s  i n  t h e  
m a t r i x  [ A ]  and t h e  r i g h t - h a n d  s i d e s  ' B '  a r e  c o n s i d e r e d .  
The f o l l o w i n g  e x p r e s s i o n  i s  d e r i v e d :  



T h i s  r e s u l t  p r o v i d e s  a n  u p p e r  bound f o r  t h e  l a r g e s t  
e x p e c t e d  p e r t u r b a t i o n  i n  t h e  e l e m e n t s  o f  {x] due 
t o  p e r t u r b a t i o n s  [ & A ]  a n d  { 6 ~ ) ( ~ )  i n  t h e  e l e m k E i i  of  
[ A ]  and  {B) (k). r e s p e c t i v e l y .  

I t  i s  i n s t r u c t i v e  t o  c o n s i d e r  e q u a t i o n  2 e x p r e s s e d  i n  
t e r m s  o f  r e l a t i v e  e r r o r s :  

I t  c a n  b e  s e e n  t h a t  a  d e c i s i v e  q u a n t i t y  i s  I I A I I . I I A - ' . I I .  
T h i s  e x p r e s s e s  t h e  s e n s i t i v i t y  o f  t h e  s o l u t i o n  t o  
p e r t u r b a t i o n s  i n  t h e  p a r a m e t e r s ,  and  i s  t e r m e d  a  
' c o n d i t i o n  numberq  f o ~  t h e  p rob lem.  I l l - c o n d i t i o n i n g  
i s  i n d i c a t e d  by I I A I I . I I A  11 much g r e a t e r  t h a n  u n i t y .  

E x p r e s s i o n  2 was e v a l u a t e d  f o r  t h e  r e s u l t s  o f  f o u r  
t e s t s .  A s  a n  example ,  r e s u l t s  a r e  l i s t e d  f o r  t h e  T e s t  
1 ,  I d a t a  i n  T a b l e  5. I n  any  z o n e ,  (SX] a p p e a r s  
pessimistic compared t o  t h e  s t a n d a r d  d e v i a t i o n s  o f  t h e  
f l ow  s o l u t i o n s ,  e s p e c i a l l y  i n  zone t h r e e .  E r r o r  norm 
l i m i t s  computed f rom t h e  d a t a  o f  t h e  G r a d i e n t  Method 
were g e n e r a l l y  l a r g e r .  

F o r  t h e  I n t e g r a l  Method t h e  g r e a t e r  p r o p o r t i o n  o f  t h e  
computed e r r o r  bound was due t o  t h e  u n c e r t a i n t y  i n  t h e  
measurement  o f  t h e  n e t  c h a n g e s  i n  c o n c e n t r a t i o n .  Fo r  
t h e  G r a d i e n t  Method, t h e  dominan t  c o n t r i b u t i o n  came 
f rom t h e  u n c e r t a i n t i e s  i n  t h e  d e r i v a t i v e s .  

The v a l u e s  computed c a n n o t  s t r i c t l y  be a s c r i b e d  t o ,  o r  
d i s t r i b u t e d  a m o n g s t ,  any  p a r t i c u l a r  a i r f l o w s .  A t  b e s t  
t h e y  a r e  a n  i n d i c a t i o n  o f  t h e  p o s s i b l e  s i z e  o f  e r r o r s  
i n  t h e  f l o w s .  

10. E R R O R  ESTIMATION USING PERTURBATION OF D A T A .  

The s e n s i t i v i t y  of  t h e  s o l u t i o n s  t o  c h a n g e s  
( p e r t u r b a t i o n s )  i n  t h e  d a t a  can  be  checked  d i r e c t l y  by 
making s m a l l  c h a n g e s  i n  t h e  d a t a ,  and  t h e n  compu t ing  
new ( p e r t u r b e d )  s o l u t i o n s .  A p a r t i c u l a r  s e t  o f  
p e r t u r b a t i o n s  c o u l d  be  c h o s e n ,  s a y  a l l  e r r o r s  o c c u r i n g  
t o g e t h e r  w i t h  t h e  same s i g n .  T h i s  c a n  be  t a k e n  a s t e p  
f u r t h e r ,  t o  t a k e  i n t o  a c c o u n t  a l l  p o s s i b l e  c o m b i n a t i o n s  



o f  e r r o r s ,  w i t h  t h e  p r o p o s e d  scheme  a s  f o l l o w s .  

C o n s i d e r  a n y  a i r f l o w  s o l u t i o n  Q i j  as  a  f u n c t i o n  o f  
a l l  m s a s u r e d  q u a n t i t i e s  a  b  

i j '  i ( k )  

A s m a l l  c h a n g e  ( S Q . . )  i n  Q i j ,  d u e  t o  s m a l l  c h a n g e s  
( & a i .  a n d  6 b  f J  i n  a n d  b i ( k )  c a n  b e  
e x p r d s s e d  u s i n g  i ( k d  p  r t '  l a  1 d ; $ ? e r e n t i a l s .  

w h e r e  f  i s  a s s u m e d  t o  b e  a p p r o x i m a t e l y  l i n e a r  o v e r  t h e  
s m a l l  c h a n g e s  & a i .  a n d  5bi  . A p p r o x i m a t i n g  t h e  
d i f f e r e n t i a l s  t h e m d e l v e s  by kki s m a l l  c h a n g e s  6 f  
a n d  & a i  j. a n d  6 f  i j a n d  b b  

i ( k ) '  we o b t a i n :  

T h i s  s a y s  t h a t  t h e  s i z e  o f  t h e  e r r o r ,  + / - & a i .  , i n  a  
s o l u t i o n  Q .  i s  l e s s  t h a n  t h e  sum ( w i t h o u t  $ e g a r d  t o  
s i g n )  o f  a l i  t h e  s m a l l  p e r t u r b a t i o n s  i n  Q ,  ,, f o u n d  by 
m a k i n g  s m a l l  c h a n g e s  i n  a l l  a  a n d  b  A 

i ( k )  
i n  t u r n .  

i j 

The  r e s u l t s  o f  t h i s  s cheme  f o r  t h e  I o f  T e s t  1 a r e  
p r e s  n t e d  i n  T a b l e  5 .  F o r  t h e 3 0 1 a r g e s t  a i r f l o w ,  8 3 1 8 8 m  / h r ,  t h e  compu ted  e r r o r  was 72m / h r .  92% o f  
t h i s  e r r o r  i s  d u e  t o  e r r o r s  i n  $ 6 ~ 1 ,  i . e .  i n  t h e  
e s t i m a t i o n  o f  t h e  n e t t  c h a n g e s  i n  c o n c e n t r a t i o n .  

1 1 .  ERROR ANALYSIS BY DIFFERENTIATION - M A T R I X  FORM 

I t  w a s  s t a t e d  a b o v e  t h a t  t h e  b a s i c  e q u a t i o n s  c a n  b e  
w r i t t e n  i n  t h e  f o r m  o f  n ( n + l )  s i m u l t a n e o u s  e q u a t i o n s ,  
s o  a s  t o  e x p l i c i t l y  i n c l u d e  e x c h a n g e s  b e t w e e n  t h e  z o n e s  
a n d  t h e  o u t s i d e  a i r  m a s s :  



I t  i s  d i f f i c u l t  t o  d e r i v e  a  s y s t e m a t i c  n o t a t i o n  which 
d e f i n e s  e a c h  o f  t h e  m a t r i x  and v e c t o r  e l e m e n t s .  It was 
found  n e c e s s a r y  t o  s e t  o u t  t h e  e q u a t i o n s  i n  f u l l ,  a s  
g i v e n  i n  Appendix  B. 

Us ing  a  s t a n d a r d  t e c h n i q u e  a n a l y s i s  and 
d i f f e r e n t i a t i n g  ( a s  o u t l i n e d  by P e r e r a  we o b t a i n ,  
i n  m a t r i x  n o t a t i o n :  

The a p p r o p r i a t e  a b s o l u t e  e r r o r s  a r e  i n s e r t e d  i n  p l a c e  
o f _ , t h e  i n f i n i t e s s i m a l  u a n t i t i e s  IdB] and [ d ~ ] ,  and 
[ A  ] i s  computed f rom [ A  . M a t r i x  c o m p u t a t i o n s  a r e  
t h e n  made,  w i t h o u t  r e g a r d  t o  s i g n s ,  t o  compute  e r r o r  
l i m i t s  j d ~ j .  

T h i s  p r o c e d u r e  was p e r f o r m e d  f o r  t h e  I d a t a  o f  T e s t  
1 ,  and t h e  r e s u l t s  a r e  l i s t e d  i n   able^!?. These  do n o t  
s i g n i f i c a n t l y  d i f f e r  f rom t h e  r e s u l t s  o b t a i n e d  u s i n g  
t h e  p e r t u r b a t i o n  scheme above .  
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The a u t h o r  i s  unaware  o f  any  p u b l i s h e d  r e s u l t s  of  
measurements  o f  i n t e r z o n a l  a i r  movement which i n c l u d e  a  
f u l l  e r r o r  a n a l y s i s  o f  r e s u l t s .  However D ' O t t a v i o  
work ing  a t  Brookhaven ,  U.S.A., h a s  pe r fo rmed  a n  e r r o r  
a n a l y s i s 8  ( u n p u b l i s h  d )  on measu remen t s  mads w i t h  9 D i e t z  and G o o d r i c h  . U n f o r t u n a t e l y  d e t a i l s  o f  t h e  
scheme were  n o t  a v a i l a b l e ,  however  i t  i s  known t h a t  i t  
i n v o l v e s  p a r t i a l  d i f f e r e n t i a l s  t o  e x p r e s s  t h e  
s e n s i t i v i t y  o f  t h e  computed a i r f l o w s  t o  e r r o r s  o f  
measurement  i n  t h e  c o n c e n t r a t i o n s .  

Two o f  t h e  schemes  o f  e r r o r  a n a l y s i s  d e s c r i b e d  above 
were  a p p l i e d  t o  t h e  d a t a  s u p p l i e d  by D i e t z ,  and  t h e  
r e s u l t s  i n t e r - c o m p a r e d .  

D i e t z ' s  e x p e r i m e n t s  d i f f e r  f rom t h o s e  r e p o r t e d  above  i n  
t h a t  c o n t i n u o u s  e m i s s i o n  o f  t r a c e r  g a s  was employed ,  
and  a v e r a g e ,  q u a s i  s t e a d y - s t a t e  c o n c e n t r a t i o n s  were  
measured  i n  e a c h  zone .  D i f f e r e n t  t y p e s  o f  t r a c e r  
s o u r c e  were  p l a c e d  w i t h  one i n  e a c h  o f  t h r e e  z o n e s .  



The r e l e a s e  r a t e s  o f  t h e  s o u r c e s  and  t h e  c o n c e n t r a t i o n  
measu remen t s  a r e  l i s t e d  i n  T a b l e  6.  No e r r o r  e s t i m a t e s  
were  p r o v i d e d  f o r  measu remen t s  o f  s o u r c e  r a t e s .  To 
s o l v e  f o r  a i r f l o w  r a t e s ,  t h i s  d a t a  s e t  c a n  be  p r o c e s s e d  
i n  e x a c t l y  t h e  same way a s  f o r  t h e  d a t a  ( e g .  T a b l e  1 )  
o f  t h e  t e s t s  above .  T a b l e  7 l i s t s  t h e  s o l u t i o n s  and 
r e s u l t s  o f  t h e  e r r o r  a n a l y s i s  a s  p r o v i d e d .  

The e r r o r  norm scheme was a p p l i e d  by t r e a t i n g  t h e  
s t a n d a r d  d e v i a t i o n s  a s  s i m p l e  e r r o r s .  I n  a p p l y i n g  t h e  
p e r t u r b a t i o n  scheme,  e q u a t i o n  4 was m o d i f i e d  i n  t h e  
fo rm o f  a  sum o f  s q u a r e d  t e r m s ,  and  t h e  s q u a r e  r o o t  o f  
t h e  t o t a l  was t a k e n  t o  g i v e  t h e  s t a n d a r d  d e v i a t i o n .  
The m a t r i x  d i f f e r e n t i a t i o n  scheme c o u l d  n o t  be  s o  
s i m p l y  c o n v e r t e d  t o  d e a l  w i t h  s t a n d a r d  d e v i a t i o n ,  and 
was n o t  a p p l i e d .  

The r e s u l t s  o f  t h e  e r r o r  a n a l y s i s  by p e r t u r b a t i o n s  a r e  
l i s t e d  i n  T a b l e  7.  Good a g r e e m e n t  i s  e v i d e n t  be tween  
t h e  s u p p l i e d  r e s u l t s  and  t h o s e  o f  t h e  p e r t u r b a t i o n  
scheme.  However,  t h e  computed e r r o r  norm l i m i t s  were  
more t h a n  a n  o r d e r  o f  m a g n i t u d e  g r e a t e r ,  and a s  s u c h  
a r e  u s e l e s s .  

1 3 .  V A L I D A T I O N  BY RECONSTRUCTING C O N C E N T R A T I O N  
PROFILES 

E q u a t i o n  1 d e s c r i b e s  a s e t  o f  f i r s t  o r d e r  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s .  Knowing t h e  i n t e r z o n e  a i r f l o w s  
and  t h e  i n i t i a l  c o n c e n t r a t i o n s ,  i t  i s  p o s s i b l e  t o  
o b t a i n  t h e  p a r t i c u l a r  s o l u t i o n s  f o r  t h e  c o n c e n t r a t i o n s  
i n  e a c h  zone  a s  a  f u n c t i o n  o f  t i m e s  To p e r f o r m  t h i s ,  a  
compu te r  p rog ram h a s  p r e v i o u s l y  been  w r i t t e n  
u t i l i s i p g  t h e  Runge-Kutta-Merson r o u t i n e  f rom t h e  N A G  
l i b r a r y  . 
A s  a n  example ,  F i g u r e  4 shows  t h e  r e c o n s t r u c t e d  c u r v e s  
f o r  b o t h  t h e  I and G s o l u t i o n s  f o r  T e s t  1 ,  
s u p e r i m p o s e d  ove r3?he  e x p e r q m e n t a l  d a t a  p o i n t s  o b t a i n e d  
f o r  t h e  C02 d a t a .  

The q u e s t i o n  a r i s e s  a s  t o  how f a r  s u c h  c o m p a r i s o n s  o f  
r e c o n s t r u c t e d  c u r v e s  w i t h  t h e  o r i g i n a l  d a t a  c a n  b e  u s e d  
t o  v a l i d a t e  t h e  a i r f l o w  s o l u t i o n s .  We s h o u l d  e x p e c t  
t h e  r e c o n s t r u c t e d  c u r v e s  t o  r e f l e c t  t h e  e r r o r s  i n  t h e  
o r i g i n a l  measu red  q u a n t i t i e s .  C l e a r l y  t h e  G 5  
s o l u t i o n s  a r e  n o t  a c c e p t a b l e .  



However, i t  s h o u l d  be  c l e a r  t h a t  t h e  e r r o r s  i n  t h e  
a i r f l o w s  r e p r e s e n t  a n  a c c u m u l a t i o n  o f  t h e  e r r o r s  i n  
t a k i n g  measu remen t s  f rom t h e  o r i g i n a l  d a t a ,  and c a n n o t  
t h e r e f o r e  be  q u a n t i f i e d  t h r o u g h  t h i s  e x e r s i z e .  

13.1 I m p l i c a t i o n s  f o r  P r e d i c t i n g  C o n t a m i n a n t  L e v e l s  

The r e c o n s t r u c t e d  c u r v e s  a l s o  i l l u s t r a t e  t h e  
s e n s i t i v i t y  o f  p r e d i c t i o n s  o f  c o n c e n t r a t i o n  p r o f i l e s  t o  
e r r o r s  i n  t h e  a i r f l o w  s o l u t i o n s .  

I n  t h i s  c o n n e c t i o n  we m i g h t  l i k e  t o  u s e  t h e  computed 
a i r f l o w  r a t e s  t o  p r e d i c t  t h e  c o n c e n t r a t i o n  l e v e l s  o f  a  
c o n t a m i n a n t  wh ich  r e s u l t  due t o  a  known c o n s t a n t  s o u r c e  
r a t e .  We a r e  t h e n  i n t e r e s t e d  t o  know how s e n s i t i v e  a r e  
s u c h  p r e d i c t e d  l e v e l s  t o  e r r o r s  i n  t h e  a i r f l o w s .  An 
example  o f  s u c h  a  r e l a t i o n s h i p  be tween  a i r f l o w s  and  
c o n c e n t r a t i o n  l e v e l s  i s  i l l u s t r a t e d  by D i e t z ' s  r e s u l t s ,  
T a b l e  6. 

F o r  t h e  p u r p o s e s  o f  c o m p a r i s o n ,  t h e  e r r o r s  i n  t h e  
a i r f l o w s  migh t  be e x p r e s s e d  i n  t e r m s  of  t h e  l a r g e s t  
e r r o r  d i v i d e d  by t h e  l a r g e s t  f l o w ,  i . e .  v e c t o r  norms 
X and s i m i l a r l y  f o r  t h e  e r r o r s  i n  t h e  
c o n c e n t r a t i o n s ,  I A I /  I I A I  F o r  t h e  r e s u l t s  i n  T a b l e  6 ,  
t h e s e  q u a n t i t i e s  a r e  45% compared w i t h  10% 
r e s p e c t i v e l y .  T h i s  d e m o n s t r a t e s  how r e l a t i v e l y  
i n s e n s i t i v e  a r e  t h e  p r e d i c t e d  c o n c e n t r a t i o n  t o  e r r o r s  
i n  t h e  a i r f l o w s .  

14.  DISCUSSION 

E r r o r  a n a l y s i s  showed t h a t  f o r  t h e  I n t e g r a l  Method t h e  
i n f l u e n c e  o f  u n c e r t a i n t i e s  i n  t h e  measurement  o f  n e t  
c h a n g e s  i n  c o n c e n t r a t i o n  we re  dominan t .  S i m i l a r l y  f o r  
t h e  G r a d i e n t  Method e r r o r s  i n  t h e  e s t i m a t e s  o f  
d e r i v a t i v e s  we re  t h e  most  i m p o r t a n t ,  and o c c a s i o n a l l y  
t h e s e  c o u l d  be  v e r y  l a r g e .  I t  was s u g g e s t e d  t h a t  t h i s  
Method c o u l d  b e  improved  by s o l v i n g  a t  many t i m e  
p o i n t s .  

E r r o r  norm a n a l y s i s  p roduced  l a r g e  e r r o r  bounds  f o r  
a i r f l o w s  a s s o c i a t e d  w i t h  zone 3 i n  T e s t  1 ,  and 
u s e l e s s l y  p e s s i m i s t i c  v a l u e s  when a p p l i e d  t o  D i e t z ' s  
d a t a .  T h e r e  i s  e v i d e n t l y  a  f u n d a m e n t a l  f a i l i n g .  



The u n d e r 1  i n g  p rob lem i s  t h a t  t h e  e l e m e n t s  o f  t h e  
m a t r i x  [ A f  i n  T e s t  1 a r e  s p r e a d  i n  v a l u e  o v e r  a r a n g e  
o f  two o r d e r s  o f  m a g n i t u d e ,  a s  a r e  t h o s e  o f  [A-'1 i n  
consequence .  The c o r r e s p o n d i n g  q u a n t i t i e s  o f  D i e t z '  
d a t a  a r e  s p r e a d  o v e r  f o u r  o r d e r s  o f  m a g n i t u t e .  I n  
t a k i n g  norms ,  i . e .  maximum row sums ,  t h e  i n f l u e n c e  o f  
t h e  s m a l l e r  e l e m e n t s  i s  n o t  r e p r e s e n t e d .  A s  a  r e s u l t  a  
g r e a t e r  a c c u m u l a t i o n  o f  e r r o r  i s  computed.  

T h e r e  i.s no e v i d e n c e  t h a t  t h e  p rob l em i s  
i l l - c o n d i t i o n e d ,  f o r  a n y  o f  t h e  d a t a  s e t s  c o n s i . d e r e d .  
S i m i l a r  c o n d i t i . o n  numbers ( < l o )  w e r e  computed f o r  b o t h  
D i e t z ' s  and t h e  t e s t  d a t a  r e p o r t e d  h e r e .  I n  a d d i t i o n ,  
i n s p e c t i o n  o f  t h e  s t a n d a r d  d e v i a t i o n s  and p e r t u r b a t i o n s  
l i s t e d  i n  T a b l e s  5 and  7 d o e s  n o t  s u g g e s t  t h a t  t h e  
s o l u t i o n s  were  o v e r - s e n s i t i v e  t o  c h a n g e s  i n  t h e  i n p u t  
d a t a .  

The schemes  o f  m a t r i x  d i . f f e r e n t i . a t i o n  and of  r e p e a t e d  
p e r t u r b a t i o n  were  shown t o  be i n  good a g r e e m e n t  w i t h  
e a c h  o t h e r  when a p p l i e d  t o  t h e  T e s t  1 d a t a ,  and 
p roduced  p l a u s i b l e  r e s u l t s .  F u r t h e r m o r e ,  t h e  l a t t e r  
scheme gave  s i m i l a r  r e s u l t s  t o  a n  i n d e p e n d a n t l y  
p r o p o s e d  p r o c e d u r e ,  when a p p l i e d  t o  t h e  same d a t a .  

The a i r f l o w s  and t h e i r  a s s o c i a t e d  e r r o r s  computed u s i n g  
t h e  p e r t u r b a t i o n  scheme a r e  shown f o r  T e s t  1 ( I  ) i.n 

30 F i g u r e  5 .  The s m a l l  downward a i rmovemen t s  f rom zone  3 
may b e  due t o  l e a k s  i n  j u n c t i o n s  o f  t h e  m e c h a n i c a l  
v e n t i l a t i o n  s y s t e m  s i t u a t e d  i n  t h a t  zone.  

I t  s h o u l d  be n o t e d  t h a t  no a c c o u n t  h a s  been  t a k e n  o f  
p o s s i b l e  e r r o r s  i n  t h e  measu remen t s  o f  t h e  e f f e c t i v e  
zone vo lumes .  The e f f e c t  o f  any s u c h  e r r o r 3  c a n  be  
s e e n  by c o n s i d e r i n g  e q u a t i o n  1 f o r  t h e  zone  f l ow  
s o l u t i o n s  1x1 . The d i f f e r e n t i a l  f o rm ,  a n a l o g o u s  
t o  e q u a t i o n  ( f !  shows t h a t  an  e r r o r  i n  a  zone  volume 
( i . e .  [dB)Lke)  p r o d u c e s  a  p r o p o r t i o n a l  e r r o r  i n  a l l  
f l ow  s o l u t i  n  f o r  t h a t  zone .  

15.  FINAL CONCLUSIONS 

Two methods  o f  p r o c e s s i n g  m u l t i t r a c e r  decay  
measu remen t s  t o  o b t a i n  i n t e r z o n e  a i r f l o w s  were  
c o n s i d e r e d .  I n  t h e  G r a d i e n t  Method,  t h e  d e r i v a t i v e s  o f  
t h e  c o n c e n t r a t i o n - t i m e  c u r v e s  we re  measured .  The 
I n t e g r a l  Method,  i n  which  t h e  a r e a s  u n d e r  t h e  
c o n c e n t r a t i o n  c u r v e s  a r e  measu red ,  w a s  found t o  be  t h e  
more r e l i a b l e .  



Although relatively simple to calculate, error norm 
limits were shown to be an unreliable indicator of 
errors in airflow solutions obtained from multitracer 
measurements. 

The two schemes of error analysis involving 
differentiation in matrix form, and the sum of 
perturbations, produced similar and plausible results. 
They are ideally suited to a computer. The latter of 
the two was found to be the simplest to apply in 
practice. This scheme was shown to be in good 
agreement with an independantly developed procedure, in 
one case. 

The procedure of reconstructing concentration profiles 
was shown to be a useful qualitative check on the 
airflow solutions. 

Finally, an example set of results complete with error 
estimates, has been presented. 
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APPENDIX A 

T H E O R Y  OF E R R O R  ANALYSIS USING V E C T O R  A N D  M A T R I X  NORMS. 

The f o l l o w i n g  i s  a n  example  o f  a  w e l l  e s t a b l i s h e d  
p r o c e d u r e  f o r  t h e  r i g o r o u s  e  r r a n a l y s i s  o f  m a t r i x  
p r o c e s s e s ,  a s  g i v e n  by W i l k i n s o n  '" . T h i s  i n v o l v e s  
t h e  u s e  o f  v e c t o r  and m a t r i x  norms ,  and t h e s e  a r e  now 
d e f i n e d .  

The norm g i v e s  a n  a s s e s s m e n t  o f  t h e  s i z e  o f  a  v e c t o r  o r  
m a t r i x .  T h e r e  a r e  t h r e e  norms i n  common u s e ,  d e f i n e d  
by 

where  11x11, i s  i n t e r p r e t e d  a s  maxi 1x.l The norm 
Ilxl12 i s  t h e  l e n g t h  o f  t h e  v e c t o r  x The ' i n f i n i t y '  
norm i s  i m p l i e d  t h r o u g h o u t  t h i s  p a p e r .  C o r r e s p o n d i n g  
t o  t h i s  v e c t o r  norm, t h e  m a t r i x  norm ~ I A I ! ~  i s  d e f i n e d  a s  

W i l k i n s o n  c o n s i d e r s  t h e  f a c t o r s  wh ich  d e t e r m i n e  t h e  
s e n s i t i v i t y  o f  a  s o l u t i o n  o f  t h e  s y s t e m  o f  l i n e a r  
a l g e b r a i c  e q u a t i o n s  

w i t h  r e s p e c t  t o  c h a n g e s  i n  t h e  m a t r i x  [ A ]  and  t h e  
r i g h t - h a n d  s i d e s  ( B ) .  These  c h a n g e s  a r e  r e p r e s e n t e d  by 
p e r t u r b a t i o n s  (wh ich  need  n o t  be  s m a l l ) .  I n  t h e  
d i s c u s s i o n  be low ,  f o r  c l a r i t y  t h e  s q u a r e  m a t r i x  [ A ]  i s  
r e p r e s e n t e d  by A and  t h e  column v e c t o r s  (x) and  ( B )  a r e  
r e p r e s e n t e d  by X and  B r e s p e c t i v e l y .  

I f  A i s  changed  t o  ( A + ~ A )  and  B i s  changed  t o  (B+SB)  
t h e n  



By making u s e  o f  t h e  p r o p e r t y  of  norms 

f o r  any  two v e c t o r s  o r  m a t r i c e s  P and  Q ,  i t  c a n  be 
shown t h a t  

p r o ~ i d e d  I I A - ~ ~ ~ A I I  < 1 .  The t e r m s  I I A - ' . ~ A I I  and 
1 1 ~ -  . 6 ~ l l  (norm of  m a t r i x  p  o d u c t s )  c a n  f u r t h e r  be -7 r e p l a c e d  by /~A-'II  S ~ l l  a n d  ~ I A  11 .I16~!l ( ~ r o d u c t s  o f  

norms) .  I n  d o i n g  t h i s ,  t h e  i n e q u a l i t y  becomes more 
p e s s i m i s t i c .  

R e f e r r i n g  t o  e q u a t i o n  ( I ) ,  t h i s  r e s u l t  ( 5 )  p r o v i d e s  an 
u p p e r  bound f o r  t h e  l a r g e s t  e x p e c t e d  p e r t u r b a t i o n  i n  
t h e  e l e m e n t s  o f  1x3 d u e  t o  p e r t u r b a t i o n s  i n  t h e  
e l e m e n t s  s f  [ A ]  $ $ i 9 i B ]  I n  t h e  c a s e  where  t h e  
e q u a t i o n s  o f  mass b a l a n c e ( k Q r e  s e t  o u t  a s  n ( n  +,) 
s i m u l t a n e o u s  e q u a t i o n s ,  t h e n  a s i n g l e  u p p e r  bound i s  
computed f o r  t h e  l a r g e s t  e x p e c t e d  e r r o r  w i t h  r e g a r d  t o  
a 1 1  of  t h e  f l o w  s o l u t i o n s .  

A p p l i c a t i o n  o f  t h e  E r r o r  Norm Bound E x p r e s s i o n  

The e r r o r  n  r m  e x p r e s s i o n  ( 5 )  i n v o l v e s  t h e  t e r m s  
IIA-' .6~11 and  IIA-'. bl311, which  r e q u i r e  a c t u a l  s e t s  of 
e r r o r s  and t h e i r  s i g n s .  These  a r e  n o t  n o r m a l l y  known; 
u s u a l l y  we have  a  s e t  o f  p o s s i b l e  e r r o r s ,  which  may 
have  e i t h e r  s i g n ,  and which may o c c u r  i n  any  
c o m b i n a t i o n .  I t  i s  t h e r e f o r e  d i f f i c u l t  t o  c h o o s e  an  
a p p r o p r i a t e  s e t  of  p e r t u r b a t i o n s  [ 6 ~ ]  and 1 3 ~ ) .  

One p o s s i b i l i t y  i s  t o  assume a l l  e x p e r i m e n t a l  e r r o r s  
o c c u r ,  w i t h  t h e  same sign. In t h i s  c a s e  t h e  e r r o r  norm 
bound computed c a n  o n l y  be  t a k e n  a s  a  g u i d e ,  p o s s i b l y  
e r r i n g  on e i t h e r  t h e  o p t i m i s t i c  o r  t h e  p e s s i m i s t i c  
s i d e .  



A s e c o n d  o p t i o n  +s t o  r e p l a c e l t h e  a b o v e  t e r m s  by t h e  
norm p r o d u c t s  !A- 1 1 .  116~11 a n d  llA" 1 1 .  116~11, r e s p e c t i v e l y .  
The d e f i n i t i o n s  o f  t h e  v e c t o r  and m a t r i x  norms g i v e n  
a b o v e  i n v o l v e s  o n l y  t h e  m o d u l i  o f  t h e  e l e m e n t s ,  a n d  s o  
i n  t h i s  fo rm t h e  p r o b l e m  o f  c h o o s i n g  s i g n s  f o r  t h e  
e r r o r s  i s  a v o i d e d .  The d rawback  i s  t h a t  t h e r e  w i l l  b e  
a  t e n d e n c y  t o  compute  a n  o v e r - p e s s i m i s t i c  l i m i t  f o r  Ubxll- 

C o n d i t i o n  Number 

I t  i s  i n s t r u c t i v e  t o  c o n s i d e r  e q u a t i o n  5 e x p r e s s e d  
i n  t e r m s  o f  r e l a t i v e  e r r o r s :  

Y 

I ~ X  11 lib A ~ I  
1 - I ~ A ~ ~ = . ~ ~ A ~ ~ I I  .m 

w h e r e  t h e  norm p r o d u c t s  h a v e  b e e n  s u b s t i t u t e d  
t h r o u g h o u t ,  a n d  u s e  h a s  b e e n  made o f  t h e  p r o p e r t i e s  o f  
norms ( 4 )  t o  r e p l a c e  llx 1 1  by l l b l l / l i ~ l l  o n  t h e  r i g h t  hand 
s i d e .  

I t  c a n  b e  s e e n  t h a t  a  d e c i s i v e  q u a n t i t y  i s  1 1 1 1 1 . 1 1 1 1 - ' 1 1 .  
T h i s  e x p r e s s e s  t h e  s e n s i t i v i t y  o f  t h e  s o l u t i o n  t o  
p e r t u r b a t i o n s  i n  t h e  p a r a m e t e r s ,  and i s  t e r m e d  a  
' c o n d i t i o n  n u m b e r "  t h e  p r o b l e m .  I l l - c o n d i t i o n i n g  
i s  i n d i c a t e d  by I I A [ ~ . ( ( A  much g r e a t e r  t h a n  u n i t y .  



APPENDIX B 

The e q u a t i o n s  g o v e r n i n g  t h e  c o n t i n u i t y  o f  a i r  and t h r e e  
t r a c e r  g a s e s  i n  t h r e e  zones  a r e  s e t  o u t  a s  f o l l o w s  

Where 

C I J  = C o n c e n t r a t i o n  i n  I t h  zone ,  of  J t h  t r a c e r  
Q I J  = A i r f l o w  from zone  I t o  z o n e  J ;  zone 0 

r e f e r s  t o  t h e  o u t s i d e  a i r  mass 
VJ = Volume o f  zone  J  
C ' I J  = Time d e r i v a t i v e  o f  C I J  

To o b t a i n  t h e  e q u i v a l e n t  e x p r e s s i o n  f o r  t h e  e q u a t i o n s  
i n  i n t e g r a l  f o r m ,  r e p l a c e  C I J  by j $ ! ~ ~ . d t ,  and  C ' I J  by 
ACIJ  ( n e t t  change  i n  c o n c e n t r a t i o n  o v e r  t h e  p e r i o d 2 .  



Table 1 : I n t e g r a l  Method, Tes t  1. Measured q u a n t i t i e s  evaluated 
over 30 minutes 

ZONE : 1 2 3 1 2 3 

VOLUME: 93.5 81.5 260 m3 

ZONE : 1 2 3 1 2 3 

VOLUME: 93.5 81.5 260 m3 

v . a c . .  : m3xconc 
J 1 J  

C02 (1) -3179 -1060 -260 
+ 187 +81.5 +260 - - - 

N20 ( 2 )  -3833 -4971 -2340 
t93 .5  + 163 + 260 - - - 

SF6 ( 3 )  0 - 326 -15080 
+93.5 163 + 5020 

Jci j  .dt : conc.xmin 
-r 

1098 696 120 

1910 2708 8 54 

377 58 5 4987 

es t imated  e r r o r  - + 1 conc.unit  

200 conc . u n i t s  = 200ppm SF /N,O ; 5000ppm C02 6 2 

- - 

es t imated  e r r o r  + 7 concxmins - 

200 conc. u n i t s  = 200 ppm SF / N  0 ; 5000ppm COP 
6 2 

0 - b  
Vj. C i j  : m3 xconcxmin 

CO, (1) - 119 - 33 - 16 
+ 1 0 + 6  + 5  - - - 

N20 ( 2 )  - 105 -161 -101 
+ 19 + 24 + 21 - - - 

SF6 ( 3 )  0 0 -629 

Table 2 : Gradient  Method, Tes t  1. Measured q u a n t i t i e s  evaluated 
a t  11 minutes e lapsed  time 

'ij 
: conc .uni t s  

41.5 2 6 4 .5  

72.5 103.5 31.5 

13.5 21.5 186 
- - +I09 - 



Table 3 : Tes t  1 a i r f l o w  Table 4 : Tes t  2 a i r f l o w  
r e s u l t s  by a l l  r e s u l t s  by a l l  
methods methods 

r 

I n t e g r a l  Gradient  
Method Method 

'30 '15 G1l *G5 

I n t e g r a l  Gradient  
Method Method 

'30 I15 Gll G5 

Q1o 
188 162 

Q20 
62 113 

Q30 
164 152 

Q01 
142 149 

Q21 
64 79 

931 
9 8 

?02 
97 102 

Q12 
23 28 

Q32 
10 11 

Q03 
175 176 

Q13 
4 47 

Q23 
3 -51 

Qlo 
223 242 

Q20 
-2 -4 

Q30 
323 334 

Qol 
148 159 

Q21 
124 132 

Q31 
6 9 

QO2 115 118 

Qi2 71 71 

Q32 
i4 13 

QO3 281 295 

Q13 -16 -13 

Q23 
78 74 

223 272 

0 -10 

187 83 

128 178 

104 108 

5 7 

79 89 

21 33 

11 13 

202 78 

6 -12 

7 38 

164 271 

40 -2 

256 357 

131 174 

93 138 

1 12 

116 122 

87 66 

13 14 

213 330 

-26 -13 

83 66 

m3 / h r  

* suspec ted  
underes t imat ion  of 
zone 3 N,O d e r i v a t i v e  

L 

m3 / h r  



Table 5 : Mean and s t anda rd  dev ia t ion  of Test  1 
r e s u l t s ,  and e r r o r  e s t ima te s  us ing  I 
d a t a  Tes t  1 30 

Means; 
Tes t  1 

Q10 
191 2 5 73 77 

Q20 
58 46 67 71 

Q30 
168 14 10 12 

QO1 
140 9 9 10 

Q21 
82 16 36 20 2 1 

Q31 
7 2 2 2 

Q02 
9 3 10 6 6 

Q12 
24 3 28 14 15 

Q32 
11 <1 3 1 

Q03 
184 12 17 17 

Q13 
19 20 67 3 6 36 

Q23 
-14 26 34 34 

m3 / h r  

Std.Devn. 
measured 

Norm.limit Pertbns Dif fe rn .  



Table 6 Measured da t a ,  continuous source method (Dietz e t  a l )  

ZONE : 1 2 3 1 2 3 

VOLUME: 255 250 123 m3 

Dietz/D ' Ottavio Pertbns norms 
a i r f l ows  Std.  Devn. r 116~ I\ 

Qlo 20 28 30 

Q20 
103 33 28 

30 
-1 7 2 

Q01 
7 3 3 

Q21 
117 32 3 5 388 

Q31 
<1 2 2 

Q02 
7P 11 8 

Q12 
104 53 64 690 

Q32 
47 10 7 

'03 
4 5 9 7 

Q13 
<1 <1 1 115 

Q23 
1 <1 1 

m3 /hr 

SOURCE RATE n l / h r  

GAS : 

PDCH ( 1 )  1319 - - 

PMCH ( 2 )  - 3045 - 

PDCB(3) - - 1153 

Table 7 : Resul t s  of e r r o r  ana lys i s  us ing  
per turba t ions  and e r r o r  norm bounds, 
compared with independant scheme. 

AVERAGE CONC. nl'/m3 

19.22 9.12 0.17 
*(1 .5)  (2.39) (0.02) 

23.51 24.99 0.44 
(0.29) (0.39) (0.06) 

9.08 9.63 25.3 
(0.19) (0 .23)  (4.29) 

(no e r r o r  es t imate  suppl ied)  * ( ) standard devia t ions  
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FIGURE 1. TEST HOUSE: NORTH ELEVATION 
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FIGURE 2. TEST HOUSE: FLOOR PLANS 
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3 - Microdata 200 
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FIGURE 3 .  Microprocessor-controlled ventilation rate measuring system 
(Tracer gas decay) 






